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PREFACE. 

ri^HE present volume consists of two parts ; the first of these 
-*- deals with the theory of hyperelliptic functions of two 
variables, the second with the reduction of the theory of general 
multiply-periodic functions to the theory of algebraic functions ; 
taken together they furnish what is intended to be an elementary 
and self-contained introduction to many of the leading ideas of 
the theory of multiply-periodic functions, with the incidental aim 
of aiding the comprehension of the importance of this theory in 
analytical geometry. 

The first part is centred round some remarkable differential 
equations satisfied by the functions, which appear to be equally 
illuminative both of the analytical and geometrical aspects of the 
theory ; it was in fact to explain this that the book was originally 
entered upon. The account has no pretensions to completeness: 
being anxious to explain the properties of the functions from 
the beginning, I have been debarred from following Humbert's 
brilliant monograph, which assumes from the first Poincare's 
theorem as to the number of zeros common to two theta functions ; 
this theorem is reached in this volume, certainly in a generalised 
form, only in the last chapter of Part ii. : being anxious to render 
the geometrical portions of the volume quite elementary, I have 
not been able to utilise the theory of quadratic complexes, which 
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has proved so powerful in this connexion in the hands of Kummer 
and Klein ; and, for both these reasons, the account given here, 
and that given in the remarkable book from the pen of R. W. H. T. 
Hudson, will, I believe, only be regarded by readers as comple- 
mentary. The theory of Kummer's surface, and of the theta 
functions, has been much studied since the year (1847 or before) in 
which Gopel first obtained the biquadratic relation connecting 
four theta functions ; and Wirtinger has shewn, in his Unter- 
suchungen iiber Thetafunctionen, which has helped me in several 
ways in the second part of this volume, that the theory is capable 
of generalisation, in many of its results, to space of 2^—1 
dimensions ; but even in the case of two variables there is a 
certain inducement, not to come to too close quarters with 
the details, in the fact of the existence of sixteen theta functions 
connected together by many relations, at least in the minds 
of beginners. I hope therefore that the treatment here followed, 
which reduces the theory, in a very practical way, to that of 
one theta function and three periodic functions connected by 
an algebraic equation, may recommend itself to others, and, 
in a humble way, serve the purpose of the earlier books on 
elliptic functions, of encouraging a wider use of the functions 
in other branches of mathematics. The slightest examination 
will shew that, even for the functions of two variables, many 
of the problems entered upon demand further study ; while, 
for the hypei'elliptic functions of p variables, for which the forms 
of the corresponding differential equations are known, there 
exist constructs, of p dimensions, in space of ^p (2^+1) dimen- 
sions, which await similar investigation. 

The problem studied in the second part of the volume was 
one of the life problems of Weierstrass, but, so far as I know, 
he did not himself publish during his lifetime anything more 
than several brief indications of the lines to be followed to effect 
a solution. The account given here is based upon a memoir in 
the third volume of the Gesammelte Werke, published in 1903; 
notwithstanding other publications dealing with the matter, as 
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for example hj Poincar^ and Picard, and particularly by 
Wirtinger, it appears to me that Weierstrass's paper is of 
fundamental importance, for its precision and clearness in 
regard to the problem in hand, and for the insight it allows 
into what is peculiarly Weierstrass's own point of view in the 
general Theory of Functions ; at the same time, perhaps for 
this reason, some points in the course of the argument, and 
particularly the conclusion of it, seem, to me at least, to admit 
of further analysis, or to be capable of greater definiteness. In 
making this exposition I have therefore ventured to add such 
things as the explanation in §53, the limitation to a monogenic 
portion of the construct and the argument of § 60, an examination 
of simple cases of curves possessing defective integrals and 
the argument of Chapter ix. These are doubtless capable 
of much improvement. But the whole matter is of singular 
fascination, both because of the great generality and breadth of 
view of the results achieved and because of the promise of 
development which it offers ; I hope that the very obvious need 
for further investigation, suggested constantly throughout this 
part of the volume, may encourage a wider cultivation of the 
subject, and a more thorough study of the original papers 
referred to in the text, of which I have in no case attempted 
to give a complete reproduction, though I have endeavoured in 
all cases to acknowledge my obligations. 

I may not conclude without expressing my gratitude, amply 
called for in the case of any intricate piece of mathematical 
printing, for the carefulness and courtesy of the staff of the 
University Press. 

H. F. BAKER 



Cambridge, 

19 Avgust 1907. 
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PAET I. 

THE HYPERELLIPTIC FUNCTIONS OF TWO VARIABLES 
AND THE ASSOCIATED GEOMETRY. 



CHAPTER I. 

INTRODUCTORY. 

1. Let a; be a complex variable represented upon an infinite plane, 
regarded in the ordinary way as closed at infinity, and let 

be any sextic polynomial. The pairs of values (x, y), {x, —y), which satisfy 
the equation y-=f{x), may be represented by the points of a two-sheeted 
surface lying upon the plane of x, the sheets crossing one another along 
three lines joining respectively the first and second roots of /(«) = 0, the 
third and fourth roots, and the fifth and sixth roots, where the order in 
which the roots are taken is indifferent ; thus a closed line on this two- 
sheeted surface, drawn about and near to the point representing one of these 
roots, will make two circuits before returning on itself, and each of these 
roots is represented by a winding place — or branch place — of the surface ; 
if X8 = one of the six branch places is at infinity. We may represent 
any place of the surface, corresponding to a single pair (x, y), by a single 
symbol (x), or simply by x. If (a) be such a place, for which x is finite, and 
not a root of /(a;) = 0, and {x) be any sufficiently near place, we can solve 
the equation y^ =f{x) hjx=a + t, y = P (t), where P{t) is a series of positive 
integral powers of the parameter t, and every place in the immediate 
neighbourhood of (a) is given by one value of t. If (a) be a branch place, 
for which both x and y are finite, say a finite branch place, we can similarly 
solve by x = a+t'', y=P(t), an increment of £77 in the phase of i corre- 
sponding in this case to an increment of 47r in the phase of x— a, that is to 
a path on the surface which closes itself only after containing points of both 
sheets. If Xg + O we can similarly represent all points of the surface for 
which x is sufificiently large by two pairs of formulae of the forms a;~^ = t, 
^-1= PP(t), and x~^ = t, 3/~'= —t^P{t), corresponding to the two superimposed 
but distinct places of the surface ; while if Xg = 0, all points in the immediate 
neighbourhood of the single place at infinity are represented by a single 
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pair of formulae «-' = t\ y-' = t^P(t). In fact these various power series 
converge within a circular range about the place considered which excludes 
the nearest branch place ; but it is sufficient for our purpose to assume the 
convergence for sufficiently small values of t. This quantity we call the 
parameter of the place. 

It is manifest that any rational function of w and y, say H {x, y), is 
representable about any place in terms of the parameter of the place in 
a form H {x, y) = t-'^P it), where m is an integer, positive, negative, or zero, 
and P (t) does not vanish for i! = ; the number m, if positive, is then called 
the order of infinity of the function at the place ; if m is negative, the 
number -m is the order of the zero of the function at the place. And any 

integral / E (x, y) dx, which is supposed to be integrated along a path on 

the surface from the place (a) to the place (x), is, in the neighbourhood of 
any place, of a form t~'^P{t) + C log t, where (7 is a constant. It will appear 
that there are forms of H {x, y) such that the constant C is zero at every 
place, finite or infinite, and the integer m everywhere zero or negative; the 
corresponding integrals are then said to be of the first kind : there are also 
forms of H{x, y) such that the constant G is everywhere zero, the integer m 
being positive for a finite number of places ; the corresponding integrals, 
with a finite number of algebraic infinities, are said to be of the second kind ; 
but, whatever form H (x, y) have, there can only be a finite number of places 
where m is positive or C other than zero, and the sum of the values of G 
which arise at different places for the same integral is necessarily zero, as 
will be proved below ; thus there can be no integral having only one place 
where G is not zero : integrals for which there are two or more places at 
which the logarithmic term is present, while m is never positive, are called 
integrals of the third kind. 

Let us restrict ourselves now, for a little, to the consideration of integrals 
of the first or second kind. In the immediate neighbourhood of any place, 
even an infinity of the integral, the integral is single-valued ; but this is not 
the case for any path ; for instance a closed path passing entirely on one 
sheet of the surface round two only of the branch places will give a value 
for the integral not generally zero. In order then to deal only with single- 
valued functions we restrict the paths along which integration can take place 
by supposing the surface cut along certain curves. First let any closed curve 
be drawn on the surface of such a kind as could not be continuously deformed 
to a point without passing over branch places, and let the surface be cut 
along this curve ; if a definite direction be assigned to the closed curve, 
either of the two possibilities being taken, we can appropriately speak of the 
left side, and of the right side, of the cut ; we call this cut the first cut, 
or (.4i), and speak of the edges of the cut as period-loops ; taking now an 
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arbitrary point on the left side of the cut {A^), it will be found that a con- 
tinuous curve can be drawn on the surface, not passing through any branch 
place, to the opposite point on the right side of the cut {A^); let. the surface 
be now cut along this curve, the edge of the cut which is on the left when 
the curve is described being called the left edge ; the new cut will be called 
(.43). The surface now has a continuous boundary, consisting of the left side 
of (^i), followed by the left side of {A^), then the right side of (^j), described 
however in the direction opposite to that of the curve from which {A-^ was 
constructed, and then the right side of (^3), also in the negative direction of 
the curve from which {A^) was constructed ; this boundary may then be 
denoted by {AiA.iA{~'^Af^). Upon the surface with this boundary it is 
possible to make another couplet of cuts, (^2) and {A^, related to one 
another as are (^1) and (.43), in such a way that neither {A.^ nor {A^ 
intersects {A^ or (^3), while the surface does not break up into separate 
pieces. And upon the surface as now cut, with two continuous non-inter- 
secting boundary lines {AiA.iA{-^Af^), {A^AiAf^Ar^), every integral 

H{x, y)dx, 

of the first or second kind, can be shewn to be single-valued. The value of 
this integral at any point on the left side of (^1) will exceed its value at the 
opposite point on the right side of (^1) by a quantity Hi which is the same 
all along (A^) ; similarly its value at any point of the left side of (^3) exceeds 
its value at the opposite point on the right side of (^3) by a constant fl/; 
and there are similar constants Oj, fl/ for (.42) and (^4). These four 
constants are called the periods of the integral, and the general value of 
which the integral is capable on the original surface, before this is cut, can be 
shewn to be of the form 



J a 



H(x, y) dx + hiili+ hjl^ -\- h,'Cl^'+ fh'0,2, 



where h^, h^, A/, h^' are integers. 

The statement for an integral with logarithmic infinities is analogous to 
the foregoing, but there is the modification that a closed path about a place 
where the expansion of the integi'al involves the logarithmic term Glogt 
leads to an increment 27riC in the value of the integral ; in the simplest 
case that arises, to which in fact all others can be reduced, where there are 
two logarithmic places with equal and opposite values of C, the integral is 
rendered single-valued if, in addition to the cuts already made, a cut, not 
intersecting these, be made between the two logarithmic places. 

2. That, as remarked above, the sum of the logarithmic coefficients C, 
for a given integral, at all the places where they exist, is zero, may be seen in 
either of the two following ways. 

1—2 
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First, if in the neighbourhood of a place x = a, y=h, of logarithmic 
infinity for the particular integral under consideration, both x and y be 
expressed in terms of the parameter t belonging to the place, the logarithmic 
coefficient G is clearly the coefficient of t~^ in the expansion, in terms 
of t, of 

there may, or may not, be a term in t~^ in the expansion of the same ex- 
pression for the neighbourhood of the conjugate place (a, —h)\ in any case 
where a is finite, the sum of the logarithmic coefficients for these two places, 
or the unique logarithmic coefficient if they are the same (branch) place, is 
at once seen to be the coefficient of {x — a)~' in the function 

H{x, y) + H{x, -y\ 

which is rational in x only ; similarly if (a, h) be at infinity, the sum of the 
coefficients C for the two places a = oo , or the one coefficient when this is 
a branch place, is the negative of the coefficient of x~'^ in the same rational 
function of a;; by expressing this rational function of x in partial fractions it 
is at once evident thence that the sum of all existing coefficients G, for places 
where H (x, y) dx/dt has a term in i^\ is zero. 

This result follows also from the fact that the closed curves 

iA,A,Ar'A,-'l {A,AAr'Ar') 

form a complete boundary of the surface ; this shews that the sum of the 

values of the integral I H (x, y) dx, taken once positively round these 

curves, is equal to the sum of the values of this integral taken, along small 
closed curves, once round every place of logarithmic infinity, the value of the 
integral round any other point being zero. The contribution from such 
a logarithmic infinity is 2-rri times the logarithmic coefficient ; on the other 

hand, the value of the integral j H{x, y) dx round the perimeter 

{A,A,Ar'A,-') 

is zero, the contribution, for instance, from (^i) and (Af^) being nJdx, taken 

once positively along (A{), namely zero, since x has the same value at the two 
sides of (.4 3). 



3. The most general form of an integral of the first kind can be shewn 

to be 

^ (^ + Bx) dx 

— , = 4 m,*- «■ + £m/. •*, say, 

where A and B are arbitrary constants. If we put 

^ '^ 2y{x-x,)' 



I' 

J a 
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where {x, y), (x^, y^) are two arbitrary finite places, of which one or both may 
be branch places, it can be verified that 



p^'" =r[(w, w,)-(x, x,)]dx 



is an integral of the third kind with logarithmic coefficients + 1 and — 1 
respectively at the two arbitrary finite places (x,, y^), {x^, y^, having no 
infinities but these. The case where one or both of {x^, t/j), {x^, y^) is at 
infinity can be derived from this by a transformation of the form x = (x'— c)~\ 
with the appropriate corresponding change for y. The fimctioa 

wherein C, and C^ are constants, has the same infinities as P"' " ; denoting 
the periods of P'^j"^.^ at (A,), (A,), (A^), (A^) respectively by il,, fi/, fl,, O/, 
and the periods of it,"' *, «/' ", similarly, by 

(A,) {A,) (A,) (A,) 



U<r- «2i 0)25 <^-n <"22 

the periods of this new integral of the third kind, at (-4]), (^2), will be 
fii + UitUii + CjtUji, fig + CiQ)i2 + C^m^ ; 

it will presently be shewn that the determinant tOu&Jaa — WsiWia is not zero ; 
thus the constants Cj, G^ can be chosen so that these two periods are zero; 
when this is done the integral of the third kind will be denoted by 
n? " , and called the normal elementary integral of the third kind, the 
former epithet referring to the fact that it has vanishing periods at (^4,) and 
(^2), the latter to the fact that it has only two logarithmic infinities {x^),{x.^, 
of respective coefficients 1 and — 1. 

4 To obtain the theorem just quoted in regard to the determinant 
<«>ii«2!! - <^no>vii and at the same time some other results necessary for our 
purpose, let U = JH {x,y)dx, V=fK{x,y)dx, be any two algebraic integrals, 
the functions H (x, y), K {x, y) being rational in x and y, and consider 
the contour integral JUdV, taken in succession along the closed curves 
(AiAsAr^A^-^), (A^AiAf^Ar^) ; denoting the periods of U for (^1), (^2), 
(^3), (^4) respectively by D,^, D,2, O3, Cl^, and by Fi, V^, V^, V^ the corre- 
sponding periods of V, the contribution to the integral from (Ai) and {A~^) 
is J(U+ili— U)dV, extended once along {A^) only, from the right side to 
the left side of {A^, namely is HiFj; so the contribution from (^3) and 
{Af^) is Oj/dF, extended once along (^3) only, from the left side to the right 
side of (^1), namely is —D,^V^ ; the sum of the two contour integrals is thus 
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the formation of this quantity from the scheme of periods 

U Hi Hj fls Q., 

V V, V, F, F, 
is evident, and the remark assists the memory in writing it down. 

Let now in particular, U be an integral of the first kind, and F be an 
elementary integral of the third kind with logarithmic infinities of coefficients 
respectively 1 and — 1 at (^i) and (Zi) ; then the previously described contour 
integral is equal to the counterclockwise integral along a closed curve con- 
taining the cut previously explained which goes from (z^) to (z^) ; near (^j), 

however, UdV is of the form U-r, where t is the parameter for the neigh- 

V 

bourhood of {Zj), and a counterclockwise integration round (^i) gives 2-7riU^', 
where L'"' is the value of U at (zi); so the integration round (z^) gives 
— 2TriU^^ ; the two sides of the cut, between (^,) and (^j), taken together, give 
no contribution. We tlius have, in this case, 

QiFs -n,V,+ a V, - aF, = 27n' ( U'^ - U''). 
In a precisely similar way, if U be also an elementary integral of the 
third kind with logarithmic coefficients 1 and — 1 respectively at (x^) and (^a), 
we infer, since UdV= d{UV) — VdU, that the right side must be increased 
by — 27ri (F^i — F^») ; while if U and V be both integrals of the first kind, the 
right side is to be replaced by zero. 

We may apply a similar procedure when U and F are the real and 
imaginary parts of an algebraic integral U + iV, of periods flj + iV^, etc. ; in 
case the integral U + iV is of the first kind, say equal to niUi''''^+ n^uf-'^, 

the contour integral I UdV, or i U —7- dt, or 1 (U ^d^+ U ^dt)] , where 

t = ^ + it), is equal to a sum of area integrals of the form 

each one of these is necessarily positive, and has a lower limiting value 
greater than zero, since U and F and their differential coefficients are con- 
tinuous functions of f and iy, and C and Fare not constant over any two- 
dimensional portion of the surface ; there are as many of these integrals as is 
necessary to cover the whole surface (and it can be shewn that this number 
is finite). In this case we infer therefore that 

xi,F3-n3Fi + ri,F,-n,F 

is positive, and not indefinitely near to zero. 

From these general considerations various results follow : — 

(1) The determinant toutujs - toijtoj, is not zero. For then tOjiMi*'" - WhM/." 

would be an integral of the first kind having zero periods at {A-,) and {A^) ; 
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calling this U + iV, as in the last of the general considerations just given, we 
should have fli = Fj = 0, 0.^= V2=0, contrary to the necessarily positive 
character of the expression n,iVa — il^Vi + Cl^Vi — D,iV^. And by the same 
proof it follows that no function, other than a constant, exists, which is single- 
valued on the surface save that its values on the two sides of each of two 
non-intersecting curves difier by a quantity constant along the curve, which 
is expressible about every point of the surface by a series of positive integral 
powers of the parameter. 

(2) Hence we can form two integrals of the first kind 

t,j^.«= -(6,22Ml^'» - «12M/'"), ^2"^'"= ^(- W2lMl^'" + &)lltt.2^'"), 



where 


A = (Oiito^ — 


0)12 a)2i. 


which have a period scheme 






(^0 (A.) 


(A.) (A,) 


y^x,a 


1 


Til T,o 


^x,a 


1 


T21 T22 



then the theorem that the integral Jv,dv2 round (A^A^Ai M3 ') and 
{A2AiA2~^Ai~^) gives zero, leads to 

1 . T21 — Til . -I- . T22 - T12 . 1 = 0, 

or Ti2= T21. These integrals are called the normal integrals of the first kind, 
being unique, save for additive constants, when the period-loops are once 
drawn, as follows from the concluding remark of (1). 

(3) If hi, ih be real quantities, and Wi^i^'" -|- ?i2t;2'"'<' = U+iV, the con- 
sideration of the contour integral jUdV gives, if t^j = prs + icTrs, the result 

W] (mi 0-11 + n^ 0-21) - (rii /3i, -I- »i2 JO21) • -H W2 («i o"i2 + ^2 ctj.) — ("i pi2 + Ms/Jih) . > 0, 
so that the real part of the quadratic form 

i (tiiWi^ + 2Ti2th'>h + T^ni) 
is necessarily negative and not indefinitely near to zero. 

(4) The consideration of the contour integral 



/ 



^i^'"^n:;l 






ftA = /l 


Til 


Tl2 


VJ \0 


y. 


y. 



for which, respectively, 

/111 D.2 Hs 

\y. y. V. 

gives Fa = 27ri («i*" " - v-^''^- ") = ^-mvi"^- '■'■' , 

so that the periods of the elementary normal integral ^x„xi ^^ (-4,) and 

{A^ are respectively 27rWi*"^2 and 2'iviv^'''-^K 
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(5) The consideration of the contour integral 



/ 






for which Hj = flj = 7i = F^ = 0, gives 

'-'■x^x, '-'^Xl.X^ \^^Z„Zj ^'■z„z^/ "' 

(6) We have already remarked that there is no other integral of the 
first kind than Wj'"' " having periods 1, at {A-^), {A^ ; it follows similarly 
that there is no other normal elementary integral of the third kind than 
n^'"^^. Two integrals of the third kind, having the same two infinities and 
the same multipliers at these, have a difference which is expressible about 
every point by a series of positive integral powers of the parameter for the 
point ; this difference will have periods at {A-^), {A^, {A^, {A^ ; denoting 
the integrals of the third kind by P and P', and the periods of the difference 
P' - P at (4i) and {A^ by Oj and C^, the function 

has periods only at {A^ and {A^. Hence, by the remark made at the con- 
clusion of (1), this function is a constant. 

5. From an elementary integral of the third kind we can form an 
algebraic integral whose expansion in terms of the parameter, in the neigh- 
bourhood of any place of the surface, contains only positive integral powers, 
there being exception at only one place, for which the expansion contains the 
single term - t~'^ ; and the integral can be taken so that this pole is at an 
arbitrary place. Such an integral is called an elementary integral of the 
second kind. Consider for instance 



J a 



let {z) be an arbitrary finite place, and t the parameter for the neighbourhood 
of {z) ; let (ajj) be in the neighbourhood of {z) ; let {x, x^) be expressed in 
terms of t, and let {x, x^t denote the coefiicient of t in the expression;, this 
will be a function of {x), and of {z) ; the integral 



J c 



(x, Xi)t dx 



is then a function of {x), infinite only when (x) approaches z, and then like 
— 1~^. This statement can easily be verified from the form 
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(^. «l)( = ' o,./„ .x= 



For, when {£) is not a branch place, we find, putting a;, = ^ + < and 

1/ + s + s' (« — 0) 
2y (a; - ^)= 

and putting herein a; = ^ + <a;, 3/= s + s'<a:+ ••■ , we find 
(«, a;i)< = ri + -4 + ^^ + ■•■ 5 

fa; 

while, when {£) is a branch place, putting Xy= z -^-f' and 3/1 = n't + 1^ s"'<' + . . 
we have 

s' 



(«, «i)t = 



and putting herein (K = z-^t^, y = s'tx + ^s"'tx^ + ... , we obtain 

(«!, «iX jt = r2 + -^ + -^2*^" + •■• • 

aix Ox 
There exists, therefore, a function of the form 

{x, X:^)tdtr + OiM,*'" + C'sU/'", 



J a 



where C,, C^ are suitable constants, which is infinite at the arbitrary finite 
place (2), like — t~^, and not elsewhere, which has vanishing periods at the 
period-loops (A^), {A^). This function is called the normal elementary 

integral of the second kind, and will be denoted here by F^' . There exists 
such a function also when (z) is at infinity, whose form can be obtained by 
making, in the integral of the third kind used above, a previous transforma- 
tion of the form x={x' — z)~^. The integral can be obtained by differentia- 
tion from the integral TI^'.^^. For when (x) and (x^) are both in the 
neighbourhood of (z), i( Xi = z+tx^, x = z + tx or Xi = z ■\-txi, x = z + tx, the 
latter when {z) is a branch place, we can put 

n^; "^ = log {tx - tx,) + A + A,{tx-tx,)+...; 
now let this expression be differentiated in regard to tx^, and, afterwards, put 
tx^ = 0; let this operation be denoted by D^ H^'^^ ; we have then 

and this is the integral denoted by F^'"; the formula n^_'"^^= IT^^'^" shews 
that it does not depend upon {x^). The periods of F^'" at the loops {A-^), 
{A^), {Ai),{Ai) are 0, 0, 2Tri (t;i^'-^«)«. 27ri (t)^*"*^)^, where {vi'^-'")t denotes the 
coefficient of t in the expansion of vf"''^ in terms of the parameter at {z), 
when («]) approaches to this place. 
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6. Consider now the two integrals 

It is clear that neither integral is infinite for finite positions of {x)\ 
considering the neighbourhood of x = <x> , the work depends upon whether 
Xfi is zero or not. When Xj is not zero, there are two places at infinity ; 
the neighbourhood of either of these is represented by a pair of equations 
such as 

X = t-\ y-^ = \r**' (1 + ^1* + ^2<' +■■•), 
where Vx^ has one of two signs ; by substitution we find 

the terms not written involving positive integral powers of t. Thus each 
integral is algebraically, but not logarithmically, infinite at infinity, in each 
sheet, the first integral to the second order, and the second integral to the 
first order, and it is not possible to find a linear aggregate ^iii^'" + ^2-^2^'" 
which does not become infinite. When X^ = 0, and X5 = 4, we find, by substi- 
tuting 

X = r=, 2/-1 = i<= [1 + iX,t' -t ... + iXoP]-*, 
that 

so that the integrals are again algebraically, but not logarithmically, infinite, 
to different orders, at the single place at infinity. 

It can now be verified, by differentiation in regard to x and z, that 

r [{X, z) - (x, c)] dx + v.« z,- + «/.« z,- = r r ^t'^^^T - - • 

J a J a J c ^ \^ ^) y- ^ 

where 

f{x) = \ + \x + \^x^+ ...+\x\ y^=f{x), s'=f(z), 

/ \ y+ s I ^„ ['^ dx C" xdx 

^-^ 22/ j„ 3/ ' 'Jay 

and 

F(x,z) = 2\, + X,{x + z) + x2 [2X2 + X3 (a; + z)] + xH'' [2X4 + X^ (a; + z)] + 2X« a?z\ 

•We shall put 

»'■•"= r [" •?x^i£)±_2yf ^ ^ . 

"•" ~ JaJc ^{x-zf y s ' 
then the form of the left side in the identity shews that R^'^, as a function 
of («), is an elementary integral of the third kind with logarithmic infinities 
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of coefficients 1 and — 1 respectively at {z) and (c) ; and its own form shews 
that 

we have seen however (§ 4), that two elementary integrals of the third kind, 
having the same logarithmic infinities and multipliers, differ by a linear 
aggregate of integrals of the first kind ; there must therefore exist an 
equation 

ii''- " = n "■' " - 2 i la,., M,^. « -u/. ", 

,- = !. = ! ' 

wherein the constant coefficients a,!, ftia, ftj,, a^ are subject to the relation 
(ii2 = Oa. ; this leads to 

u^' <= L,''' « + M/. " L^. « + 2 SSa^. , M/' ^ «/■ « = n ^; " - J " [(^:, a;) - (0, a)] rf^. 

Now let {z) be in the neighbourhood of a particular place (^'o), and express 

z and s in terms of the parameter of this place, and equate coefficients of the 

first power of this parameter; from Wi^-" we obtain an expression which is 

\ dz . 

the limit of - t- when < = ; this we denote by /i, {z^ ; from u^'" we obtain 

S Civ 

the limit of - -7-, which we denote by u,„(z^\ from 11'^'" we obtain V ' ; from 

rz dz . 

I \{z,x) — {z,a)\dz we obtain the limit for t=0 of [(^r, a;) — (^, a)] 3-, which 

is a certain rational function of {x) ; replacing now again {z^ by («), we may 

write the resulting equation 

dz 
/^ (^) X,^.« + /., (^) Z,«.« + 222a,,, /x, (^) V>« = r/.« - [(^, a;) - (^, a)] ^ . 



7. Before passing on it seems necessary to make a few introductory 
remarks relative to a notation which will be found of great use in the 
sequel. 

A rectangular arrangement of mn elements, in m rows and n columns, 
may be added to, or subtracted from, another such array or matrix, of the 
same number of rows and columns, the meaning being that the (r, s)th 
element of the resulting array, namely the element in the r-th row and s-th 
column, is the sum, or difference, in the respective cases, of the corresponding 
elements a^,,, aV,«, of the two original arrays; and, the whole matrix being 
denoted by a, and A'^ being any number, the notation Na may be used for the 
matrix of m rows and n columns whose general element is Nar^g. Or the 
matrix of type (m, n), that is, of m rows and n columns, with general element 
Ur «, may be multiplied into another matrix of type (?i, p), of general 
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element 6s,(, the meaning being that the result is a matrix of type (/n, p) 
whose general element Cr,t is given by 

n 

Cr,t = ^ 0,r,sbs,t, 
s = l 

iiaii;ely given by combining the ?--th row of the first matrix, a, with the t-th 
column of the second matrix, b. The result may be written c = ab; this is 
by no means the same as c = ba. In a somewhat similar way, if a; denote the 
set of n quantities «i, ...,«„, we may denote by asc the set of m quantities 
such as 

ar,ia;i+ ...+ar,n.«:n, (r = l, ...,m); 

then, if y denote a set of m quantities yi,...,y^, we may denote by axy the 
single quantity 

m 

Z^ \Ojy^iiVi-\- . . . -r Ctr,n^n) yri 



r = \ 



which is the same as 



S 1 ar,sa:syr- 



It is usual to call the matrix of type {n, m), obtained by changing the rows, 
of the matrix a, into columns, the transposed matrix of a ; we shall denote it 
by a ; it is manifest that axy = ayx. If z, z each denote a set of m quantities, 
Zi,...,Zyr, and z-l, . . . z^', we often denote by zz', or z'z, the single quantity 
ZiZi + ... + z,„Zm'; in particular if a, a be two matrices, both of type {m,n), 
we may have z = ax, z = ax', where x, x each denote a set of n quantities ; 
then zz' = ax . z = az'x = aa'x'x ; and z'z = a'x'z = a'zx' = a'axx'; in the 
form ax .a'x = aa'x'x = a'axx , this result occurs very often in the sequel; 
it is in accordance with the easily verified fact that the transposed of the 
matrix ab is 6a, obtained by reversing the order of the matrices and 
transposing both ; the notation aa'x'x, meaning (aa'x) x, is not found by 
experience liable to confusion with (aa'){x'x), which, if used, would mean the 
matrix obtained by multiplying every element of the matrix aa by the single 
quantity x'x. Very often the matrices used are square, of type {n, n) ; for 
such, the determinant of the product ab, usually written \ab\, is equal to the 
product of the individual determinants \a\, \b\; of such square matrices, the 
simplest is that having every element zero save those in the diagonal, all 
these being unities; this, so-called unit matrix, when multiplied into, or by, 
any other matrix of the same number of rows and columns, say a, gives a as 
result ; the unit matrix is, thus, often denoted simply by 1 ; and the matrix 
of which every element is zero save those in the diagonal, all of which are 
equal to a number N, is denoted simply by N. A square matrix a, of 
non-vanishing determinant, has an inverse, denoted by a~', with the 
properties aa~^ = a~^a = E, where E is the unit matrix of the proper order; 
in fact, if ar^s be the (r, s)th element of a, and Ar,s the minor determinant 
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of the {r, s)th element of the determinant, \a\, of a, it is easy to prove that 
the (r, s)th element of a"' is Ae^r^\a\, namely is the minor of the (s, r)th 
element of |a|, divided by \a\. 

8. Returning now to our theory, denote the periods of u/''^, />/'" at 
{A,), (ilj), (^3), {A,), as follows: 



M,.^'" 



(^0 {A,) {A,) {A,) 



2a)^ 2(jd„ 2a>'ri ^to'r^ 

the normal elementary integrals of the first kind Dj*'", v/'* are necessarily 
linear functions of Mi^'", Wj^'"^; let the expressions be given by 

then, comparing periods at (^1), (A^) we have the four equations given by 

/ni \ = /'2^i,ci)]i + 2/!jj<u2i 2/iii(Bj2 + 2hj^o).^2\ , 
\0 TriJ \2h^jWu + ^h^u^i 2haa)i2 + 2h^a>^J 

which is the same as 

TTWl ON = 2 /hn K\ /"u ("izA , 

VO 1/ VAji h^J V(U21 «22/ 

and is expressed by 

TTl = 2ho}. 

The product of the determinants \h\, \a)\ is thus, numerically, (7r/2)^ and 
neither of these determinants is zero. 

Similarly, comparing periods at (^s), (-44), and denoting by t the 
symmetrical matrix of the periods of v^"''^, v^''^ at (A^, {.■^i)i we have four 
equations all expressed by 

TTiT = 2/i.a)' ; 

and as the determinant of w is not zero we may write 

h = \'Kiur^, T = co~^a}'. 

The periods of F/'"' at (^i), (A^) are both zero; at (^3), (Ai), they are, as 
has been remarked, 2Tri times the values, at (z), of the integrands of i;!^'" and 
1)/'*, that is, in a notation explained above (§ 6), respectively 

2 [hnfii (2) + Ai2>^ (2)], 2 [Kfi^ (z) + K,fj,2(z)]; 

hence the equation, which we previously had, 

^ (z) Lf''^ + ,x,{z) Z2^.» + 2S2a,,«/i, {z) u^^''^ = ?/■« - {{z, x) - (z, a)] ^ , 

gives, by taking the periods at (Ai) and (-42+,-), 

- 2fii (z) rj-ii - 2/j,2 (z) 7}^ + 42Sa„;u., (z) w^ = 

- 2/Ai (z) TJ-a - 2/ij (z) 7]'^ + ill^ars/jL.! (z) a'ri = 2 [hufj^ (z) + hi^/j., (z)] ; 
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from these, since there exists no equation AitJ^{z) + A^ij^{z) = 0, in which 
A-i, A^ are quantities independent of {z), we derive 

since a„ = a„ ; and the four equations contained in this are capable of the 
form 

(Vn 'nii\ = 2 fdn (hi\ /<Bn (Ou\ , 

\Va V22' \<^2l <^22/ \'"21 <"22'' 

which we write 

1] = 2aw ; 

from the same identities we also, similarly, derive four equations of the form 

which we write _ 

r]' = 2aa>' — h, 

where h is the matrix obtained from h by transposition of rows and columns. 

The equations 

•jri = 2A(B, TTiT — 2hoj', rj = 2aco, t]' = 2aa)' — h 

are sixteen relations connecting the quantities ; on elimination of the 3 + 3 + 4 
quantities in the matrices t, a and h, they lead to six relations connecting the 
periods a, w', tj, t]', as we proceed to shew. The equations give 

(o' = ^ TTihrW = (or, 
and hence 

which is equivalent to one equation ; also they give 

h= \ 7ria)~^ , ayh = ^ iri, 
and thus 

7)% — rjw' = 2a (<b'q) — 0)0)') — ha = — toh = — ^iri, 

which is equivalent to four equations ; and they give, thence, 

ooTj' — (o'tj = — ^ Tri, 
and so 

Tjv = 2aa)7j' = 2a (a'rj — ^m) = {r}' + h)rj — via - rj'rj, 
because 

hrj = 2haa = Tria = iria, 
and this .equation 

Tjlj' — 7;'^= 0, 
is equivalent to one relation. 

These relations can be written together, as follows : let 

A = /o) o)'\ 
\V rl } 

denote the matrix of four rows and columns, of which the elements are those of 
the four matrices o), w , t), r)' ; if a, h, c, d, a, h', c', d' momentarily denote any 
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matrices each of two rows and columns, it is at once evident on consideration 
that the product 

(a h\ fa' b'\ , 

[c d) W d'J 
of two matrices each of type (4, 4), may be written as 

faa' + bo, ab' + bd'\ 



(aa' + be, ab + bd\ , 
\ca' + dc', cb' + dd'J 



where aa' denotes the product of two matrices, and is a matrix of type (2, 2), 
of which the elements are to be separately added each to the corresponding 
element of be, to give the matrix aa' + be' of type (2, 2); this form is the 
same as if a, b, c, d were single quantities. Now let 

64= /O -l\ 

[l o) 
be the matrix of type (4, 4), of which every element is zero, save the elements 
(1, 3) and (2, 4), each of which is - 1, and the elements (3, 1), (4, 2), each of 
which is 1, so that, as is easily seen, 

£4 = — 1, 64 = 64 = ~ £4 i 

consider the product 

\7] 7]'j \1 0/ \a' Tj'J \7)' - 7}) \a)' rj'j 

= /co'io — a>(o' CO rj — mrj' 
V r}' (o — Tja 7)'rj — ffrj' 

by the relations established above we thus have 

AetA = — -^^64 ; 

and this includes all the relations connecting the periods. It shews too that 
the determinant of the matrix J. is a square root of (7r/2)*, and not zero. 

Taking then the inverse of both sides we have 

_ 2 

- A-^eiA-'^ = —.ei, 
•m 



and hence ^.64.4 = — Ivriej, 

S ^ WO —1\ f(o (o'\ , = f rj 
w' rj'J U 0/ U '77 U' 



or 

fw rj\ fO ~^\ (^ ^\ • — f V — fi) \ /ft) co'\ = / fjco — W7) Tjco' — a)7j' 
\a' 7}' J \1 0/ \t] Tj'J \r}' —id' J \r] r]'/ Xtj'w — m'ij rj'o)' — co't]', 

so that the relations among the periods may also be written 
Tjw = (orj, Tja' — tirj' = -^"rri, ^ w' = w t;' ; 

these are of different form from those originally obtained, but may also be 
deduced directly from the equations 

^'7ri = ho}, ^TTiT — hco', 7) = 2ao), 7j' = 2aai' — h. 
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Let pi.Pi, g'l, q^ be any four variables; write 

(P„ P^, Qi, Qj) = /« ^\ (^1, p„ q„ q,), 

namely 

Pi = <Bi,pi +&)2i/'2 +'?ii9'i +'^21 32, 

Pi = <Oi!lPl +C^P2 +1712?! +'722?2, 

Qi = w'lii'i + <»'si^2 + V'nqi + '7'2l32. 

Q2 = (o'j^Pi + oi'^Pi + n'uqi + v'mq^, 

so that Pi, P2, Qi, Qi. are the periods of the integral 

\ipiih''' " + p.^u^"' "■ - q^L^' " - qj^^' "), 

respectively at (it,), (^2), (^3), {A^ ; then if P,', P/, Q/, Q2' be the same 
linear functions oi p^ , p^ , q\\ qi ■, the equation 

AsiA = — -J^Trte^ 
gives 

Ae^{p^,p^, qi, qi)(pi,p2', ?/, 52') = - i^rie^ (i^i, Pa, 9'i. q2)iPi,Pi', g/, ^a'). 
or 

e4^(pi, i)2, g'l, ga) . A (pi, pi, qi, qi) = - ^■me^ipi , p., q^, qi){pi, pi, qi, qi), 
that is 

€4 (Pi, P2, Q„ Qi)(Pi, Pi, Qi, Qi) = - ^-rrie.ipi, p.„ q^, qi) {pi, pi, qi, qi). 



or 



(-Qi, - Q., Pi, P2)(P/, Pi, Qi, Qi)= - \7ri(-q„ -q,,pi,pi)ipi,pi, qi, qi), 

or PiQi - PiQi + P^Qi - PiQ^ = - ^m ( p^qi - piq^ + ^2^2' - piqi) ; 

and conversely the relations among the periods are those which are necessary 
in order that the linear substitutions 

(A, P., Q.iQi) = A {p„ p,, q„ qi), {Pi, Pi, Qi, Qi) = A {pi, pi, qi, qi) 

should multiply the form p^qi —piqi+ p^qi — piq^ by ^ ^tri, for all values 
of the variables p^, ..., qi. 

Finally, in view of subsequent work, it is desirable to notice in more 
detail the relations affecting <o and «' only. The relation &>'« = aia is 
equivalent with 

(to, «') €4 /W \ = (o), w) /O — 1\ /ft) \ = (ft)', — ft)) /oi) \ = ft)'&) — Wftj' = 0. 

Uv u oJUv Uv 

Let now (o,,, wi denote the matrices whose elements are the conjugate 
complexes of those of a and w, and let z = {ti, ti) be a set of two arbitrary 
quantities, and z^ the set of their conjugate complexes ; put then 

«=(«!, S2) = SJ< = (tSu*! + CO A, «l)i2<i + 0)22*2), 

so that the quantities s are the periods at (^1), {Ai) of the integral 

^{kaf---\-Uuf'''), 
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and let So be the two conjugate complexes of Sj and s^; further, let t =/) +i<T, 
so that p, a are two symmetrical matrices, each of type (2, 2), of entirely 
real elements; then if Sj=pi+igi, s,i = 'p^-\-iq^, or say s = 'p-\-%q^, where 
i^i, P2, ?]. 92 are real, we have, since a)'=toT, 

(to, w') 64 /Wo \ Ui = (q)', - w) /Wo A y = (^'tSo — &)So') ^0* = (wTaJ„ — 0iTa(b,)t4 

= CO (t — To) a^t^t = 2i<7So^(, . w< = 2i(TS„s = 2icj- ( ^J — iq) {p + iq) 

= 2t (ap — io-g) ( p + t'g) 
= 2i {ap- — ia-qp + iapq + aq^) = 2t {(jp- — iSpg' + iapq + o-g=) = 24a- {p^ + 5^) ; 

we know that ap^ > 0, aq^ > for all real sets pi^p^ and ^i, ^2, whose elements 
are not zero; hence we have 

— i (ft), ft>') 64 /So \ tot > 0, 



"0/ 

where t denotes a set of two arbitrary quantities not both zero ; and we have 
proved also that 

(ft), ft)') 64 /w \ = 0. 

9. We consider now certain properties of integral functions of two 
variables. 

(a) If for the continuum of values of two complex variables fj, ^2 which 
is expressed by the conditions 

where r^, Rj, r^, R2 are real positive quantities, there exists a function 
F{^i, fa), developable about every point |i = ai, ^o_= do, of this continuum as 
a power series in fi — Oj, fj— a^, of presumably limited range of convergence, 
the function being single-valued in the continuum, then there exists a series 
of positive and negative powers 

CO ao 
— xt - 00 

converging for, and representing the value of the function in the whole 
continuum. This can be proved, in the manner of Laurent's Theorem, by 
considering the repeated integral 



1 {. [ Fin, T2) 

{2^iyj "'^^J(T,-f)(T2-?.) " 



(27rt) 

taken, for Tj, clockwise round the circle JTi| = ri and counterclockwise round 
the circle |t, | = J?i, and, for t«, clockwise round |t2|=9'2 and counterclock- 
wise round I T2 [ = -R2- As in that case we have 



. If, [F{t„ T2) , 
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where, now, the integration for Ti is counterclockwise round a single circle 
concentric with and lying anywhere between |Ti| = ri and |Ti|=iii, and 
similarly for Tj. 

(6) If an integral function of w,, V2, say Q{Vi, Vo), satisfy the conditions 
Q (ill + 1, v.) = Q{v„ V,), Q (v„ v._ + l) = Q (v„ v^), 
that is, have the period unity for each argument independently of the other, 
then the function can be expressed by a series 

— 00 — 00 

converging uniformly and absolutely for all finite values of Vi and 1)3. For if 
we put 

the function 

Q {v.. V,) = Q 2^. log ?„ 2^ log ?,] , =F(^„ I,), say, 

is a single-valued function of ^1, ^2, developable about every point for which 
^1 is not zero or infinite, and ^2 not zero or infinite ; we can thus apply the 
preceding result (a), and obtain 

where, putting Vi = oci+iyi, Vi = x^ + iy^, the integration in regard to v^ is, 
for an arbitrary constant value of y^, in regard to x^ from ^i = to «,= 1 ; 
and similarly for %; thus we may write 

and if, for arbitrarily chosen constant values of y^ and y^, the function 
Q{Vi, ■Uo) remains in absolute value less than a real positive quantity M, we 
have 

(c) There can exist no equality of the form 

2 2 ^^ „, 6^"^"^"^+"^"^^ =2 2 5„ „ e2,ri («,«,+, i2i>2) 

«,= -00, m,= -00 m, = — 00, «j=-oo " ■* 

in which the series converge for all finite values of the variables Vj,V2; or 
there would exist an equation 

2 2 0„ „ e2«{«i''i+»2''2) = o 



— 00 —00 



in which the series converges uniformly for all finite values of Vi, v^. But 
multiplying this equation by e"2'^'("i"i + "2"2), and integrating in regard to v^ 
from to 1, and in regard to % from to 1, we could then infer Cj, ,j = 0. 
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Hence for an integral function Q{vt,,v^ with the properties 

there can exist no pair of constants Wj, Ws such that 

Q {Vi + 0)1, V2 + Wj) = Q (^1, V2), 
or even a pair such that 

Q(t)i + &)i, V^ + a^)=CQ(Vu Va), 

where is a constant ; for, taking the latter, which includes the former, this 
would give 

(^ ^1 » ^2 ^1 » ^2 ' 

and hence e^'^' <"'"= + "^"s) = c, 

for all values of n^, n^. 

There can however exist a pair of constants Wj, Wa leading to an equation 
of the form 

Q (v, + CO,, V, + a,,) = Ge>'i^^+>H^^ Q {v„ v,), 

where G, fi,, fi^ are constants, and, indeed, simultaneously, another pair w/, w^' 
leading to an equation 

Q (v, + 0,/, V, + CO,') = (7'e^i'^i +'^^'"2 Q (V, , v,), 

where C", /^t/, /^s' are also constants. This will appear abundantly in the 
sequel : in order to be as brief as is consistent with our immediate object we 
shall proceed at once to the following proposition, leaving till subsequently 
the verification that this is the most general theorem that need be con- 
sidered for integral functions. 

(d) Let di, da, he two positive integers, of which d, is a multiple of d,; 
let 0- be a symmetrical matrix of two rows and columns such that the real 
part of the quadratic form ian^ is necessarily negative, and not zero, for all 
real values of the elements n,, n,, of n, other than both zero ; let r be 
a positive integer divisible by dj, and therefore by d,; let <f)(w), or cf){wi, w^), 
be an integral function of the variables w,, w,, with the properties (wherein 
fii, ""la = "■21, <'"22 are the elements of the matrix cr) 

c})\w, + j,wA=<j>(w„ w,)=^(w,, W^ + jj, 

<j>{w, + crn, «;2 + a2i) = e-2"'-(«'i+i'^"),/,(Wi, w,), 

<f>{w, + a,„ w, + CT^) = 6-^'^'^''^+^'^^ cj>{w„ w,); 

it can then be proved by induction that if nii, m,, m-[, rti^ be any, positive or 
negative, integers. 






+ m/o-ii + wi/o-ij, Wj + ?-V m/o-j, + m^'cr^j = e ^"""^ <fi (Wj, w.,), 

2—2 
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where 

while conversely this last equation includes the previous four. By employing 
the notation of matrices we can put this definition-equation into a form in 
which it is much more easily grasped ; denoting by d the diagonal matrix 

(j , I, the two elements of d~hn+am' or 
VO dj 

/d~^ \ «i + /o-u <7i2\ m' 
\ c^2~V \o-2i 0-22/ 

are di~^vii + crn"*/ + Cwnu' and df^m^ + o-aini/ + a^m^; 

thus the function on the left side of the definition-equation may be denoted 
by (^ (w + d~hn + crni') ; also 

H = ni'w + ^am"' = m'w + im'. a-m' = m'{w + \am') ; 
the definition-equation is thus 

</) (w -f- d-^m + am') = e " 2'r'"»'(«' + 4"™') ^ (w). 

Since now <^(w) has the periods di~^, df'^ for the arguments Wj, Wo 
separately, it follows, from (6) above, that we may write 

where J.^. stands for ^i,,A-2 and Mw stand.s for ki{dw\ + k„{diu\, that is for 
kid{LV-i + k^d^w.^, and the summation is in regard to the integers ^1, k^, each 
from — CO to +00 independently of the other. When we put for w the 
values w + d^^m -\- am', the expression kdw becomes kdw -t- km -f kdam , so 
that, since km = kymi + k^m-i is an integer, the defining equation gives 

„-2Trirm'(w + ^am') v a iirikdw — S 4 Jiirikdam,' ^2iritdM) . 
k k 

now denote dw by x, so that a;, = cZjWj and x^^d^w^; further let 

h = k — rd~^m', 

so that A is a set of two integers, rd~^ being a diagonal matrix of two integers 
rdi"^, rd{''^; then the whole exponent of the general term on the left is 

— iriram'^ -\- Iwikx — 2Trird~hn'x, = — iriram"^ + 2'7rihx, 

and the equation is 

h k 

where, on the left, the k in the suffix of A^ stands for h + rd~hn'. To 
every integer pair k corresponds, hy h = k — rd~^m', a definite integer pair h, 
and conversely ; we may thus on the right replace k by h throughout ; then 
comparing coefficients of e on the two sides, we have 

A _ J .Tr-irtrm'^ + iirih . dam' . 

■^h + rd-'m' - -^ifi > 
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as /i . dam' = dam'h = adhni = am . dh, 

this is the same as 

^h + rd-^m' = -^ifi (i) 

where H = irira (m +-dh] - ^ cr (dlif, 

and this holds for arbitrary integer pairs h and ?ai'. Now any pair of integers 
(«!, «^) can be uniquely written in the form (hi-\- rdr^nii, h^ + rdi-^m^') hy 
choosing the integers 171/, m^' suitably, with the condition 5 /ij < ?-cZrS 

CO 

5 /(.2< rd2~^; the terms of the doubly infinite series S J-^e^""*" can then 

71= -tK 

be arranged in a finite number of sets according to the appropriate values of 
hi and k, ; namely, we have 

00 

■y A Jlirindw —S"^ A J^i^i(h + rdrhn'). dio . 

— ■» h m' 

and 

(/(, + rd~hn') .dw=d{h+ rd-^m') w = r (vi + - dh] w = rw ( m' + -dh 

thus, from (i), above, 

KA g27rmd!o _ V ^ g~~<^i'^^)^ V ^Trino Im' + ~dh\+Trir(X im' + -dh) . 
— ^ A 771'= — X 

we introduce now the notation 

where v, = {v^ , ^2), denotes two independent variables, t is a symmetrical 
matrix of type (2, 2), g is a row of any two constants, as is also q , and X 
stands for two integers, each of which independently of the other takes all 
integer values from — 00 to + 00 ; it will be proved that if, when x-^, x^ are any 
two real quantities, the quadratic itx'^ has its real part essentially negative 
and not zero, this expression represents an integral function of v-^, v^, and is 
uniformly and absolutely converging ; in terms of such functions, the integral 
function ^(w) is now shewn to be expressible in the form 

</) (w) = 2 Bji% [ rw, ra ; 



H \ 

where /ij, h^ are limited only by 5 Aj < rd{~^, 5 ^2 < rd2~^, so that the 
number of terms on the right is r^dr^dc^, the unknown constant 5^ replacing- 

Aj,e r ^ ' . 
(e) As our defining equation was hypothetical it is necessary to shew 
that the expression @(i), t, j represents a function. Consider first the 
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case when q and q' consist of zeros, namely the expression 

wherein ■y,, j^j are the variables, and Th, r^r,, t^ are any constants subject to 
the condition that if t^, s = Pr, « + ^'''r, s the quadratic form 

a^{n^ + 2<ri2ni?i2 + o-22?i2^ 

is necessarily positive and greater than zero for all real values of Hi, n.^ other 
than the single pair n-^ = 0, n„ = 0. Writing /tr, s for 7ro-,._ ^ and a^ +*&r for 
•27r^,., the modulus of the general term of the series is e~^, where 

H = (f> + y{r, <^ = 6,Ki + 62«2. ■<}r = Kn7li'+ 2Ki2nin2+ K^ih''; 
now let /i be any real fixed positive quantity greater than unity ; we have 

e" >1 + -, e-" < 1 + - ; 

the series of moduli of the terms of @(«, t) will therefore converge if the 
series whose general term is (1 + H/ij,)~i^ converges ; but when one or both of 

?ii , n^ is large, H has the sign of t/c, and is positive, and the ratio ( 1 + — j '■ "^ 

approaches to the constant limit fi~^ ; the series of moduli will therefore 
converge if the series whose general term is 'v|r~'', or 

converges, which is known to be the case when /x > 1. The series for ®{v, t) 
thus converges absolutely for any finite values of v-^ and v^, and, -v^ being 
independent of v^ and v^, it converges uniformly over any finite range of 
values of these variables. It is thus capable of being replaced by a power 
series in these, converging for all finite values, and represents an integral 
function. 

This function has certain properties which are fundamental, following at 
once from the form of it. Denoting it by {v), or @ {v^, V2), we have 

(a) @ («i + 1, V,) = © (v„ v,+ l) = @ (v„ V,), 

as is evident because the addition of 2-irini or 27rin2 to the exponent of any 
term does not alter the value of that term. 

(/3) ® (v, + Tu, V, + T2O = e-2«(^'i + 4ni) @ {v„v,) ■ 

for if E{x) denote e^''", the left side is 

tE {vn + Itw" + TiiWi + Ti2?i2), 

n 

while the single term here written is 

E\y^ (% + 1) + v^n., + iT„(Wi + If + t,2 («i + \)ih + ^T^n„^] E(- v, -^t,,), 
of which the second factor is independent of Wj, Jij, and the first is the general 
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term of @ (v), with the unessential change of v^ into n^ + 1. The result is 
then obvious. We similarly have 

© (vi + Tij, V, + r^) = e-2"("2+4^22) @ (^^, ^^). 

(7) From (a) and (/3) we at once deduce by induction that if m^, m^, 
nil, ins be any integers 

@ («, + nil + wIi'tj, + TOj'tis, Vj + m^ + m/Tji + m./T22) = e*@ («i, Vj), 
where X = - 2Tri [Vinii + v^m^ + ^Tuin/^ + Ti^nii'm.,' + ^T^m^']. 

This result we write in the forni 

@(v + m + rm) = e " ^""'' (" + 4™') @ (v). 
(S) More generally, if 

q, = (?i, 52), (?', = (^1', ?2'), iJ, = (pi, iJa), p', = (pi, K). 
be any four couples of constants, and qq denote q^q^' + q^q^^, etc., we have 

@(v + qj^ rq') = e - ^"9' (" + 4 ''9') - ^^m' © [^ ; ^ 

and C^ + g + rq' ; ^') = e " 2"«' '"^ + 4'-9') - 2,rigg- - 2Hpq' @ /^ . p' + 2 ' 

of which the former is included in the latter. 

To verify this, compare the general exponent on the left with the general 
exponent on the right ; we require, dividing by the factor 2Tri, 

(v + q + Tq')(n + p') + ^t (n+p'f + p(n + p') 

= -q'(v + ^Tq') - qq-pq'+v (n +p' + q') + |t {n +p'+ qf^ (p + q) (n +p'+ q'), 

and this is at once seen to be an identity. 

(e) Since the alteration of the summation numbers iii, 71^ respectively 
into Til + m/, % 4- m/, where mj' and m^ are definite integers, does not affect 
the sum, we clearly have, if mj, mj be also integers, 

© (v; ^ '^j = 'ZE[v(n+p' + m') + ^T(n+p'+m'y + {p + m)(n+p'-i-m')] 

= E {mp') ^E [v (k + p') + ^T (A; + p') +p{k + p')], 

k 
^g2Timp'@L. P'\ 

and the second formula of (8) gives 
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In particular 



@ i)i+ Ti2, t;, + T.^,; '' =e 



. P\_^-2«(e 



2 + iT.^,)-27ri/)2@ /^. PA 



(f) In case the couplets 2g, = (2^1, 2^,,), 23', = (2^/, 2g./) consist of 
integers, we have 

®{-v„-v.,; '^] = tE[-v{n + q') + It {n + qj + q{n + q')], 
V q J n 

and, by writing, as a new summation letter, wi = — n — 29^', or ??ii = — ?ii — 2^/, 
??i2 = — ?Z2 — 2^2', this becomes 

© ('_ ^ ; 5 ] = S^ [?; (/n + g') + i'^ ("^ + ?')' + 1 (»i + ?')] E [- 2q {m + q')], 



V q I 



thus the function %{v\ " j , when g, g'' each consists of half integers, is either 

even or odd, being even when ^^qq is an even integer, and odd when ^qq is 
an odd integer. Putting 2g = ;/•, 2^' = «', and noting that the addition of 
integers to the numbers q, q only multiplies the function by a constant, as in 
the first formula of (e), we see that the number of even functions obtainable 
by taking q, (( to be half integers is effectively the number of solutions of 
x^xi + x^x^= an even integer in which each of Xi, x„, x-l, x^ is zero or unity, 
and is thus easily found to be 10 ; similarly the number of odd functions is 
found by solving x-^ x-[ + x^ xi = odd integer, and is effectively 6. It can be 

shewn without difficulty that @ ( i) ; ] can only be an odd or even function 

when 1q and 1q consist of integers. 

(t) For many purposes it is convenient to modify the notation as follows. 
Let a be any symmetrical matrix of type (2, 2) ; let h be any matrix of type 
(2, 2), of not vanishing determinant ; let t, as heretofore, be a symmetrical 
matrix of type (2, 2) such that the quadratic form {tv? has its real part 
essentially negative when ?ii, n.^, are not both zero; let q, q be any two 
couples of constants ; and let u-^, Wa be the variables. The series 

where E = aii? + Ihu (n + q') + i'rrr {n + q'f + ^iriq (n + q), 
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becomes, by putting 

TTl'Vj = /(]]14] + hiiU.,, TTIV., = /(oi'H.] + A23«2> 

or, say, mv = ha, 

simply ^ U ; ^ "j = e««' @ [w ; ^ j , 

and so differs essentially from @ (i;; " ) only in the multiplication by an 

exponential of a quadratic function of v^ and z/j- Now let a>, a>', t], rj' be 
matrices such that, as before (p. 14), 

Tn=2h(o, TTiT =2/i&)', 'r] = 2a<i3, rj' = 2a(o' — h; 
and, when p, = (pu P2), p'> = (Pi'> P-i)> ^''"s any two couples of constants, write 

flp = 2wjo + 2co'p', Hp = 277P + 277y, 
so that Up, Hp each consists of two quantities, and we have 

Hp = Aiaap + iaw'p' — 2hp' = 2anj, — 2hp', hVtp = tti (p + rp'), 
and also 

a (« + nj,)2 - dM^ = 2auQ,j, + an/ = 2aD,pU + aQ/ = 2afij, {u + llip) 
= (Ifp + 2hp') (u + ^Qp) = Hp(u + ^rip) + 2hp'u + hp'D,p 
= Hp (u + ^ Hp) + 2hup' + hQ,pp' 
= Hp (u + ifl^) + 2Trwp' + Tri (p + rp')]}' 
= Hp (u + ^n^) + Tripp' + 2mp' (v + It/) ; 
put Xp (it) to denote the expression 

\p (u) = Hp (u + ^fip) - -Tripp ; 
then by (8) above we have 

where 

H=\g (u) + 2Triqq' + 27riq' (v + ^rq) - 2Triq' {v + ^rq) - 2Triq' (p + q) 
= \q (u) — 2'rripq' ; 
when m, m consist of integers we have, as before, 

\ ' p +nij \ pJ 

from this '^{u + n^; ^') = e^™ <") + ^^ (mp' - m'p) ^ ^„ . / j . 

in particular when p, p both consist of zeros, 

^(t* + n,) = e^'M^(M; ^'), 
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and, if m, m consist of integers, 

thus we have, for r = 1, 2, 

5^Ui + 2(B,,,., ti2+2a),,r; ^ j = e^'-^ U; ^ j, 

^ (u, + 2<»'i. r, M2 + 2a)'2, ,. ; ^ j = e^' ^ U ; ^ j , 

where ^r = ^Vi, r («i + a>i, r) + 2l/2, r (% + '"2, r) + ^TrlJJr , 

K,. = 2'j;'i , ^ (lii + w'l , r) + 27;'2 , r (^2 + oj'j , r) - 27ripr • 

In subsequent applications of theta functions to the Riemann surface we 
shall suppose the matrices a and h (and t) to be those arising in connexion with 
the algebraic integrals (p. 13). 

10. We return now to the Riemann surface, and consider upon it the 
function of (x) expressed by 

6(V''"'-ei, vf-^'-e^), 
where e^, Cs are arbitrary constants, and Vi^'"', vf''"'- are the normal integrals 
of the first kind, integrated from an arbitrary place (wi) to the variable place 
(x). If we dis.sect the surface by the cuts {A^, {A.'^, {A^, {A^, so rendering 
the integrals single-valued, the function is a single-valued function of the 
position of («), which never becomes infinite ; it has the same value at any 
point on one side of the cut {A-^ as at the opposite point of the cut, for we 
have @ (?)i -I- 1, v^ = @ (i);, v.^ ; and the same is true of the cut {A^ ; but the 
value of the function at any point on the left side of the cut (.43) is obtained 
from its value at the opposite point on the right side by multiplication 

with the factor 

g-2«(V"-«i+4Tii)^ 

where v-f' "* denotes the value of the integral at that point on the right side, 
so that V- ™ — 61 + |tii is the mean of the values, v^' "^ — e, and v-i"- "* — ^i + t„ , 
taken by vf' "^ — e^ at the right and left sides of {A^ ; a similar statement 
holds for {A^. The function @ (t;^' '" — e) is an integral function of v-^^' ™-, 
v^' ™, and therefore analytical on the Riemann surface, capable, that is, of 
representation about any place of the surface by a series of integral powers of 
the parameter for that place, there being no negative powers ; hence, the 
number of places (x) where the function vanishes to the first order, if any, or 
the sum of the orders with which it vanishes, is given by taking the integral 

1 r d@ 

2771 j @ 

round the closed curves {A^A^A-c"^ A{-'^'), {A^AiA„-^Af'^). Of the former 
contour the two sides of (.4,) give no contribution ; the two sides of (^3) give 



-j'd(t)i^-"'-e:-h|Tn), 
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taken once along the positive or left side of (^3), from the left to the 
right side of {A^ ; this is equal to 4- 1. Similarly the contribution from 
{A„_AiA„-'^ Ar'^) is also + 1. There are thus two places {ac) where @ {v^' "" — e) 
vanishes to the first order, or one place where it vanishes to the second 
order. 

An analytic function of two independent variables has manifestly, as 
values of the variables for which it vanishes, not a set of discrete values, but 
vanishes for an arbitrary value of one of its variables when the other is suit- 
ably chosen to correspond ; this at least is true, for a function which vanishes 
at all, for a suitable range of variation of the one variable which is taken 
arbitrarily. Thus, when the two variables are both replaced by functions of 
a single third variable, whose elimination establishes a relation between the 
two original variables, it may happen that the function vanishes identically 
for all values of the single third variable. The previous investigation might 
therefore fail for particular values of e^, e^; but it does not fail for all values 
of these, in particular not for Ci = 0, 62 = ; for then the function reduces to 
(v^' "'), which even when {x) = (jni) and t,i = i, t^^ = 0, T22 = i, does not vanish, 
being equal to /2e~''"''W2e"'"'A_ 

Let then {m^, (m.^) denote the positions of {x) for which @ {if' '") is zero ; 
we proceed to shew that, if {x^), (x,) denote the zeros of @ (z;*-™ — e), we have 

where ili], M^, if/, M^ are certain integers; and, as, by the addition of 
periods to the arguments of the function 0, the function is reproduced 
multiplied by a non-vanishing factor, it is sufficient to write these equations 
as congruences 

To prove this result we use two properties of rational functions. Firstly, 
a function which is single-valued on the undissected Riemann surface, and is 
capable of expression about every point as a series of integral powers of the 
parameter for the neighbourhood of this point, there being only a finite 
number of negative powers of the parameter, if any — so that, as can be shewn 
to be a consequence of this, there is only a finite number of points for which 
negative powers enter at all — is necessarily capable of representation as a 
rational function of x and y. For if ii,, R^ be the two values of the function 
for the conjugate places (x, y), (x, —y), the functions R^ + R^ and y (R^ —Ra) 
are at once seen to be rational functions of x only. Secondly, it is not 
possible to construct a rational function R with poles of the first order at two 
arbitrary places (x^, y^), (x^, 2/2), unless these be conjugate places having 
Xj = x^ and yi = — 2/2. in which case {x — a;])~' is such a function. For 
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otherwise R + AiV^^" + A.^V'^.'^^"" , wherein 4, and A^ are suitably chosen 
constants, could be taken to be a function without infinities, single-valued 
and analytical on the surface, save for the periods (cf p. 9) 

27rt [A, {vf\ + A, {vf\], 2Tri [A, (vf'\ + A, (v^\] 

at the period-loops (Ag), (Ai) ; this function would then be a constant (p. 7, ( 1 )), 
and both these periods zero, so that yr^ly2~^ = ^ly-T^l^o^yf^, or m-^^ = x^. Take 
then {x-^, {x,j) different from one another and consider the function of {x) 

— ^^ 7:^-7 ^ e~ y'-^x^.m, + '-^X!i,mJ ■ 

@ (if- ™) ' 

this function is analytical and single- valued on the dissected surface, its 
values at the two sides of the loop (A^) being the same, as they are also 
at the two sides of (A^); its value at the left side of (^43) is obtained by 
multiplying its value at the right side by e^"-^>, where 

which is zero ; similarly at the loop (^4). The function is thus single-valued 
on the undissected surface. Next, at {n^} the function @ (ii*' ™) vanishes to the 

first order, and e~'-'^x, mi also vanishes to the first order ; the ©-function in 

the numerator has no infinities; the function e~'-'-^i,rih becomes infinite to 
the first order at (xi). On the whole then the function is a single-valued 
analytic function on the undissected surface, with at most two poles, at (xj) 
and (x.^), and with zeros where @ (v^- "* — if" "*■ — v^> "'■') vanishes. For general 
positions of {x{) and {x^ no such function exists, as we have proved. Thus 
the function is in fact a constant, and the function @ (t;^. ™ - t;^:,, m, _ ^2, m^-) 
vanishes to the first order at {x^) and {x^). Therefore, if e^, e^ be two 
constants, such that the function % {if' ™ — e) does not vanish identically, and 
(■2^i)> (^2) be the zeros of this function, the ratio 

(f) = @ (y< m_^„mi_ j,S2, m,^^@ ^^x, m _ g^ 

is a single-valued analytic function on the dissected Riemann surface, with 
neither zeros nor poles ; it has the same value at opposite points of the loop 
(Ji). and of the loop (^2) ; its values at the left sides of the loops (^3), (J.4) 
are obtained from those at the right sides by multiplication by the respective 
constants e"'*'"-^', 6^"'-^% where 

5i = v/" '"I + Vi^"' "^-61, ^2 = z^a^i ■ >"' -I- ?)/"• "^ - 62 ; 

the function log^ is thus single-valued on the dissected surface; let its 
values at the left sides of the loops (^1), (^2), {A.^), {A^ exceed its values 
at the right sides respectively by 

27riJf/, 27TiM.;, 27ri{B,-M,), 2-!ri(B,-M,), 
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where M^, M^, M^, M« are integers ; then the function 
log ^ - 2iTi (M.'vi''"' + M^'vf ■'>»■) 

will also be single-valued on the dissected surface, and analytic, and finite, 
and its values on the two sides of the loops (A-,), (A^^) will be the same. We 
have seen that such a function is a constant (p. 7, (1)). Thus the increments 
of this function for the loops (^s) and (^4) are zero ; these are 

27ri {B, - AI, - M^Tn - M,'t^,), 2m (B, - M,- M,'t,, - M^r^), 
and that these vanish is the proposition we set out to prove. 

It thus appears also that, arbitrary values of 61, 62 being given, places 
(•2^1). (^2), and integers ifj, M^, Mi, M^ are determinable uniquely, so that, 
on the dissected surface 

v/'--"'' + «/=-'"2 = e, + M„_ + il/,'T2i + i/.'T^o, 

there being exception only for a connected sequence of values of e, and e^ 
of one dimension, those namely for which @ (^'™ — e) vanishes for all positions 
of {x) ; these values will be expressed below in terms of one arbitrary 
parameter. For such exceptional values the equations are still soluble in 
fact, but by an infinite number of sets of positions of (zj) and (z<,). 

Incidentally we see that if we consider the pairs of values of the two 
expressions 

for all independent pairs of positions of («i) and (x^) on the dissected surface, 
not only does the pair (z<i, «.,) not occur twice, but two pairs do not arise 
satisfying equations 

Mj' - Ml = ilfi + if/Tn + il/o'T,2, m/ - M2 = il/a + M.'toi + M^'r^, 

wherein M-^, M^, Mi, M^ are integers. This can also be proved independently 
by noticing that if these equations were possible, and (a;/), (xo) the positions 
of {xi), (x^) corresponding to the values u/, u^, the function 

exp [n^;r^^ + n";r^.^ - 27ri (Miv,-'^ + Jf.v.^] 

would be an analytic function on the surface, single-valued on the surface 
dissected by the cuts (A^), (Ai) where it would have the respective factors 

exp [27ri {vf ''•''' + ^,^^''^^ - M.'rn - M,'t,^)], 

exp [2-iri (w^^.'-^' + 1;/^''^^ - M,'t,i - M,'t^)], 
that is 

exp [2Tri (ui - Mj - M^'tu — M^Tii)] , exp [27ri (u^ — u^ — Mi't^^ - M^'t^)] , 

which are both unity ; the function would thus be a rational function with 
two poles of the first order, at (xi), (x^), which we have proved to be impossible 
unless (xi), (x^) are conjugate places on the surface, a hypothesis at once seen 
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to lead to u^ = constant, u^ = constant. The result may be interpreted by 
putting 

and speaking of ij, U, t^, U as the coordinates of a point in a real space of four 
dimensions. Whatever t-^, t^, t^, tf may be we can determine real quantities 
fii, fin, fii, fi^' so that 

ti + it = fii+ /Hi'th + fi^Ti., U + iti = H"i + A'i''^2i + A'2'''"22, 

for we have proved that if t^s = prs + i°'rs the determinant |cr| is not zero, and 
the equating of the real and imaginary parts in these equations determines 
/"■I. th, H'l'i f^ uniquely; speaking of two sets /Uj, /Xj, ^/, fj^ and (//i), {^i^), 
(a*-! )) (z^) as congruent when each of the differences (fii) — /Mj, (yu.2) — /iao, 
(/i/) — fii, (/j^) — /is' is an integer, we have proved that if we put 

and allow {x^), (x^), independently of one another, to take all positions on the 
dissected Riemann surface, every set Hj, /i,, /i/, n^' or else a set congruent 
thereto, but never both, arises, just once. In order not too far to interrupt 
the prosecution of our immediate purpose we defer the proof of the theorem 
which is suggested, that in fact the sets arising form a continuum of non- 
congruent values of four dimensions. 

We may similarly consider the aggregate of values for /Xi, /x,, /"■/, A'a' 
obtained by putting 

Vi''" = IJh+ H-i'Tu + M2'Ti2, ^2^'" = H-il + fJ^'T.ri + /J^'t^, 

and allowing (x) to describe the whole dissected Riemann surface. As before, 
equations 

in which M^, M^, M^', M^ are integers, are impossible, leading as they would 
to the existence of a rational function 

exp [^^^"^^ - 2771 (MiV''= + M^v^^-")] 

of only one pole and one zero ; but it is not now the case that all values of 
f^, fJh, fh', 1^2 arise. 

Returning to the vanishing of the theta function, we have shewn that 
if (mi), (ma) be the zeros of @(?/^'™), the function ®(qf.'^ — if:':m,^-^!,m.,y 
vanishes at (x^) and (x^) ; thus if (m') be any other position, and (jji/), (mg') 
the zeros of ® (v"'"^'), the function expressed by the quotient 

@ (qjX,m _ yXi, TO, _ ^X2, "Is) /@ (yX, m' _ ^x„ m/ ^Cj, ot,'\ 

is analytical and single-valued on the dissected Riemann surface, but with no 
zeros or poles, having factors at the loops (^3), (^4) respectively 

exp [2iri (v^""'' "' + ii,™»'' "^ - v^^"'' '»)] , exp [27ri (v^'"''' ™' -I- vJ"'- >"■' - v^'"'' ™)] ; 
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it follows therefore, as in the argument above, that the quotient is a constant 
multiple of a function of the form 

exp [2m (JfiV'" + Mi v.f ''')], 

where M^, M^ are integers, and that we have equations 

wherein Jlfj, M^ are also integers; and therefore, that a rational function 
exists capable of the form e^ where 

r = n '^' " + n "^^ " + n '''",- 27ri (ii/i\=^. <= + m^v.^' % 

mi', mi OT2, »«2 m,m' \ j i ^ . /> 

having poles at (mj), (mj) and («i'), and zeros at (wij'), (7W2') and («i). Now a 
rational function can easily be seen to be determined save for a multiplying 
constant when its Q poles and all but two of its zeros are given — being 

capable of the form 

(a;,l)Q + y(x,l)Q_, 
(X-Xi) ...{x- Xq) ' 

wherein (x, 1)q, (x, 1)q_3 denote polynomials of orders respectively Q and Q — S 
in X, the Q+1 + Q—2 = 2Q—1 homogeneously entering coefficients of the 
numerator having their ratios determined by the vanishing of the numerator 
at the Q places (x,., —y,) conjugate to the prescribed poles {x^, yr), as well as 
at the Q—2 assigned zeros ; thus if {vi), (nii), {nu) be determined, for an 
arbitrary position of {m), and {'in') be arbitrarily assigned, then (wi/), {m^) can 
be determined as the remaining zeros of the easily constructed rational 
function which has (mj), {m^, (m) as poles and (m) as one zero. 

We now shew that one possibility for the set (m), (mj), (m^) consists of 
three branch places, which may in fact be any three, provided the dissecting 
cuts be taken appropriately. For this, let the branch places in any order 
be named Cj, a^, c^, a^, c, a, these symbols being also used occasionally for the 
values of x for which the fundamental sextic vanishes, with the proviso that 




if one of the branch places be at infinity it be named a ; suppose there are 
cross lines of the sheets between Cj and a^, between d and a^, and between 
c and a ; let the loops along which the surface is cut in order to give the cuts 



32 Integration between branch places. [chap, i 

(^3), (-4i) be such that when projected upon the plane of a: they enclose 
respectively the pair of points Cj, a^ and the pair of points Co, Oj, these cuts 
being in the upper sheet; in a similar sense let (A«) enclose a^ and c, and 
(^1) enclose Oj, Cj, a^ and c, and also the loops (^o) and (At) ; we can then 
prove that 

(?;«.. «) = 0, (h)(v''2'«) = 0. 

For this we prove that, if 6, (fj denote any two of the branch places, 
and the integral be taken on the dissected surface, 

wherein i/j, Jl/o- ^t, ^2 are integers determinable at sight from the diagram, 
by the following rule : If this diagram, and a path on the surface from <f> to 0, 
be projected on to the plane of x below, and if this path cut the projection of 
any period-loop, fi times from the right side to the left side, where /a is 
positive, or — yii times from the left side to the right side, where fi is negative, 
then we are to take, as the corresponding contribution to the sums on the 
right sides of these equations, /j, times the half period associated with that 
loop. For instance, to explain first the rule, suppose we consider c/""' : in 
going from aj to Ci we cross from the right to the left side of (A^) ; we are 
thus to reckon ^ towards hMi for Vi''""' and zero towards iilf, f"r I)/''"'. To 
prove the rule, notice that we can go from (^ to on the dissected surface 
entirely in the lower sheet ; consider the path lying above this in the upper 
sheet ; it will be broken at various points by the necessity of a detour to 
reach the other side of a cut ; suppose these detours give on the whole 
respectively, M^ times the period associated with (Ai), M^ times that associated 
with {A^, Ml times that associated witli (^3) and J// tirfles that associated 
with (.44); then since y has opposite signs, and therefore dv/'" opposite signs 
in the two sheets, we have 

v,«. * = - -wj*. * + il/i + il//-r„ + M„!r,„ , 

where the integrals on the right are evaluated on the lower sheet, and those 
on the left on the upper sheet of the surface ; these are the equations stated. 

It is convenient to denote these equations, for the present, by putting 

v'-^ = \(M^ if A; 

\M, MJ 



O 



say. 



then in particular we find 






i,'-.« = i / \ , ■«<'•'■<• =1 '0 

I- 1 - ij Vo 


V)- 


yC,, a^ = 1 /Q ON, -y".. '■^ = 1 /- 

VO ly I ( 


so that 






^«.» = i/ -IN, =im' p^\ 
\- 1 - 1/ ■ \pi ih) 


, say ; 


V^'-^^^f-l ON, =1/9/ q; 
V-1 0; \q, q. 
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giving -pip, = p,p,' + p.,p.,', = odd ; qq, = q,q,' + qJi«, = odd ; 

now we have previously shewn (pp. 23, 24) that 

B (i> + i rig) = e - "9' ('^ + i^2') - i'^'**' ®{v; |^ ) , 

and that, if qq' = q-^q^ + q.,q^ be odd, the function @ on the right of this 
equation is an odd function, and therefore vanishes for t; = ; thus when qq is 
odd, we have @(|fl,)=0. This shews that @ (t;"^-") = 0, and @{v"^-<') = Q, 
and therefore that the zeros of the function @(i)^'") are {x) = ai, {x) = a.i. 
Hence, by what has preceded, the function 

(S) (fjx,a _ ^x^.a, _ yX2,a2\ 

vanishes for (.r) = {x^) and {x) = {x^^. 

It follows thence, by putting (a;,) for («), and then {x) for («„), that the 
function 

vanishes for all positions of {x). As the function 

@ (t)i + 7?li + 7?1,'tii + 7712' Ti2, V^ + ??1.2 + niiVa + m.jT.a), 

or say 0(d + n,„), where m^, in.,, m/, vu are integers, has the same zeros as 
(v), and we have proved that 

2«i"i>« = nil + wIi'tij + m^Tii, 2V2''"'' = rn^ + 'n^'^a + m-lTii, 

or say i)''i'n = t;''.«i + 11^, and as t)"-"' — ■y'^'<'> is the same as ?)«.^ + i;«!.«i, it follows 
that ©(ir^.o + i)''n<'!) vanishes identically in regard to {x). In other words 
© (m) vanishes when 11^, u^ are replaced by functions of the same independent 
variable of the form 

for all positions of (x). 

We prove conversely that every pair of values of u^, u.2 for which © (u) 
vanishes can be put into this form, save for the addition of integral multiples 
of the periods. Suppose © (u) = 0; suppose also, if possible, that @ {v^'' + u) 
vanishes for every position of (x) and (z). Consider <f^{v'^'^ + v^"''' + u); for 
(x) = {z) this reduces to ©(d*"^' + m), which vanishes by hypothesis; for 
(x) = (zi) it reduces to ©(w^^-' + m) which also vanishes; and as t;^i.a. = t;f'.fi, 
where (^1), (f,) are the places respectively conjugate to (x,), (z^) — for the 
change in the sign of y involves a change in the sign of dv^ and dv. — the 
function ©(t)^'^ + ?f^"^' +u) reduces for (x) = {^i) to ©(v^^'^ + u), which again 
vanishes, by hypothesis. The function (tr"' * + ■y^" *' + m), regarded as 
depending on (x), has thus three zeros, and therefore, by what was shewn 
(p. 26), vanishes identically. Next consider ©(t;^'* + i;^'"^' + d^«'*2 + w), as a 

B, 3 
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function of {x) ; it has, with others, the three zeros {z), {z^), (z^), and therefore 
also vanishes identically. So more generally the function 
@ (v^' ' + t)^i'^i + . . . + ?;^».«" + u), 

for m=l, 2, 3,..., vanishes identically; from this, by supposing (xm) taken 
in the infinitely near neighbourhood of (zm), we infer that the first partial 
derivatives, 9@(w)/3wi, 9@(w)/3w2, vanish identically for 

a similar inference is possible as to the second partial derivatives, for the 
values 

of the arguments, by supposing, in the first partial derivatives, x^-i to 
approach to z^n-il ^-nd so on. On the whole then, from the hypotheses made, 
that @ (m) = and that @ (v^-^ -f m) = for all positions of (x) and (z), would 
follow that @ (u) and all its partial derivatives of every order, were zero. 
Hence we deduce that if 0(m) = O there are positions of (z) for which 
@ (t;^' ' + u), regarded as a function of {x), has only two zeros ; of these zeros, 
one is manifestly {z), and if {i) be the other, we can write, save for multiples 
of the periods, 

and therefore m = v""" — v*'"^, 

(t) being, as we see, perfectly definite. This is the result enunciated above ; 
if (x) be the position conjugate to (t) we have, save for periods, 

With the dissection of p. 31, we have 

^i"" "' = - iTi, + ^Tji, , w/.. "' = i ( 1 - T21 + T22) ; 
if then we write 

/xv =/V XA, =i/-i i\, 
\\J Vx, xj V 1/ 

the result is that @ (m; j vanishes if, and only if, u be of the form w^' ". 

11. Recall now that we have (p. 25) 

Sf (u) = e™' e {v), 
and hence 

^(u- u")l ^ («'»> - w") " ^ a (t, - v")l ^ (v'«' - v") ' 

where H = a{u- u'f -a{u-u"y-a (it'"' - it')' + a (m™ - tt")= 

= - 2a («'-«")(«-«<»)) 

2 2 
= - 2 S 2 a,,, (m/ - V) (m, - «,(">) ; 
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also (p. 11), 

ij^/ +ij;-'' -n^'" -n-"'" =-2 1 2 a,,, w,-.'^ («/•-''■ + M/-''0 

if, in particular, 

then we have 

Zr= - 2 2 a^, sit/'" («/"''■ + M,.*»'''0- 

Recall also the equation (p. 10) 

o",,/*! a;, M a:, jLL * ' 

which gives 

These notations being made clear, consider the function 

0(^a-,a_^M„o, _^ix,,o,')^ a;„M, x,,m, , 

wherein a, aj, a^ are branch places, as before, but {x^, {x.^, (fii), (/jl^), (/x), are 
arbitrary places. This function is analytical and single-valued on the dissected 
surface ; it has, on account of the theta quotient, zeros of the first order at 
(xi), («„), and poles of the firsb order at (/ij), (fi^) ; but, on account of the 
exponential it has poles of the first order at (x,), (x^) and zeros of the first 
order at (fi^), (fi^) ; at the two sides of each of the period-loops (-4]), (.^2) its 

values agree, but at (.4 3), (At) it has factors e"^'^''^', e~^"^^ where 
Hi = (vi*- " — iii'^i. «■ — 1)1^2. "' + |tu) — (i)i^' '^ — Vj!^" " — ■v/^' » + Jtji) + ^i'*" '*■ + v-i^-" ''% 

is zero, as also, similarly, is H^. The function is thus equal to the constant 
value taken by it for («) = (/x). Thus, putting 

we have IT ' +11 ' = log ^r^ ^/ttt tk. 

From this, by the lemmas just preceding, we obtain 

.,^ x,M ^ ^(m^-"-m') j 'b{u>^-<^-u') 

^x,.^, + ^x„M, ^Sr(M^.«-M")/ ^((//^.a-w")- 

We have proved (p. 29) that we may regard the arguments (mj', u^), and 
the arguments («/', u^'), as the independent variables, the places {x^, {x^ and 
(Mi)> (mO being functions of these ; hence, from the equation 

3—2 
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which is another form of that last obtained, we obtain, by differentiating 
in regard to m,', for r = 1, 2, 

therein we employ the notations expressed by 

r,. («,) = 1- log ^ {U), ^rs («) = - 3^^ log ^ (U), 

SO that, from (p. 26) ^ (u + n,„) = ex^p [H,,, (u + ^D.^) - -rrimm'] ^ {u), we 
have 

^r (it + n,„,) - ?,. (u) = {HJr = 277,1 m, 4- 277,-2 «i,2 + 2i7'„ m/ + 27?'„ 771/, 

and ^re (m + fim) = Prs («)• 

Now, by means of 

dui = \ , dih = \ , 

yi 2/2 2/1 1/2 

the partial derivatives dx^du,.', dxjdtir can be expressed ; when this has 
been done, let {x^), (^2) be replaced by their conjugate places, by changing 
(«i, y-i) into («i,-2/i) and {x^, y^ into (x^y-y.) \ thereby '»,' = ji/'"«> +tt/'''''2 is 
changed to 

— u/ + 2a),.i Till + 2(B,.2 ?»2 + 2fB'ri w/ + 2a) '„ 7712', 

where J?ti, VI2, lUi, m^ are certain integers ; as ^r{.u + ^m) — ^7(m) depends on 
these integers and not on u, the left side of the equation at the top of this 
page becomes 

- ?•, (tt^'- <» + u') + tr (it'^' " + u') ; 

thence the equation is found to have the form 

i/-'*^ + i,*"" + L/">' + ?,. K'" + m') - :|/, {x, x^, *•,) 

= L/'-'^ + L/-*^ + ?, (it"'" + u) - ifr (lu,, x„ X,), 

where the two functions /,(«, Xj, x^) are those given by 

y(x-x,-x,) y, (x,-x- x,) y^ {x^-_x - «,) 



(X Xi) yx X2) \Xi X) yXi X2} \X2 x) ^^2 ^i) 

f j \_ y 2/1 2/2 . 

(x — x^{x — x^ (Xi — x) {Xj — X^) {X2 — x) {X2 — Xi) ' 

the left side of the equation is thus symmetrical in (x), («,), (x^), and the 
right side is obtained from the left by putting (fi) for («). It follows that 
the left side is independent of (a;), (x^), (x^), and we have therefore 

where 6', is independent of {x), {x-y), {x^). In this equation allow {x) to 
approach indefinitely near to the branch place a, which we now suppose to be 
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at infinity ; the limit of the left side is perfectly definite ; so therefore is that 
of the right side ; the right side may be regarded as the sum of two parts ; 
for r = 1 these parts are 

, „ , y (x — X-, — x.^) -. _ , y^ixi — x — Xo) , yAXi — x — x^ 

{X — X{){X — X^) ^ (Xi — X) {Xi — X2) {X^ — X)(X2 — Xj) 

and for r = 2 they are 

^ = (7 J. 1 y X ^' ** B —^ '^ h ^ ^ ■ 

° ^ ^ {x - Xt) {x - X.^) ^ ' ^ ^ {Xi — x){Xi — X.^ '^ {x2-x){X2 — Xiy 

the limits of £1 and B^ when (a;) approaches the branch place at infinity are 
respectively 

as to the limits of A-^ and A^, we know them to be finite, and it can be 
shewn that they are independent of («,) and {x^ : the fundamental equa- 
tion being taken in the form y- = X(, + \^+ ■■• +\^'^ + '^''^, we put x = t^^, 
2/ = ^i~°(l + ^Xji^-f- ...)^, and expand in powers of t; the negative powers 
in ^y (x — Xi — x^l{x — x^ {x — x^ and \yl{x — x^ (x — X2) will, of course, as may 
also be verified by computation, cancel the negative powers respectively in 
Zi-"^'*^ and L^^-'^; the positive powers of t will vanish with t; the terms 
independent of t are the limits required ; but both 

Jy {x — x^ — x,)l(x — Xi) {x — x^) and ^yl{x — x^) {x — x^) 

are changed in sign when the sign of y is changed — the expansions of these 
thus contain only odd powers of t and no terms independent of < ; U\, ^ be 
the terms independent of t in Li^-'^ and L^^-'^, the limits of A^ and A^ are 
thus Ci—\ and Cj — Xg. find these are independent of (x^) and (x^): in fact 
they are both zero ; for, being the values of 

.Xj*,. a, + Xi^«. «» + fi («»=■• «> + w'« "0 - i ^'"^^ , Lf'- "' + L/" "" + ^2 (m^I' <"■ + u^- «2), 

and being independent of (xi) and (x^), they may be obtained from these 
expressions by writing herein (x^) = (aj) and (x^) = (a-a) ; as ^ (u) is an even 
function of u, the functions ^i(m), ?2(m) are both odd functions, and vanish 
for u = 0. 

If then we put 

Vr = u/""' + u/"""^, (r = 1, 2) 

we have proved that 

- ^, (m) = L,"'- "' + Zi*^' "■' - 1 yi^^ , - ^2 (w) = Z/- ■*' + L,"'- "^ . 

Xi — x^ 

We now differentiate these expressions in regard to u^ and u^ ; the 
fundamental equation having the form 

2/" = X„ + Xi« + Xix'' + \sx^ + X^x* + ix\ 
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as we suppose, we have 
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dUi~~ X-,- Xi ' 9^2 ~" «i - «2 " 9wi x-^-Xi' dth «i - «2 



L,^. « = 



=^ X3« + 2X43;^ + I2x^ 



dx, Lf- " = 



Mx 



42/ ' " u y 

putting F {x^ , Xo)=^ x^x^ [2\2r + Xj^+i (^i + «2)], 



r=0 



and, as before, 
we thus find 



»rs (w) = - 



5^ log 9 (m) 

dUrdUs 



,{u) = x, + x,, ^„(«) = -«i«2, PiiW= — 4 (a;^ - a:,y "^ ' 



From these, if 
we obtain 

g>222 (m) = 



e,.iu,J-ll^\ 



2/1-2/2 



21 (W) = 



Xiy^ ^'^1 



>(«) = - 



^1 2/2 ^2 2/1 






and 

where 

yfr (Xi, x^) = 4X0 + X, (3«i + Xo) + 2X2*;, (a;i + x^) + 'K^xi' (x^ + 3x^) 

+ 4>\iXi^Xi + 4<Xi^X2 (3*1 + X2). 
Thus we have 

2/1 = '^')g'222 (m) + ^221 {U), 2/2 = «2^M (m) + g>221 («), 

and these, together with the fact that x^, x^ are the roots of the equation 

a;= — a;^22 (m) — gJ^i (m) = 0, 
give the solution of the inversion problem expressed by the equations 

It can be shewn, from the values of ^22 (w). ^21 (w), ^n {u) in terms of the 
two places («]), (iCj), by elimination of these, that there exists the equation 

-X„ iXi 2g)n -2g>i2 =0; 

^X, -(X2+4p„) iX,+ 2p,2 2^22 

2^n 4X3+2^12 -(>.4 + 4p22) 2 

-2^12 2^22 2 

further, from the values of ^^{u), ^221 (w), ^211 («), ^in(M), that these functions 
are in the ratios of the minors of the elements of any row of this vanishing 



(4g)„2, + Z,p^i + ?2g)o„ + kpnif= - I 
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determinant, and that their squares and products, such as ^^222, ^222^221. are all 
rational integral polynomials of the third degree in gjgj, ^2,, gJn; in particular 

^'222 -\- X3P2, - \4^22' - 4'^22g>21 - 4^22', 

= (2/1 - yi)- 1(0^1 — a^if - X2 - X3 («i + x^) - X4 («i + x^y + ^x^Xo (a;, + «,) - 4 (^i + x.^\ 

is at once found to be {x,^ - x^-- [F {x-^, x.^ — 'iy^y^], or 4g)„; thus it is easy 
to see that f'^^_ is one-quarter the minor of the element — Xo in the first row 
and column of the determinant above ; thus we have, for arbitrary values of 

'o> 'l) ^2> ^S> 

-X„ JXi 2^1, -2^12 ^0 

^Xi -(X2 + 4g)n) iX3-|-2^i2 2^22 k 

2^11 ^X3+2pi2 -(X4 + 4P22) 2 k 
-2^12 2g)22 2 04 

^0 ^ ^2 ^3 ^ 

We shall however obtain these results from a somewhat different and 
more interesting point of view, as follows in the next chapter. 

Note. It may add to simplicity to anticipate later discussions by the 
following remarks. If we write x = ip^{u), y = ip^i{u), 2^ = g),i(M), and denote 
the above symmetrical determinant of four rows and columns by A, the 
equation A = represents a quartic surface having a node at a; = 0, y = 0, 
z= oc; the equation is in fact a quadratic in z. For any value of 6 the plane 
6-—dx — y=0 is a tangent plane of the nodal cone, whose equation is 
at once found to be x^+ 4<y = 0, and two such planes 6^— 6x — y =0, 
<f>^ — <f)x — y = cut in the line x = 6 + <f>, y= — 6(f). The equation A = 
can be found easily to reduce, when x=6 + (f), y = — 6(j), to 

where /(x) = Xo + X^x + . . . + X^*^ + 4a;^ We have thus the parametric repre- 
sentation of the surface in terms of two arbitrary parameters 6, <f>. The 
equation A = may be supposed to arise geometrically as follows. If ^, 17, 
f, T be homogeneous coordinates, and 

the equation Q = xQi + yQ^ + zQs -t- P4 = 0, 

for varying parameters x, y, z, represents a system of quadric surfaces having 
six common points, namely those where the cubic space curve 

is intersected by the quadric P4 = ; these are (0, 0, 0, 1) and the five points 6 
of the cubic curve in which 9 is one of the roots of f(6) = 0. The quadric Q 
will be a cone of vertex (f, 7], f, t) if the four equations dQ/d^ = 0, dQ/drj = 0, 
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aQ/3f=0, dQldT = be satisfied; eliminating f, tj, f, t from these equations 
we have the relation A = 0. If we eliminate x, y, z we obtain also a homo- 
geneous quartic relation for |, 17, f, t, say w = 0, given at length below ; this 
is capable of being put into the form 

U^ St 9t 8f / dri Sr Sr 3^ ' 
where F = 6f7?fT - 4^'^ - 47;V + ^■q'^t;' - ^H\ 

and represents a quartic surface having nodes at the common points of the 
quadrics Q, = 0, Q, = 0, Q3 = 0, P4 = 0. Any point of the chord {6, (p) of the 
space cubic is represented by 

^=l+m, r,= -(e+m4,), ^ = 6' + m<j)\ r = - (6' + vi<j>^) ; 
by substitution of these in the equation m = we find that this chord cuts 
the surface in 

and another point obtained from this by changing the sign of $, where 

as a chord of the space cubic can be drawn through an arbitrary point of 
space, these formulae give a parametric representation of the surface w = 
in terms of two arbitrary parameters 6, <p. 

Further, it is not difficult to verify that the equation 

Q. (r) Qi (?) - Q.cr) Q'.i^) - p^ (r) qm) + q. (r) p. (i) = o, 

when (f, t]' , f ', t') is any point on w = 0, represents a cone whose vertex is 
the remaining intersection with w = of the line joining the node (0, 0, 0, 1) 
of &) = to the point (f', 1?', f, t') ; putting, as above, 

f = @ _ $, ri' = -@<^ + ^6, etc., 
we find 

Q.{^') ■■ Q.(r) ■■ P.in ■■ Q.in = s+<}> •■ e4>: -Se,,-. 1, 

where ■£'«,* = i [P {0, 4>) - 2©*] {6 - <i>y' ; 

the cone has therefore the form 

(^ + «/>) Qi(?) - ^</>Q^(?) + ^0. SA^) + ^4(1) = 0, 

and this, compared with xQ^ + yQ^ + ^Qj + P^ = 0, gives the preceding para- 
metric expression for A = 0, 

x = e-\-4), y=-e<l>, z = Ee,^. 

It will be found that the surface a> = is also represented parametrically by 
means of 

^ = iP^{u), v = Pm(u), f = ^2n(M), r = ipui(u). 



CHAPTER II. 



THE DIFFERENTIAL EQUATIONS FOR THE SIGMA FUNCTIONS. 



12. Suppose now that x, y, z, which we may regard as the coordinates 
of a point in three dimensions, satisfy the equation 



-2y 

2x 

2 





= 0, 



A = 1 - X„ |\, 2z 

J\i -(X, + 4^) 1X3 +2y 

2z 1X3 + 23/ -(K+4:x) 
-2y 2x 2 

that is, lie upon a quartic surface, the properties of which will more 
particularly concern us later; let A,,- denote the minor, in this determinant, 
of the jth element of the ith row. We find on expansion 

|Aii = X2 + \sx + Xj*^ + ixy + 4a;^ + iz, 

i^^ = Xo + X42/2 + 4>xy^ - 4<yz, 

1 A33 = Xo*' - \«:y + 'Ky' + ^y% 

+ JXoXa?/ + (iXiXj - XjXi) z + Xoy^ + '>^\yz + X^z^ — 4Xoa;^' + ^z^, 
^ A,2 = IXi + \\^y + X^xy - 2xz + 2y-' + '^x'y, 
i A,3 = - ^X^x + X22/ + \X^y + ^yz + 2x-'z + 2xy\ 
iA,4 = - 1X1X3 - 1X1X4^:' + (IX2X4 - |Xi - ^Xi) y-X^ 

- X^x? + 2X.p:y - X,y'' - ^X^z + 2X,yz - 2y' + %xyz - 4<z% 
JAjs = -XaX + ^\y + ^X,y^ + 2y' + 2xyz, 
\^u = - 4X0X3 — ^XoXia; + (IX1X4 — Xo)y- ^XiZ — 2Xt,a? + X^xy + ^X^yz 

+ 2y^z + 2xz\ 
iA34 = ^Xi^ - JX0X2 - ^iXoXja; + WXsy - 2X^ - X^y + ^Xj^/" - \XtPzz 

+ X22/S + ^yz'', 
while A itself is given by 

■h.^ = TffV - {X„X2 - ^XoXa* + ^Q^y -XoZ- iX^X^x^ + (iXiX4 - Xo) xy 
+ (i^i - iW + TiP^^) y" — \XiXz + X^yz - X^ + X-^ae^y - X^y^ 
+ iXs (2/' + xyz) - X^y'^z + ^yz" + {xz - yj. 
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Now let f, 7), f, T be four quantities determined by 

f = :^ A„ = X„ + \:fc + X^x^ + 4:xy + 4.r-' + 4,2, 

, ^ ■^ ?■ T 

^^^ ^"""^""a"" a"' 

iill ^^12 ^^13 '-»14 

wherein, it is understood that x, y, z are supposed subject to the relation 
A = ; then, as A is symmetrical. 



and so on. 



If now 



r,^9 9,1,9 r\ 9 ^9,9 



(^" 9". + ^4 + ^" D ^- = (^- 9I + ^^^ Y- + ^'-^ ^ ' ^" ' 



it can be easily verified that 

For, of these, the first equation, multiplying by ^jj, is the same as 

1 A 1' 
'■ dy " "" dz) "'' ~ K^"" dx ' """ dy + -^ dz/ 

or 

A„ (V) + ^12 (2^42/ + 8a;?/ - 4>z) + A,3 (- 4?/) = A,, (^3 + 2X4* + % + 12a;0 

+ A,3(4a;)+A24(4); 
from the determinant we have 

= 2y[- 2yAn + 2« A^^ + 2Aj3], 

= - 2 [22A21 + (2(/ + ^Xj) A22 - (4* + \) A23 + 2A,4j 

- (X4 + 6*) [- 2,vA2, + 2a;A^ + 2A23] ; 

adding these respectively to the two sides of the equation to be proved, it 
reduces to the identity 

A12 (2X41/ + I2xy - iz) = Aji (2X42/ + 12xy - 4<z). 

The second equation, multiplying by rj^, is the same as 

9 . 9 , 9\ , /. 9 , 9 ,, 9 
1 ^21 ■ ■ ■ ■ 

or 



(^^^ 3-x + ^-^y + ^^^ i) ^- = l^- ai + ^- iy + ^- k) ^' 



A„, (2X„a; - \^y) + A^^ (- \^x + 2\^y + 81/2) + A23 (4^/^) 

= A32 (41/0 + A33 (2X42/ + ^«=y - 4^) + -^34 (- 4y) ; 
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the determinant gives 

= 2a; [- XoAji + ^X, A^. + 1z^^ - 2y£i.i^ 

+ ly [^Xi As, - (4^ + X^) A2.2 + (2^/ + ^X,) A^s + "Lxb..^ ; 

= 22/ [2^A3, + (22/ + ^X^) A^^ - (4a; + X4) A33 + 2A34J 

+ Iz [- 22/Aoi + 2a;A32 + 2A33] ; 

adding these respectively to the two sides of the equation to be proved it 
reduces to the identity 

Ak (8t/^ + 4a;^ + \^y) = A32 {8y^ + 4<xz + X^y). 

Similarly with the equation Pt — Q^. 

The relation connecting a; y, z, and the equations defining f, rj, f, t, 
enable us to express z rationally in x, y, ^, namely 

z= ll^^—X^ — Xjo; — X4«^ — ixy — 4<x^], 

and so to replace A = by a rational integral equation '^ (a;, y, ^) = 0, while 
rj, f, T are rationally expressible by x, y, f. The equation ^ (x, y, ^) = may 
be interpreted as that of a surface of the eighth order, two points of which 
correspond to any one point of A = 0, but one point of A = to any one point 
of this. We consider now two integrals of the form 

w.,= i (Adx+ Bdy), Wi= j {Cdx + Ddy), 

where A, B, C, D are certain rational functions of x,y,^; namely we put 
_ Kdx-7,dy _ -zvdx^^dy . 

the conditions that these should be perfect differentials, 

dy\^^--ny dx\^^-v') "' dx[^^-vy^dy\^^-r,^J "' 

dx dx \dx I dzjdz'' dy dy \dy / dzjdz' 
are at once verified ; for, from the unexpanded determinant A we have 

1^ = 2A^ - 4A33 + 2A4, = 4 (A^ - A33) = 16 (77T - ?2), 

9A 

^ = - 2A„ + 2A,3 + 2A3, - 2A« = 4 (A^ - A,4) = 16 (7?f - ^t), 

^ = 2A,3 - 4A^ + 2 A3, = 4 (A,3 - A,,) = 16 (^f - v% 
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and hence 

^ dx ^ dy ^ dx ^ dy ^^- v" ^^ 

"^Tx^^dy'^^dx^^dy r^-7)^ dz 

d ^. d ^ n 

= ''d-x + ^dy + ^dz'=^' 

giving (ri _ ^=) ^ = fp _ r,Q, (?^ _ ^0 ^ = ?Q - '^^ ; 

the conditions are 

(»-'')(2-S)-(4+'|)<ff-'''=»' 

or 

tP^ - vQ^ + mv -vPv^Pi^^- V"-), ^Pv - vQr) + m -vPK = Q{^^- v% 

and in virtue of Pr) = Q^, P^= Qi), these are the identities 

rP? - r,Prj + ^Pr -vPv = P(^^- V"-), m - vQv + m -nQv = Q(^^- V')- 

Putting ^ A = ^ (a;, 2/, f ), we have ??-'?'= iV g^ = | -gj ■ ^^^ 

wherein A^, Ajj, An, d'^jd^ may be expressed as rational functions of f, a;, y. 

It may be verified directly that for all values of x, y, f, even infinite values, 
satisfying the equation ^ {x, y, ^) = 0, these integrals are finite. For the 
sake of brevity however we shall follow the easier plan of shewing that they 
are reducible to familiar forms. 

For this, define two quantities tut^hj means of the equations 
<i + ^2 = X, tjU_ = — y, 
and thence two quantities s^, s, by means of the equations 



Wi 
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wherein 7; is the rational function of x, y, f given by 77 = |^A,2/A,i . Then 
from the expUcit equations 

r = iAn, h = iA,„ 77= = iA^, 

it is at once verified that 

S]= = \„ + \jii + X2*i= + Xs^i^ + Xi*,-* + 4«i% =/(<i), say, 

and 52^ =f{t^\ 

and also that 

S1S2 = - 2/P + ai^T? + ,,= = 1 (- yAn + a;A,2 + A^j), 
which, from the equation A = 0, is the same as 

SiS2 = i(A22-A,,)=-(r?-T); 

and since, from A = 0, — 2/f + «77 + ?=0, or 5'= — (ii + <2)77 — tit^^^ — rjt.^ — ijSj, 
this gives 

dw, = ^— ' + ^^— ' ; 

Si S2 

,., J _ - 77 ((j!<i + rffc2) - f (^gtZti + ^iti^a) _ dtj dt^ 

Sj ^2 Sj ^2 

Now we have developed the theory of these integrals in the preceding 
chapter ; and we know thence that Wj, w„ are always finite, and that x, y are 
single-valued functions of w,, w,; from their values a; =^1 + 4, y^ — tih, 
coupled with |= {Si — S2)/(ti — t^, p = {Aii, it can be calculated that 

and lience z is also a single-valued function, where as before 
F (t, , Q = S (t,t>r [^'Km + X™+i it, + Q]. 



w., = l\ (Aisda; - Ai2C^2/) / gF ' ^1 = s j ( - '^12^* + ^ndy) 



It is therefore possible to prove these facts as to x, y, z directly from 
the expressions 

and, as will appear, it is of considerable theoretical interest to do this. 
These integral expressions shew then that the functions x, y of Wj, w^ are 
such that 

dw, ^' dw, ^' 9w2 ^' dw, ^' 

. dx 9« 

and so 7;— = ^ , 

oWi dw.^ 
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while, in virtue of the easily verifiable identity 

j^8A aA 3A 
^ dx dy ^ dz 



we have 



f.dz dz 



dy _ dz ^ 



so that 

thus we may introduce two functions of Wa, Wj by means of 

Z^ = — \ {xdwr, + ydwj), Zj = — j (ydw^ + zdwi) ; 

,, dz, dZ, 

and we may introduce a function S(Wi, w^) by means of 

log 2 = I {Z„dw2 + Z^dw-i), 
1 32 



and so have 






dZ, d"- . „ 



bwi 



9^^/°^-' ^ = -3^?^°^-^ 



and if these last be respectively called, for a little, P^,, P^i, Pn, we have 
f. dx ^ dx dy Ti <. dy dz j^ 

while from the. easily verifiable identity 

SA 3A 3A 



dz , ^,dz dz „ 



we have 

The integrals Z^, Z^ agree in form with integrals previously considered; 



fact 



while 



Si So 



'■'■(! 



dti dt^\ ti'dti Udt 



+ — = 



+ • 



-dZ. = -UU m + t,dt,\ F(t., Q-2S.S.. fdt,^dJ,Y 

\ Sl Sr, J 4 («1 - t^y \ Si Sj / 

and we can verify that 



4si 



'F(t„Q-2s,s, 



- Ur-U 



So 



~ 4si dt^ \ti - 1 
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this being, after changing 6,, into — n„ and multiplying throughout by - , the 
same as the identity remarked, Chapter I., p. 10, namely 

1 i^(<,, «o)+2siS,_4 t,- 1 \,t, + 2\t, + I2t,-' df s, + s. 



4siS2 (ii — tif So " Si S2 ' 4si dti \2s2 (t^ — t^) 

thus in the notation previously used (p. 10) 

- dZ, = dL,'' + dLi^ , -dZ, = dLt^ + dU^ -dU *^=) . 

On the whole then the integrals w^, w^ differ only by additive constants 
from the integrals previously used 

while Z2, Zi differ only by arbitrary additive constants from the functions 
previously denoted (pp. 36, 37) by ^2(^1, w„), ^i(wi, w.^ and the general 
form of function S is 

where A^, A^, B, C^, C^ are arbitrary constants. This is a single-valued 
function, and an integral function ; and the integrals thus make x, y, z 
quadruply-periodic functions of v)-^, w.,. 

But another consequence follows from these integral forms. From 
p-^^ = ^2 = i Aj, = X2 + X^x + XiX' + 4*2/ + 4a^ + ^z, 



we 



have 2P..2P2...= i'A^=i(|,V''a-,+ ^£)^- 



or 2^P^^ =^{\, + 2\,x->r^y+l 2x^) + rj (4a;) + 4?, 

which, since the form of A gives 

-2y^ + 2x7,^2^=0, 
leads to 2^P,sxi. = ^0^ + 2\iX + 4?/ + 12«=) + 4?/^, 

so that P2222 - 6P22' = iXs + X4P2, + 4P21, 

where P^,=^ ^^P^, P^= - — \ogt, et^. 

Putting, as before, 

P^^L-^^'ly^^lz- ^ = ''lx + ^!y + 'L 
it may be shewn that 

P^ =Qx^ + ^\s + \,x + 4^/, Pr] = Q^ = Qxy + \y - 2z, 
P^=Qv= ^f + 2xz + \\,y, Pr = Q!;^6yz-\-i\x + \y, 
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and hence, from the equations 

P2_1A PS— lA P2_1A P2_1A 

•^ 222 — 4'^n) ^221— 4'-»22i -» 211 — i^ i^SS . -^ 111" t^44) 

if we now replace P^, P^, P^n by ^22, (ff-ai, ^2222, etc., that 

^22-22 - 6^)22' =\'K-V\iX-\- ^y, pmi - 6^„2 = - ■^Xo^4 + \W - 3X„« + Xj^/ + 'K.z, 

ip^n - 6^)22^2, = \iy - 2^, ^3111 - 6g)2ig>ii = - \„ - |\ja; + x^y, 

S?2211 - 2jf)22^„ - 4^21' = Hsy- 

These equations are .satisfied by B^(Wi, w^, and, as their form alone shews, 
by e^i"'i + ^2«'2+^^(wii+Ci, W2 + C2), where A^, A^,... are five arbitrary 
constants. Their deduction given here, from the forms for w^, w^ as integrals 
of total differentials, shews that they are self-consistent; that their most 
general integral is of the form e^^'^^ + '^^''-^+^ "^{10^ + C^ w^-\-C^) will be 
obvious when it is shewn conversely that they lead backwards to the 
forms for ^u^ and w^ as integrals of total differentials. It is sufficient to 
indicate how this may be done ; and it may be remarked in passing that 
it was in carrying out this process that the forms j3^222 = i^ii were at first 
discovered ; the preceding deduction of these forms, though artificial, has 
been adopted as requiring less numerical computation. If these five 
differential equations be all satisfied by a single function <r of Wj, w^, with 



3' 1 


F2222 = g,^^2 P22, etc, 


then there are four identities such as 




3 d 


d d 



substituting herein the values of ^2222, p222i.--- given by the differential 
equations we have four equations which are linear and homogeneous in the 
four functions \p^, ^^i, ^211, ^m, and linear also in ^22, ^21, g>ii- Eliminating 
the former functions we find that a; = ^22. y = ^-n, z=^n are connected by the 
determinantal equation A = 0, while ^=^2-22, V~&m, ^'=^211, '''=Pm have 
their ratios determined by 

All A12 Ai3 A14' 
where Ay is the minor in A of the jth element of the ith row. Since A is 
symmetrical, and therefore AyAiJt = AjjAji, this is the same as 

11 = ^= =l^= =^ 

All A22 ■■■ A12 ■■■ A34' 

and it is required only to find these ratios. Putting ^^ = fjiAn, ^^1 = fj.^^, 
etc., we have 

3u . , / . 8Ai, . aAi2 . 3Aii, 

g,2.21 = gf^ A12 + ^^ (All -^- + A12 ^= + Ai3 ^^ 
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from which, substituting for f^^ and j?222i from the differential equations, 
and eliminating d/x/du^, we find fi^ as a rational function of x, y, z, and in fact, 

as is seen on carrying out the work, tJ^''=-r]r-- Then the equations x = ^^, 

y = ipi\, give at once da; = ^dw, + rjdwi, dy = rid'W2+^dw-i, from which the 
forms for Wj, ifi as integrals of total differentials are obtained at once. 
By differentiating g>222 = A'^ii, ip-ni = l^^^-i-i in regard to u^, and eliminating 
9/x/3«i, we also obtain a form for /x^ as a rational function of x, y, z\ and 
similarly a form for /x^ is obtained in two ways by taking such a pair as 
P22i = A''A,2, ^21, = /i.Ai3, and so on; that these various ways lead to the same 
form for fi? is clear by the deduction we have made of the differential equations 
from the forms of Wg, w^ as integrals of total differentials ; but conversely we 
could start from the differential equations and verify this fact from them. 

13. The differential equations are capable of a much more general form. 
This may be regarded as a consequence of the fact that if in the integrals 
^dtjs, jtdtjs, where s^ = \o+ ■■■+ Xe*", we replace t by a form (At + B)/(Ct + D), 
they are changed into linear functions of themselves. It will however be 
more interesting to establish the transformation directly from the differential 
equations; and we begin with the general form of these and reduce it to 
the form obtained above. Let then «], v^ be independent variables, a, or 
o" (m), a dependent function, and 

ga 32 92 

X = — 7: — ; log (T, V = — ~ — ;^ log a, Z = — tt — log O", 

these being also respectively denoted by ^w(u), ^21 (u), Puiu), and d'^^ 
by ^2222: etc.; let fflo, *i) ■••) ^6 be any constants and, for brevity, 

Q2222 = ^2222 - 6p2,^ Q2221 = F222. - 6F=2g'2i , ^ _ ^^ „^^ ,^ . , . 

^lUi = ^1111 - 6^11', ^2111 = ^2in - 0^21^11, 

consider the five equations 

- iQ2222 = (hae - 4.a3a5 + 3a/ + atX - 2asy + a^z, 
- 1^2221 = i (c^iCts - Sa^a^ + 2asai) + a^x - 2aiy + a^z, 

- ifeii = 5 {aodi - ^a^a^ + ^ai) + a^x - 2a^y + a^z, 

- \Q,-a.\\ = h (o^o^s - Sflia^ + 2a^a3) + (hx- 2a^y + a^z, 

- iQim = <^o0i4 — 4cfia3 + 3a2^ + a^x — 2aiy + a^z. 
It is at once verified that if 



A = A__L A = — - — 



we may write 



A^ A,cr [u) a («'), Qa^.p = - ^ ,r \ A^ A^ A, A^o- (m) <t (m'), 



2a^(M) " " '^^ " ^ ""'' 2aH«) 
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where, after the differentiations have been performed, we are to replace 
iti', 1*2' by Ml and u^. Using the ordinary symbolical notation put further, 
in any expression in which a„, a^, ...,ae enter linearly, 

confusion being prevented, in case squares and products of the second order 
enter, by the use of another set of symbolical quantities /9i, /Sa, such that also 
a„ = ySi" . . . flg = /3/, and similarly for expressions of higher dimension in cio • • • c^eJ 
then, with (a/3) = Si/Sa — Oa/Si. it is at once verified that 

a,a, - 'ia.a, + Sa^^ = ^ ffj^A^ (a/3y, a,a, - 4>a,a, + 3a/ = io^^/g.^ (a/3)*, 
^ (oi tte - 3a^a, + ^a^ai) = \ 0,^2 ("i ^2 + aa A) (a/3)^ 
\ {a,a, - Sa,a, + 2a.,as) = ^ a^ ^ (ct^0^ + a^^^) {a^y, 
i (a„ae - 9a,a, + 8a./) = ^ (a,''/3,' + ^a,a,e,0, + a,^/3,^) (a^Y; 
hence if the differential equations written down, taken in the order of those 
involving §222-2. 62-221, Q2211, Q2111, Qnu, be multiplied respectively by h^*, 4>h^%, 
6h./hi^, 4/^2/^l^ h^*, where /(j. ''1 are arbitrary quantities, and then added, it is at 
once seen that they give 

where A^ = /iiAj + /ijAj, «;> = ai/i-i + a2A2, (aA) = ajAj- ajAi, 

and, as before, after differentiation m/, m/ are to be replaced by u^, ii^. 

Now let Xi, /jbi, X2> M'2 be arbitrary constants whose determinant Xi/u^ — X^fii 
is supposed not to vanish, and will presently be taken equal to unity ; put 

z<2 = ^-2^1 + At2^2, U2' = X^Vi + fi^v^' , h^ = \^ki+ ^i^K; 
further let J-i, A^, B^, B^ be symbolical quantities defined by 

-^s = «l/ltl + 02/^2. ■S2=/3i^ + /92/^2, 

SO that, for instance, 

Ji" = aoXi" + 6ai V^-2 + . . ■ + a-s V; 
we denote A^, A^, B^, B^ respectively by a^, a^, /S^, /3^; we have then 
d__ d_ d_ _^_ d d 

and V, = — - — , = X,Ai + \2A2, = Ax, say, 

and hence A^ = /ij Aj + h^A^ = k^V^ + k^V^ = V/,, 

with {AB) = {Xfi)(a^), (^V) = (V) (aV). 



■M ) 
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Thus the differential equations are the same as 

^V.^SS' = (V)-^ {ABy A^'Bi . 22' - {X,i)-'A,' (AVyXT, 

where 2(vi, t^a) = o'(mi, M2); herein k^jk^, being independent linear functions 
of the arbitrary quantities h^, h^, are themselves arbitrary, and the equation, 
save for the powers of (K/u,) which enter, is of precisely the same form as that 
from which it is derived; supposing (X/x.) = Xi/^j — \-,/ii = 1, we may then 
equate coefficients of like powers of k^, kn_, and shall so obtain five differential 
equations of precisely the original form, save that »„, a, , . . . , a^ are respectively 

replaced hy A, = a>^^ = ao\^ +...+ a^ V, ^i = a^'a^ = aoXiVi + , ^e = «/ 

these are the coefficients of the powers and products of ki, k^ when we write 

aoh,^ + 6ckfh% + ...+ a^hi = A^K^ + QA^k^^k^ +...+ A^k^\ 

The functions 

P^=-^H% ^--al^iogS. ^"=-8T=^°^^ 

are then given by 

-P22 = H-i^P-a + 2/i^Mi^a + fJ^^ipn, -Pji = H'iK^a + {ih\ + Mi^a) i?2i + MA^u. 

-Pll = V^22 + 2X2^1^21 + W<^u , 

and there are similar equations for the differential coefficients of the third 
and higher orders. 

We can now choose the four constants \i, X^, fii, fi^ to satisfy three 
conditions in addition to the one already imposed, Xj/u^— ^^"1 = 1- For 
instance we can take 

A, = 0, A, = 0, 6^1 + 15^2 + 20^ + 15^4 + 6^6 = 0, 

so that, for arbitrary x, 

^o + 6^ia'+ ••• + A^x^ = 6J.ia;(l -x){\ -pix){\ -p2x){\ —p^x); 

or we can take -46 = 0, 6-45 = 4, in addition to another condition, which may 
be for instance .44 = 0. 

We shall limit ourselves to taking A^ = 0, 6.45 = 4 ; for this it is necessary 
that iJL2 = fJ^6, where ^ is a root of the equation 

f{e) = ao + <da,e+...+a,e'' = 0; 

taking X2 = 0, we have then Xifj^ = 1, and 

2 = ,46 = ax V = ttoXi/ii" + 5ai\fii% + • •• + a^^fH^ = \fh' (»» + Soj^ + . . . + asO% 

or ^fJ'2~* = aoS"^ + 5a^0-*+ ... + a,; 

then 

P^ = A'/ [^22 + 26'-'^2i + e-'^n] , A. = Fsi + ^"'^11 ' -P" = /^^"'^" • 

4—2 
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Now put 

and 
so that 

where 2i = e^2, i/ = f^i)2' + i^3Vi + 1^2?'/, 

and put -r2222 = o— j . etc. 

Then it can be verified that the differential equations take the forms 
previously obtained ; for instance 

-2P^' + A,A,-^A,A, + '8A,^-^rA,P^-<2.A,P^, + A,P,^, 

which is the value of — | ^-^ log S {v), becomes equal to 

-2{X + -^A,y-^A, + ^A^ + A,{X + ^A,)-^{Y+lA,). 

or -2Z2-J^^-5^4X-|F, 

or -K6X= + iX3 + X4Z + 4F), 

as in the differential equation of p. 48. 

We recall now (pp. 13, 25) that the dependent variable of the previous 
differential equations was a function 

V5'oC^^ + iHvn + ivTri' 

where fl^ is a matrix of non-vanishing determinant, such that if the periods 
for the integrals 



J a -la 



be given by iy~^dx 

ly^xdx 



2(i)ii 2(Bi2 2&)ii' 20)12' 

2&)2i 2«B22 2o)2i' 2a)22 , 

then 2H(i) = tH, 2H(o' = mr ; while C was such that 

To obtain the dependent variable of the generalised form of the differential 
equations we are thus, as appears from the preceding work, to multiply by 
e^, where H = — ■^\\vi' - ■^^'/^v^v-i — ■gV^2^l^ and afterwards to replace v^, v^ by 
111, U2 determined from the equations 

it] = fi.2~^ Vi + ^2 0-^ D2 , »2 = /is V2 , 



ART. 13] of the invariantive form. 5.3 

where 'ilH^ = o><>^~^ + . . . + ao. 

Now let 

022 = 1/22 — ^^4. C21 = C/ji — g'jj^Xs, Cii = Gil — -^X^ ; 

add, to the equation above which defines G, the quantity 

dx dz 



f H 



or 

J ^'" ^ ■<'"""' '■" -' y s 

it is at once found, with the values Aa = \n< 6^4, = X,, etc., as given above, 
that the expression 

2 (^0 + ^A^x + Sids^" + ^3«°) + 6 (^1 + '^A^x + 3^30;^ + AiO^) z 

+ 6 (^2 + 3^3* + ZA,a? + A^x^) z' + l {A^ + 3^43; + ZA^x" + A^a?) z" 

is equal to 

F {x, z) + 9,{x- zj {^X.xz + ^^3 (i^ + ^) + ^1^X2} , 

the expression F(x, z) being as before S (xzY [2\^ + \.^+i{x + ^)] ; and it will 
be seen that the former of these expressions can be written symbolically 
as 2(Ai + A^y{Ai + AiZy; finally notice that if we put 

X={\2 + l^2t)/{\ + l^t), 
we have 

dx(ao+6aiX+ ...+aex)~i = \dt{Ao + QAit+...)~i+fiitdt(Ao+(iAit+...)~^, 
xdx{a„+6aax+ ... )~'^ = \idt(A„+(iAit+...)~i+fi2tdt{Ao + 6Ait+...)~i ; 

we can then formulate the result of our transformation as follows : — 
The differential equations of p. 49 

- iP^(u) = a^e - 4asa5 + 3a/ + a^f^ - 2a,^^i + Uefn - 2f^\ 
etc., etc. 

are satisfied by 

o- (w) = 226'="'+^''""+'''™', 

where, if 2a), 2q)' be determined for the sextic f{x) = ao + Sa^x + . . . + aeof, and 
a certain dissection of the surface representing y^=f(x\ as the periods of 

the integrals I yr^dx, \ xy~^dx, then /i is a matrix of non-vanishing 

determinant, t a symmetrical matrix of non-vanishing determinant deter- 
mined respectively by 2h(o = iri, 2h(o' = mr ; and c is a symmetrical matrix, 
determined, if f{x) be symbolically written a/ = (Oj -|- a,^y, and s^ =f{z), by 
the fact that 

f n 2a/a/-t-2yg dx dz F F dx dz 

is the normal elementary integral of the third kind II"^ 



r.T, » 
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The differential equations being thus shewn to have an invariantive 
character, various properties of the quartic surface which is represented by 
the relation connecting ^,2, f^, ^n are at once deducible. This is explained 
below, in the chapter dealing with the geometry of this surface. 

But the form obtained for the differential equations, 

is of importance also as shewing almost at a glance how the differential 
equations may be used to obtain the expansion of the integral function cr (u). 
This is explained below, in the chapter on the expansions. And these 
expansions in their turn enable us to prove succinctly various relations 
involving the functions ^22(m)> ^2i(w), ^n{u); the properties developed in the 
next chapter in regard to the geometry of the surface are for the most part 
restricted to those which interpret these analytical relations. 



CHAPTER III. 

ANALYTICAL RESULTS RELATING TO THE ASSOCIATED 
QUARTIC SURFACES. 

14. Intimately related witb the theory of the functions under con- 
sideration are two quartic surfaces. We give now certain elementary 
properties of these, deduced, for clearness, independently of preceding 
results. 

To illustrate one step in the argument we presently employ, consider first 
a simple example. Let a quadratic form, of non-vanishing determinant, 

O'u^i' + o,^^2 + as^U + Sttssla^s + 2a3if3^i -I- 2012^1^2, 

which we denote by a^, become, by a transformation written ^= fi^', that 
is by 

Ir = ^rl^l' + fJrl^i + Mrsfs'. {r = 1, 2, 3), 

changed to a'f '^ or 

an'li'^ + a^^,''- + a^'^,'' + 2a^'|;|3' + Sa^/^;?/ + 2a,;f /f/, 
so that a'^'^ = a|^ =a/i,f '. fi^' = JLafi^"^, 

and therefore a' = /la/i, namely 

''tti/ a,/ a,A = //ill /^2i A^sA /oii ai2 a^A //^n A'la /ii3> 

fflai (^22 0^23 I I A''12 M22 A'aZ 1 1 '^21 6^22 123 I I t^2\ fhn. /^ 

\Mi3 f^2S H'SiJ \ C^Sl 0^32 O'SaJ \ /*31 ^32 A''3i 

if A, A', M denote respectively the determinants of a, a' and fi, this gives 
A' = M^L. Now the relation a' = jSa/i is the same as a'~^ = /a~'a~'/Z~\ 
obtained by taking the inverse of both sides; if Pi, p-i, pa be three variables, 
and (pi', P2', Pi) = fi(pi,Pi, Ps), OT p= jjr^p', we have therefore 

d'-ip'-i — fj,-^a~^li~^p'^ = ar^Ji~^p . jlr^p' = a~^p^, 
or, since 

a-'=/A->ylii, A-Ma, A-1^3 



A- 


-M12, 


A- 


.a 22, 


A- 


-'^32 


A- 


-M,3, 


A- 


1/4 

-^23) 


A- 


"'-433 
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we have 
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Oil (2r,2 ffl]3 Pi 

^21 ^22 ^^23 Pi 

^81 ^82 ^33 ^3 



Pi Pi Pi 







=if= 



0,1 a]2 Ois ^1 

02, O22 O23 Pa 

Oji O32 a-si ps 

Pi Pi Pi 



the determinant on the right being the quadratic form ar^p^ multiplied by 
- A. The transformation p = Jip gives p'^', or 7?,'^,' +p^^^ + jo/^,', equal to 
flp^' = tJ-^'p = ^ = p^ ; conversely p'^'=p^ defines the transformation of p 
from that of f. 

Consider now the expression 
where 

partially expanded this is 

Wi'0i4>i i0i'<i>^ + ^2^<^,= - 20AM2) - WA (Oi4>i + ^2'^i) {ei4>i - e^y 
+ Za,'ou,e,^e,ri^' + Sa.cL/dAW + «2%W] ; 

suppose that, in the fully-expanded form, /3,^ 0A, /Sg-, which enter linearly, 
are replaced respectively by a;, -y and z ; that ^,^ di'd^, d^di, 6.^, which also 
enter linearly, are replaced respectively by ^, - ■»;, f and — t; that ^^, ^,^(^2, 
(/>,^2^ ^i are also replaced respectively by |, - ly, f, - t ; and that a,", a^a^, 
o,V, •••, 02' are replaced respectively by Oo, o,, O2, ..., Oj. The expression 
then becomes the quadratic form in ^, 7;, f, t, 

4ir (7;t - n + 42/ (t?? - ^) + 42 (?f - ,,=) 

- ? K? - 3a,7? + Sojf - OaT) - 7? (- 3rt,^ + go^T? - Qos?' + So^t) 

- ? (SOjI^ - 90397 + 904?'- 3O5T) - T (- 03^ + 3O47? - 305?-+ OeT), 

whose coefficients form the matrix 

K= , -Oo , 3a, , -Sa^ + 2z, a3-2y 

3o, , - 902 - 4^r, 903 + 2i/ , - 304 + 2x 

-3a^ + 2z, 9as + 2y , -9at-4^, 3a, 

a,,-2y , -3o4+2a;, So, , -o^ 

so that, using ^ to stand for the row (^, 17, f, t), the quadratic form may be 
written K^'\ 

Now subject |, 17, f, t to a linear transformation, as in the illustration just 
considered, but not to the most general transformation in four variables, but 
to that, depending only on three parameters, which is defined thus : let 
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Xi, Xs, ^1, fi^ be four parameters subject to X]/i2 — Xj/i, = 1 ; put, in the 
symbolical expression we have used to define the quadratic form K^^, 

6i — \0i+fij02, (/>i = X,<^i' + ^1(^.2', /9i = Xi/3i' + /iijS/, a/ = aiXi + a2X2, =a>,, 
^2 = Xa^i' + ^2^2', ^2 = \i<t>i' + fi2^2, ^2 = Xi0i +tiA', a2' = aiMi + a2/^2, =an', 
since these give 

ae=oiA' + '^A' = «e', «* = «*•', (^<^) =(^'<^'). {^ = {^'6'), m) = {0'4>'), 
they leave the form quite unaltered ; they give as the transformation for 
^, 77, f, T, if, of course, we take ^' = 6^', etc., 

(f.'?.?,T)=/ x,» , -sxiVi , 3x,/i,^ , -M,^ \ (r,v,r.T'), 

-Xi%, 2X,X2/ii + Xi>2 , - \H'i' - ^K/J-ifJ^, H'l'f^ 

^iV , - (2X1X2/^2 + V/^l). '^l/^'^ + 2X2/:ii/i2 , — /tilM2'' 
— X2 , 0X2/^ ) ~ 0X2^2 ) ^2 

or its equivalent 

fi^^Xi, 2/i2/Ll,X2+ /Lt2'Xi, X2/Lti^+ 2^142/^1X1, /Oi^ 

^X2^ 2/^2X2X1 + /u,lX2^ /iaXi'^ + 2/i,iXiX2, ^iX,^ 

X2= , 3X2% , 3X2X/ , Xi^ 

at the same time x = 6i', y^ — O^B^, z = 6i are connected with x=d^'', 
y' = — 6162, z = 6-i'- by the linear transformation 

{x, y,z,\)^ / W , - 2Xiyai , Ml' . \ (*'. y', 2'. 1), 

-X1X2, \fl2 + Xifli, - fljfh, 
V . - 2X4/X2 , ^2^ , 

, , 0,1 

which is afterwards denoted by (x, y, z, \) = m{x' ,y' , z , 1), or its equiva- 
lent 

{x', y', z', l)= / fjii , 2/^2^1 , yOiS \ (a;, y, z, 1); 

fJL^, Xlfl^ + X^fJ,,, /iqXl, 

, , 0,0 

while 

«; = a/ = aoK + 6aiXi=X2 + . . . + (X6X2^ «/ = aA^a,^, • . • , a/ = «/• 
With these changes we have 

that is 

4a; (77T - r'') + ■ ■ • + (- aof + - - a^r^) 
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Thus if we write the transformation for f , r), f, t in the form f = //.f ', 
we have 

and, since, as is easily verified, the determinant of /i is (\,/t2 — ^2Ml)^ ^'i" ii°i*y> 
we have, as in the illustrative example previously considered, the conse- 
quence that the determinant 



- Cto 


3a, 


- 3a2 + 2z 


a^-ly 


Co 


3a, , 


- 9a2 - 42, 


9a3 + 2y , 


— Sa, + 2a; 


-3c, 


- 3a2 4- 2^, 


9a, + 22/, 


— 9a4 — 4a; 


3a5 


3c2 


as -22/ , 


- 3a4 + 2,r, 


^a, , 


-ae 


-C3 


Co 


- 3c, , 


3C3 , 


-C3 






is unaltered by the transformation, provided the transformed quantities 
Co', c,', C2', C3' be defined by the identity 

Cof - 3c,7/ + 'ic^t, - C3T = Co'f - SCi't}' + SCa'^' - Cs't' ; 

this identity gives, if we write, symbolically, Co = 7,', c, = 7,^72, C2 = 7,72^ 
Cj = 72^, and similarly Co' = 7l'^ c,' = 7,'V'' ■ • • > ^^^ equation 

7«' = 7e''' ; 

thus the equations of transformation for Co, c,, Cg, C3 are 

Co' = 7;,,' = CoX/ + 3ciX,% + 3c2X,X2=' + Ca^i, c,' = 7xVm > C2' = 7a7^i'> C3' = y^\ 

In explicit form the ten equations expressed by K' = jlKfi are 

Z'i/ = 2 fjl,riiKfl)rj= S 2 KreflriH'ej, 
r r s 

these giving every element of the matrix ^' as a linear function of the 
elements of the matrix K. 

Further, it will be remarked that the equations above which express 
x , y' , z in terms of x, y, z are the same as those occurring in the previous 
chapter (p. 51) to express P^, Pj, , P,, in terms of ^22, ^au j^u; and if we 
there form the corresponding equations to express P222, Pjj,,... in terms of 
^222, '^■m.^ ••• > namely, by means of the equations there occurring 
d_^ ^ . d 9 



= X ^+X A 



it is at once seen that these are the same as those whereby here f', r)', f, t' 
are expressed in terms of ^, rj, f, t. 

Taking in particular X,, /t,, Xj, /x.2 so that 

a; = a/ = 0, 6a; = Sa^a/ = 4, 
putting then 

tto = Xo, Go,' = X,, ISttj' = X2, 20a3' = X3, 15a/ = X^ 
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and 

Z = .r' - -jJjXj = a;' - f a/, Y = y' --^\ = y' -\a^, Z = z' -^^X,^ z' - ^a^', 

the matrix A" takes the form 

-X„, |X, , 2Z , -2Y 

^\, -(4Z + W 2F+iX, , 2X 

2Z , 2r+iX3 , -(4Z4-X,), 2 

-2r, 2Z , 2,0 

of which the determinant has occurred ah-eady (pp. 38, 41), \inder the name A. 
Thus it appears that the functions ^J,^,, ^211 fr>ii which satisfy the generalised 
differential equations of p. 49 are connected by the determinantal equation 
j A' I = 0, obtained by equating to zero the determinant of the matrix K, and 
that the corresponding functions ^^, ip...^, ... are given by 



-Clo . 


3a, , 


-3a,+ 2: 


ai-2y , k 


3o, , 


— 9ao — 4r, 


9a,+2y 


-3a4+2a;, k 


-Sa^+2z, 


903+ 2y, 


— 9O4— 4.r 


3a, , I, 


as- 22/ , 


-3a4+2,r, 


3a,, 


-a^ ,k 


h , 


/. , 


h 


h ,0 



We denote the determinant of A" by V; by differentiating the unexpanded 
equation V = 0, we have, if Vy denote the minor of the jth element of the ith 
row, and f, rj, ^, t denote the general functions ^»>., etc., 

?V 

dx 

av 

dy 

8V 

dz 

while, if the variable ^(=1) be introduced to render V homogeneous in 
a;, y, z, t, 
3V 



= 2V^-4V33 + 2V,,= 16(7;T-n. 
= - 2V„ + 2V^ + 2V3, + 2V,, = 16 (77f - f t), 
-= 2V,3 - 4V^ + 2V3, = 16 (ri- t), 



dt 



= - flo^ii + 6a,V,., - 6a,,Vis - ga^V^, + 2aSu + ISajV^j - Ga^V,, 



- 9aj Vjs + aajVsj - a^T^, 
= 4 (- a^^- + Bo, ^ - Q(h^^- Q(hv' + 2as^T + ISosT/f - GaiT^r 

If we write 

Q, = 4 (r,T - n, Q. = 4 (7?r - ^), Qs = 4 (r? - 7;=), 

Q4 = (-aop+6ajfr;-... - ag-r), 
the quadratic form in f, t?, f, t whose coefficient-system gives the matrix 

K has the form 

i-Q, + yQ, + sQ, + Q„ 
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wherein, however, x, y, z do not necessarily satisfy the equation V = ; if we 
denote them therefore by x-^, 3/1, z^, and denote by x, y, z a point satisfying 
V = 0, the quadratic form may be written 



3V 



av 



""^Tx^y^Yy-^'^ 



sv av 
^ dt' 



and its vanishing represents the tangent plane to V = at (x, y, z). 

It may be remarked in passing that the determinant of five rows and columns 
occurring above, consisting of the determinant V with the elements Cqi — 3ci, 'ic^, — C3, 
written to make a fifth row and a fifth column, if we change the sign of the first and third 
columns, then of the second, fourth and fifth rows, then divide the second and third columns, 
as also the second and third rows by 3, and write §^ = 62, fy = 6i, f 2 = 60! becomes 

"o , «! , a2-3&0) a3-9&i) c, 

ttj , a2 + 26o, tta + ^i , ^4-362, Cj 
6(2-360, 03 + 61, 04 + 262, as 1 «2 
0(3-961, 04-362, as , Oe , C3 

Co , Ci , C2 , C3 , 

and it follows by what has been proved that this is unaltered in value by replacing 
ctr by a~' a^ , b^ by B^~' B'^ , where ^1^ = 60, i?ii?2 = 6i, B<^ = b2, and c^ by Ya"'"'''''' '^h®'"^™ 
Xi^2 - '^zMi = 1 ; namely, for linear transformations of determinant unity it is an absolute 
invariant of the three binary forms, sextic, cubic and quadratic, denoted by a/, y^, B^. 
So the determinant of four rows and columns obtained by omitting the last row and 
column of this, is an invariant of the sextic and quadratic. And herein 60, 61, 62 may be 
replaced by any the same constant multiples of themselves. 

15. From the invariant character of the matrix K we can now obtain 
certain geometric properties of the surface V = ] ^ | = 0. 

Firstly, as we have seen (pp. 57, 59), by means of equations of the form 
X = yi.ix + 2/i2/ii2/ + ft^z - fa^^a/, F= fx^x + {ix^\^-\- fii\i)y+ H^^z- ^Ka' V. 
Z = V« + 2X2X12/ + Xi''^ - fax* v. 

where Xi, fi^, X^, fi^ are such that Xi/tj- Xj/i, = 1, a/ = 0, aAa/ = |, it is 
reduced to the form A = 0, in X, Y, Z, of which the expanded form has been 
given before (p. 41); supplying a multiplier T {= 1), to render the eqiiation 
homogeneous, we have V = \QF, where F is of the form 

F=T'P-T [X„Z' - X,X'Y+ \,XY' - ^X, (Y' + XYZ) 

+ X4 Y'Z - 4 YZ'] + (XZ - YJ ; 
thus T=0 gives F={XZ- F% so that the surface touches the plane at 
infinity along the conic XZ - F^ = ; also, in form. 



= TL + 2Z{XZ-Y'), ~, = TM-4>Y{XZ-Y') 



dF_ 
dX 

^^=TN + 2XiXZ-Y% 



dv 



dF 

dT 



= 2TP - [\,X= - XiZ = F+ X2Z F^- iXs (P+ ZFZ) + X^ Y'Z-4,YZ'] ; 
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the surfaces dFjdX^O, dF/dY = 0, dF/dZ=0, dF/dT^O thus meet T=0 
respectively on the conic XZ — Y^ = and the line Z =0, the conic 
XZ-Y'=0 and the line Y=0, the conic XZ-Y^ = and the line X = 0, 
and on the cubic \X^ — ... — 4<YZ^=0; the six intersections at infinity of 
the conic and this cubic are given by Y= — 6X, Z= 6'X where, as we see at 
once on substituting in the cubic, ^ is a root of the equation 

\„ + X,^ + X^^ + X^e' + \tO' + 4(9' = 0, 

together with X=0, F=0, Z=l, corresponding to 0=x. Also when 
X, Y, Z are infinite we have 

XZ-Y^ = {fiix + 2/^/ii2/ + /^'^) (^^2°* + 2X3X12/ + \^z) 

- [fi^XiX + (/i^Xi + /OiX^) 3/ + /iiXi^]^ 
= XZ — y^. 

Thus we infer that the surface V = touches the plane at infinity along 
the conic xz — y^ = 0, and has nodes on this conic at the six points 

X y z 

i = r0 = e^ = ^- 

where is any one of the roots of the equation 

Further, by taking the coefficients of transformation Xj, Hi, X^, fi^ to 
satisfy the equations 

X1/X2 - Xo/Xi = 1, aA* = 0, a^ 
the transformed form of V becomes of the shape 

, iX, , 2Z , 

^\ , -(iZ+\), 2F+IX3 , 
2Z , 27+^X3, -(4Z + X4), 
-2Y, 2X , \X, 

differing from A in having X„ = and X5 not necessarily equal to 4 ; when 
expanded this is 

(iXiX, - 4,XZy + 4 Y{X,X (4Z + X4) + \,Z {iZ + X^) 

+ (iXiX, + 4ZZ)(2F + 1X3)] + 4P [(27 + ^X3)' -(4Z + X,)(4Z+X,)]; 

thus the plane 7=0 touches the surface along a conic lying on ^W=^ 4<XZ. 
Now the transformation to these coordinates is given by Xj/ij — Xj/ii = 1, 
/i2 = /ii^, \2 = \4>, where 6, <f> are any two different roots of the equation 
a„+ 6a,e + Ida.d'' + ... + a^e^ = 0, 



(a;, y, ^) - (fax'V. ia^'a/, ^tx^'a^"), 



' = 0, 



-27 
2X 





and 








(x.r,z)=i 




2/i.2/Ai , 


Mi^ 




yti^Xj, 


/XjXi +/iiX2, 


/ijXi 


\ 


^ A-/, 


2XjXi , 


W 
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in particular 



Dividing this by /iiXj, and denoting a-^ + a^O by a«, we infer that the plane 



or 



touches the surface V = along a conic lying on the quadric 



■^.^ + 2^2/+.- J«'''«*^ 






3 gfltt/. a/a^ 



2 (^ -</>?] 

We have had the relation K' = /Z^/a for the transformation of the matrix 
K (p. 58), equivalent to Kij = '^'%KrsiJ-riH'sj> and here — 2F occurs as the fourth 

r s 

element AV in the first row of K' ; the elements /x^, /Xgj in the matrix fi of 
the transformation ^ = /n^' are (p. 57) 

(V. ->-!%, ^iV, -V) and (- fj^\ /x-i'/j^, -/il/u.2^ MaO; 

thus, dividing by /lii'V, the plane Pg^^ can also be written 

K{1, -6, &", -&'){!, -<\>, ^^ -4>^) = 0, 

and this can be at once verified to be equivalent with the form above. There 
are thus fifteen such planes touching the surface V = along a conic, beside 
the plane at infinity. 

If now ^1, ^2. ••• , ^6 denote the roots of the equation 

ac + 60.1^ + ISttj^^ + . . . + a^e^ = 0, 

we can prove that the point of concurrence of the three planes P^,, ^j, P,,^ j,, 
P^,^^ e, is on V = 0, and is a node, and coincides with the point of concurrence 
of Pe4, «5, P^i, 66' -^65, Oe! *^® surface has therefore ten nodes of this form, 
beside the six nodes proved to exist at infinity. To prove this, we first 
transform the ten equations P^^ ^ into the forms which they take when the 
equation V = is transformed to A = ; these special forms will be of interest 
later in considering the expansion of the sigma functions in series. 

It has been remarked that the plane P^, ^ is given by 

K{1, -e, ^, -6^)0-, -<f>, </.^ -</>'); 

further it is part of our definition of the transformation (p. 57), that the 
ratios of the quantities (1, —6, &^, —6^} are transformed by the same law 
as the quantities (^, t], f, t), previously denoted by ^ = fi^' ; the equation 
of Pe,4:' 
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is therefore invariantive, and we may suppose, herein, x, y, z to be the 
variables denoted by x', y', z' on p. 57, and 6, tf) to be the roots of the trans- 
formed sextic. In particular let 

««" = \+\iX + Xjflj^ + XgO^ + XiX* + 4^, =/ (x), say, 

and put, as before, p. 59, for x, y, z respectively, 

^+^X„ Y + i^X,. Z + ^-K^; 

the equation is thus, on utilising the identity given, p. 53, which connects 
2a/a^s with F{0, <j)) = Xie<py[2Xa+X^+,(0 + 4>)], found to be 

1=0 

where now 6, <^ are any two roots of f{x) = 0, or consist of one of these roots 
together with the root oo , which has not been expressed in our non- 
homogeneous method of writing the transformation ; when is oo , the 
transformed equation is 

0X+Y= {i</)-n^ - <^)~= [2\o + \(0 + <!>)+... + 2e'-4,"-\, + 4d'<f>'(0 + 4>)]}, 

where we are to take the limit of the right side for (^=00, which is d^. 
There are thus ten singular planes, Pj, ,^, of the form 

d(liX + {6 -^ <f>)Y + Z - \{0 - <j))-'F (d, 4>) = 0, 
where 0, (j) are any two roots oif{x)= 0, and five, P^, of the form 

0X-\rY-6'=O, 

where is any root of /(a;) = 0, beside the plane at infinity. 

Denoting \{0 — <f))~'F{0, (f>) by e^, ^, it is at once evident that the planes 
Pg, P^, Pe, ^ intersect in the point X=0+<f>, Y=—0(f), Z=eg^^; let 
0', </)', i|r' denote the roots off(x) = other than 0, <p; the plane P«',,^' passes 
through the same point if 

0'(l>' (0 +<!>)- 0(f) (0' + <f>') = e*-, f -Be,^; 

by writing ee,^ in the form \{0- ^^{¥{0, </>)-/(^) -/(</>}] it is at once 
found to reduce to 0<^ (0' + (f)') + y}r' {0^ + 0'^'), which establishes this 
identity; thus also the planes P^-^^- and Pg^^' pass through the same point. 
If in addition to the conditions a/=0, a;ia/ = |, Xj/tts — X2A''i= 1. imposed on 
the four quantities Xj, fi,, X2, /ij, in order to obtain the equation A = 0, we 
make also ax' = 0, the transformed sextic has also Xo = and the ten points 
(0+^, — 0(f>, eg, ^) break up into a set of six of this form, where 0, <^ are any 
two roots of the equation Xi +X2^ -l-Xj^^-l- X4 0^ + 40''= 0, together with four 
of coordinates of the form {0, 0, \Xi0-'^) ; that this last point is a node appears 
at once from the transformed form of A, already given, p. 61, 

(Xi - ^XZ)' + 4 F [4X,Z^ + X,X,Z -1-^X3 {\ + 4ZZ) + 4X,2 + 16^^ 

+ 4P[(2r-|-iX,)^-(4Z-|-X4)(4Z + X,)+2(Xi + 4Z^)] = 0, 



64 General coordinates of a node. [chap, hi 

wherein the coefficient of 4F is reduced to zero by X = 6, Z=^\0~^, 
provided 

X,e-' [4:6* + X,e^ + Xsff' + \0 + \] = 0; 

thus it follows that (0 + (f), — d4>, e^, ^) is a node of A = and an intersection 
of six singular tangent planes. It is at once evident that the node of A = 0, 
corresponding to the infinite root of the transformed sextic, namely the point 
Z = 0, F=0, Z=oo, lies on each of the five planes 0Z + F- 6*= 0, as well 
as on the plane at infinity ; that the node X/1 =— Y/d= Z/&'= oo , lies on 
the six singular tangent planes constituted by, the plane at infinity, the 
plane 0Z+F-6I= = O, and the four planes OcpX +{6 + ^) Y+ Z - €^^^ = 0, 
where (f) is one, other than 6, of the roots of the equation 

X, + X,e+ ... +46''=0; 

and that conversely the plane dX + Y — 6^ = contains, beside the node 
X = 0, F= 0, Z= 03 , and the node X/l =-Yie = Z/d^ = oo , the four nodes 
(6 + <!), — 6cf>, 60^ ^), where (p is any one of the roots, other than 6, of the same 
quintic; while lastly the plane d<j)X + (0 + (f>) Y + Z -eg^^ = contains, 
beside the two nodes Xjl = -YI6 = Z/0^=<x>, X/l -=- Y/<j> = Z/<jy' = </:> , 
the node (0 + ^, — 0<p, e^, ^), and the three nodes (0' + <f>', —0'4>', e«,^'X 
where 0', (fi' are any two roots of the same quintic other than and <f). 

The sixteen nodes of V = thus lie in sixes upon sixteen planes each 
touching the surface along a conic, while through each node there pass six of 
these planes ; in particular, as was stated above, if 6, (f>, tjr, 0', (p', yfr', be the 
roots of the fundamental sextic, one node is the intersection of the six planes 
-P«,*, Pe,^, P^,:t" -P«', *'. Pff,<i''> P't-'.'l''- If ^, </>. •'I' be the roots of the cubic 
Po + Sp,x + Bp.,x'' + p.,afi=^0, and 0', 0', i/r' of qo + Sq^x + Sq^x" + qsO? = 0, the 
fundamental sextic ao + Gujo; + . . . + a^a^ being written as a product of the 
cubics, or say^ symbolically 

the node in question has coordinates w, y, z obtainable by equating powers of 
the arbitrary quantity \ in the equation 

x\^ + 2y\+z = -^ {pqypKqK, 

or, what is the same thing, of the arbitrary quantities \, /j, in the equation 

a;\fi + y{X+fi) + z =- i^^ipq)' {p^q^ +p^qK). 

To prove this result we may either proceed as before, first shewing this 
equation to be of invariantive character and then considering a particular 
system of coordinates for which the coordinates of the point (x, y, z) are 
known ; or we may proceed directly as follows, with the notation of 
symbolical algebra. Writing a^ = a-^Xi + cl,X2 , and differentiating the equa- 
tion o.^ = piqx three times with the operator Zid/dXi+ z^d/dx.,, we find 

20 ax'az" = px'qz' + Pz'qx' + 9 (px'Pz ■ 'hqi +PxPz ■ ixqz) ; 
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but 
{xzf (pq)"- (Pxqz+Pzqx) = (Px-qz'' +Pz^qx' - ^PxPzqxqz) (Pxqz+Pzqx) 

=Px^qz +Pz''qx' - {px-pz ■ qxqz" +PxPz' ■ qx-qz) ; 

write now x^ = \, x.^^Q, z^ = \, z. = i^, with ^/ = 0, p^ = ^; thus 
20 a/a^« = - 9 (^</))= {pqf {p,q^ + p^q,), 

and the result to be proved becomes, in the particular case when the arbitrary 
quantities \, p. are replaced by Q, cf>, 

which is of the form of one of the six planes passing through the point 
whose coordinates are stated to be given by the formula. The result is 
then obvious. 

One further remark must be made ; the transformations of the surface 
V so far employed have changed the nodes which are at infinity among 
themselves, and the finite nodes among themselves ; there is, however, 
geometrically no such essential separation of the sixteen nodes into these two 
sets, any two of the sixteen being equipollent (gleichberechtigt). We do not 
stop now to prove this, as it is unnecessary for our purpose ; it will appear 
incidentally below. 

16. Associated with the surface V = 0, which in future we may call 
Rummer's surface, is another surface, also of the fourth order, having a point 
to point correspondence with Rummer's surface, but in some respects 
simpler; to this surface, called Weddle's surface, we must, for the sake 
of the periodic functions by which it is expressed, devote some remarks. 

If as before K denote the matrix whose determinant is V, each of the 
four expressions denoted by K{^, y, ^, t), of which for instance the first is 
(p. 56) 

- ao? + Soii? + (- 3a., + 2z)^+ (a^ - 2y) r, 

is linear in x, y, z. We can then write 

K{lr,,^,T)=W{x,y,z,\), 

where W is the matrix 

W=/ 0, -2t, 2?, - a„? + Scij 7?- 3a2?+ a^r ■ 

Soif — Qa^r) + Qa^^— ^ttiT 
— Sfflj^ + 9^3 t; — 90-4^ + ^as,T 

and the Weddle surface is that expressed in homogeneous coordinates f, t), f, t 
by the vanishing of the determinant of this. 

We have denoted by ^ = p^' the general transformation of ^, r], f, t, con- 
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sidered here (p. 58) ; denote similarly the general transformation of w, y, z, 
b)' (x, y, z, l) = m {x, y', z', 1). We have seen that with 

and 

Qi=- ao^- + Qdi^V - 6aoff - da^v"- + Sks^t + 1 ^asV^- 61X4777 - Qa^^^ + Cots^T - cut-, 
the expression xQ^ + yQ^ + zQ^ + Qt is unaltered by this transformation ; thus 
if Qi, Q2, Qs, Qi be the transformed values of ft, Q^, Qs, Qi, we have 
{Qi, Q-2, Qs, Q/) = w(Q], Qi, Qs, Qi)- Also if W denote the transformed form 
of Tr, namely the matrix whose first row consists of the elements 0, - 2t', 
2^', — a„'f ' + Sa-1'7)' — Sa^^' + Us't', we have, as we have seen that K' = flKfj., 

W {x', y', z',l) = K' (r, v'> r, -r') - MZ/.r = -^K{1 V, I t) = flW{x, y, z, 1) 
= JlWm{x', y , z' , 1), 
and hence W = fl Wm, 

whereby every element of W is expressed as a linear function of the elements 
of W ; and the determinants \W'. \W\ are equal. 

Considering the cubic curve in space expressed by 

^ _ v _ ^ ^ "^ 

1 -e e-- -e^' 

and in particular the six points 6^, 6„, ...,6^ upon this, where 0^, 6.,,.. .,6^ are 
the roots of the equation 

tto + Qa^O + loa^d" + . . . + a^d^ = 0, 

the cones Qi = 0, ^2 = 0, §3 = contain the cubic curve, and the cone §4 = 
passes through the six points, as is obvious at once on substitution. The 
quartic surface expressed by jTFi = 0, or, as we shall write, = 0, may be 
regarded as arising by the elimination of x, y, z, 1 from the four equations 

a§/a^=0, dQ/dv = 0, dQ/d^=0, dQ/dT = 0, 

where Q = 0, denoting 

a:Q, + yQ2 + zQs + Qi = 0, 

is the most general quadric through the six points; it is thus "the locus 
of the vertices of quadric cones containing these six points. The cone formed 
by joining any point of the cubic curve to all other points of the curve 
is a quadric cone ; the surface fi thus contains the cubic curve. A degenerate 
quadric cone containing the six points is formed by any pair of planes 
of which one contains three of the six points, and the other the other three ; 
thus n = contains the ten lines of intersection of these pairs. And if any 
point be taken on the straight line joining two of the six points, a quadric 
cone can be constructed with this point as vertex to contain the six points ; 
the surface Xl thus contains also the fifteen joining lines of the six points. 
Also each of the six points is a node on the surface, as may be seen directly 
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by taking such a transformation as makes one of the roots 6 of the fundamental 
sextic become infinite, and verifying that if as = the equation = contains 
no term in t'. 

These properties are derived by regarding 1^1 = as arising from the 
assumption of the consistence of the four equations expressed by W{x,y,z,l) = 0. 
We may however regard jTf | = as arising from assuming the consistence of 
the four equations expressed by W(^',ri', ^',t') = 0; these are the equations 
^'dQr/d^ + ri'dQr/dr, + t'dQr/d^ + T'dQr/dT = 0, for r = 1, 2, 3, 4; they express 
that the polar planes of (^, r], ^, t) in regard to the four quadrics Qi = 0, Q.2 = 0, 
$3 = 0> Q4 = are concurrent, or that the points (^, rj, f, t), (^', 77', ^', t') are 
conjugate to one another in regard to all the quadrics passing through the 
six base points, and as they are symmetrical in regard to these two points 
(f ) and (^'), the surface D, also contains (^', 7?', f', t'). If we put 

F= 6^r,^T - 4^"! - 4r7V + 3i?=r- - pT-, 

so that F=0 is the developable surface generated by the tangent lines of the 
cubic curve ^jl = — rj/d = ^/6- = — t/0'', it is at once seen, by evaluating the 
minor determinants of the elements of the last column of the matrix W, that 
?'. v'> ^'> t' are expressible in terms of ^, rj, ^, t by means of 

L. - _1_ = _£_ = _!_ 

a^ _ldF IdF _dF' 

d^ sM 3 97? d^ 

so that the equation = can also be expressed by 

dQdF_ldQdFldQdF_dQdF^ 
d^ dr 3 97; 3^ "^ 3 af dri dr d^ 

wherein Q is the general quadric through the six base points ; and as this 
relation is merely an identity when for Q are written either Q^ or Q^ or Q.^ 
it is sufficient, to represent O, to write Q4 in place of Q. We may interpret 
this form geometrically by introducing the line coordinates, l = bc' — b'c, 
m^ca' — c'a, n = ab' — a'b, I' = da — d'a, ni = dh' — d'b, n' = dc' — d'c, of the 
line of intersection of two planes 

af + 677 + cf + dT = 0, a'^ + b'r] + c'f + c^'t = ; 

then the equation expresses that the polar plane of (^, 77, f, t) in regard to 
the developable F=0, is intersected by the polar planes of (f, rj, f, t) in 
regard to all the quadrics Q — 0, in lines belonging to the linear complex 
l + Sl' = 0; and (^', r}', f ', t') is the pole in this complex of the polar plane of 
(?. V> K> ''■) ill regard to i^= 0. Putting 

L-—1 - -rr 

dF _ldF~'"~'" ' 

dr 3 8^ 

5—2 
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it can be proved that 

ft( r,v,r,T') _ Q.(r.'?',r,T') _ QA^',v',t,-r') _ 

Q. (e V, r, t) - e. (e V, ?. T) ' Q. ii V, t t) '^ "^ ^^' ^' ^' ^ ' 

hence it follows that the joining line of (^, ?;, f, t) and (^', i) , ^', r') has for 
its intersections with ft = the same two points as with Q^ = 0, and with 
Qs = 0, namely is a chord of the cubic curve ^/l = - tj/0 = ^jd'^ = - rjO' ; it is 
divided harmonically at (^, 77, ^, r) and (f, ?;', f, t')*. 

If Q, = 0, Q2 = 0, Qo = 0, Q4 = be any four quadric surfaces whatever, the 
conditions that the quadric Q = xQ^ + yQ« + ^^ft + ft = should be a cone with 
vertex at (f , 97, ^, t) are expressed by the four equations such as 

«:'dQM + y^QM + ^^QM + ^QM = o. 

which we may denote by W^{a\y,z,\) = Q, or W({x) = 0, where W^ denotes 
a certain matrix ; if fl = j T-T^l , the equation fl = represents a quartic surface, 
the Jacobian of ft, ft, ft, ft. When this is satisfied the four equations 
expressed by T^|(^') = ^' obtained by multiplying the rows of O respectively 
by ^', f)', f, t', can all be satisfied, and the points (f, t}, f, t), (|', 77', f', t') are 
conjugate in regard to all the quadrics ft = 0, ft = 0, ft = 0, Q4 = 0. We can 
write W^ (x) in the form Kx (^), where K^ is a symmetrical matrix, and when 
Q = is a cone, the parameters {x, y, z, 1) are the coordinates of a point on 
the quartic surface \Kx\= 0. It can be shewn that, under this condition, the 
polar plane of (^', 77', f, t'), in regard to this cone, is the tangent plane of 
n = at (^, 77, f, t) = 0. For putting down the relation Wt (f ') = for 
consecutive corresponding points (^ + d^), (^' + d^'), we have to the first 
approximation 

leading, by W({x) = 0, if (*•) denote {x, y, z, 1), to 

Tr« (r) {<^) = -W^ (M'} (^) = - Fj (x) (d^') = ; 
thus the arbitrary increments {d^) satisfy a linear equation 

Ad^ + Bdr) + Cd^ + Ddr = 0, 
in which A, B, C, D are definite functions of (^, 77, ^, t) : the tangent plane 
of fl = at (^, 77, f, t), if (Z, F, Z, T), or (Z), be current coordinates, is thus 
Wx (r) (^) = 0, = Fy(^) (D = Kx (Z) (f) = ir, (r) (Z) = Ff. (*■) (Z) ; 



or Z 



■^ sft (f) , ,^ 9ft (r) , ^ aft(r) , 8ft (ry 



= 0, 



ar ^ ar ar ar 

which is the polar plane of (^') in regard to the cone xQ^ + 2/Q3 + ^Q^ + ft = Of . 

* It is easy to see that the tangents of the cubic curve belong to the complex l + 5l' = 0, and 
that any point of this curve and its osculating plane are pole and polar plane in this complex. 
For this complex cf. Keye, Geometrie de Position (Chemin), Deux"" Partie (1882), p. 114. 

t The quartic surfaces fi = 0, | A'^j =0 are considered by Cayley, Collected Papers, vol. vii, 
p. 160. The above construction for the tangent plane of the Jacobian is proved geometrically 
for the case of four quadrics with six points common by H. Bateman, Proc. Land. Math. Soc, 
New Series, vol. iii (1905), p. 232. 
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Pass back now for a moment to the functional relations; the general 
differential equations of p. 49, if we differentiate that one involving ^2222 in 
regard to u^, and that one involving f^-i, in regard to u^, and then subtract, 
lead to an equation linear in ip^^, ^„i, ^„, and also linear in gJass. ^2211 ^mt ^m; 
and there are four equations similarly obtainable; replacing ^02, ... by a;, ... 
and ^222, ••• by f, ..., these are the four equations expressible either by 
K{^,'n,l^,T) = 0, or W{x,y,z,\) = Q\ thus the surface V= jiTI = is satisfied 
by writing x = f^_{n), y = ^^i{u), z = ^u{u), and the surface n, = \W\ = is 
satisfied by writing ^=^^(ic), r) = ^221 {u), ?= (pa,, (m), t = ^m (m). Either of 
these two sets of functions can be expressed algebraically in terms of two 
parameters ; see above p. 40, and below p. 77. 

17. With a view to having ready to hand concrete geometrical inter- 
pretations of certain functional relations which will be subsequently obtained, 
we desire to give now the proof of a group of birational transformations of 
which the surfaces V = 0, fl = are each susceptible. The relations expressed 
by W {x,y,z,l)= K {^, rj, ^, t) = establish a point to point correspondence 
between these surfaces ; we shall prove the transformations for the surface 
n = 0, and thence deduce the corresponding formulae for V = 0. 

Put, as before 

Q,=^{vT-n Q2=4(^r-^x Q3=4(rf-T), 

and P4 = Q4 + f a^Qi + i 03^2 + | ajQj 

= — 0-0^ + 6aif )? - loa^T)- + 20a3?75'— loa^r" + Sas^r - ctut' 
so that Pj = is, equally with Q4 = 0, a quadric passing through the six base 
points, which becomes, for 

ao = \o, 6ai = \i, 15a2 = ^2. 20a3 = X3, loa4 = X4, 6«5 = 4, ai; = 0, 
reduced to P4 = - \)f + \^V - Tu^ + Xjt;^ - ^4^^ + 4^t ; 

while, correspondingly, 
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-4r 


2v 


2? 


— 10as,r) — loa4^+ SajT 


2v 


-2? 





3a5^ - a^T 



of which the left side will be denoted by WP, where P denotes the second 
matrix. When a^ = 0, the surface fl = has a node at (0, 0, 0, 1), correspond- 
ing to the infinite root of the fundamental sextic ; let a^ = 0, Gaj = 4, 15a4 = \4 , 
etc., and let (f, rj, ^, t), (^1, 7?i, fi, Tj) be two points of H = collinear with this 
node ; we first verify* directly that 
* Geometrically, the equation 

- Q, (li) «i (?) + Qi (?i) <?2 (0 + P4 («i) Q, (« - <?3 (ti) P, (I) =0 
represents a cone with vertex at the remaining intersection of the Weddle surface with the line 
joining the node (0, 0, 0, 1) to (tj, ijj, f,, tj). 
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- 2t, 2^1 - X„^, + HiT?, \ (- Q„ Q„ P„ - Q,) = 0, 

2ti 2^1 -47;, jXi^i-X^'^i + jX,?, 

-4f, 2,;, 2^, iX37;,-X4?, + 2t, 

27?, -2f, 2?, 

where P^ has the form given above. We have denoted the general matrix 
from which this is derived by W, and its determinant by fl ; we shall denote 
this matrix, with f, t;, f, t for variables, by 2V, and its determinant by w, 
indicating the substitution of (^i, 77,, f,, t,) for (^, 77, f, t) by writing w, 
instead of w; similarly Q,"', ft^, etc. will denote the result of suostituting 
f], ... for ^ We may supjDose ^j = f, 771 = 17, fi= f. We are to prove 

w, (- Q„ Q„ P4, - ft) = 0, = w (- ftw, Q,"), P,i", - Q3O)) : 

it is at once found, with ^, = ^, 77, = 77, f, = f, that 

Q,W=Q, + 477(t,-t), a,"> = ft-4f(T,-T), Q3"' = ft, P,'"=P4 + 4r(T,-T), 

or say 

(- Q."', Q>"', P4'". - Q."') = (- ft, ft, P., - Q3) + 4 (t, - t) (^, 77. r, 0) 

and that w (^ 77, ?, 0) = - ^ (ft , Q„ ft, , 0) ; 

hence 

«'(-Q,'",ft"',P4»',-Q3<") = «'(-ftMft,P4,-ftO-2(T,-T)(ft,ft,ft,0); 
now, since ^Q, + 77Q2 + ^ft = 0, we may put 

w (- ft, ft , P4, - ft) = i2N„ 2N„ 2N„ 0), 
where Ni, N^, N^ are certain cubic polynomials in ^, 77, f , t ; then since 

^T'(^,7?, ?, T) = (ft,ft, ft, P,), 

we have 

2 {N,^ + N,n + N,^) = ^v (- ft, ft, P„ - QJ (^, V. K, r) 

= (ft,ft, ft,P4)(-ft, ft, P., -ft) 
= -ftft+ftft + ftP4-P4ft 
= 0, 

as well as 

ft^ + ft'; + ft?=0; 

thus identically 

? V ? ' 

and we find in fact on computation that these fractions are all equal to — 4a), 
where <o is the determinant of w. Thus, when f, 77, f, t satisfy the equation 
£0 = 0, we have 

(:L ft ft ■ 
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But when both (^, t?, f, t), and (f, rj, ^, tj) satisfy the equation a> = 0, or 

+ ^3 (?r= - rr) - X,r (^?T - 27?V + vC-) + 4 (^^T^ - vr-r - 77V + ?^) = 0, 
we find, by an easy calculation, 

^\ 

On the whole then we have 

as we desired to prove. 

This result relates to the case when the fundamental sextic has the form 
X„ + Xi« + ... + X^af + '^af', and the points (|, 17, f, t), (^1, t/i, fj, tj) are collinear 
with the node (0, 0, 0, 1) of eo = 0. By transformation we can obtain the 
corresponding result when the fundamental sextic has its general form and 
the two points considered are collinear with any node of fl = 0, and thence 
again the result for &> = when the two points considered are collinear with 
any node of this. 

Attach dashes to the variables which have been used in the preceding 
verification, and so Avrite the result obtained, 

w^j (Q/. Q>, QI. p:) = 0, 

where j=/0-l 

10 
1 
0-10 

Now take (^, 77, ^, r), (fi, j?i, fi, Ti) collinear with any node 

-^=^— = 1 = — 

of fi = 0, where -^ is any root of the sextic 

= a^-^^ + 6ai>/r= + 15a„-v/r* + 20a3i/r^ + Iba,-^- + %ar,^^ + a.j = 0, 
and take four coefficients of transformation Xi, X2, ^i, /i, defined by (p. .51) 

X2 = 0, iJ., = iM,f, X,/io=l, 4/ir'' = 6a„-«|r'+...=i^'(i/.); 
put also (pp. 57, 69) 

H7 = VlP' = 
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and (e V, ?, t) = M (r.. V\ r, t), (?„ 77,, ^i, r,) = /. (f/, ,,/, ^/, t/), 

the matrix /a being given explicitly in terms of X, , yUi, X2, /i.2 on p. 57 ; then 
'JLWtn is of the same form as the matrix W but has coefficients a,' = a>,''~^a/ 
in place of a,., and variables (^', 7?', t', t') in place of ^, tj, ^, t (p. 66), and 
jlWmP' or /I Wot is of the form w (p. 69) in variables (^', tj', f, t') and 
coefficients 

X(, = a,,' = aA^ X] = «i', . . . , X4 = a/, X5 = 4, X^ = ; 

thus we have 

further Q,, Q.,, Q3, Q4 being as on p. 66, to(Qi, Q2, Q3, ft) is (Q/, Q/, ft', Q/). 
in the variables (^', 77', f, t'), as we have seen, so that P'm(ft, ft, Q3, ft) is 
(Q/, Q..', ft', P4') as on p. 69 ; thus 

(ft', ft', Q:/,P;) = S(ft,ft, Qs, ft). 

Hence, the equation 

<i(ft', ft', Q3', P4') = 0, 
is the same as 

/ni>JOT(Q„ft, ft, ft) = 0. 

In passing from the variables x, y, z to x, y\ z, and thence to 
(X, Y, Z) (p. 60) we have put successively {x, y, z, 1) = m{x' , y , z\ 1) and 
(a', y', z\ 1) = P' (X, 7, Z, 1), so that (x, y, z, I) = ^ (X, Y, Z, 1) ; put 

y = ij= y -i 

t 
i 
-t 

so that, as we see easily, j' = 1, and define a matrix Tq by means of 
r^"' = ■CTYOT = CT7~'S^, or 7 = sr^CT, 

so that Fj"' is a skew symmetrical matrix whose elements are functions of the 
quantity 6, where d — ■\jf'~'^, and 

and, if 

(*i, 2/1, ^1, 1) = ■!^ (Xi, F,, Z,, 1), (a;^, y^, ^5, 1) = ct (X^, F^, Z^, 1), 

Te{x„ y„ z„ \){x„ y„ z„ 1) = T^ot (X„ Y„ Z„ 1).ot(X„ Y^, Z„ 1) 

= OTr,t^(X„ F, Z„ \){X„ Y„ Z„_, 1) 

= rf(X,,Y„ Z„\){X^,Y„ Z„\)- 

thus finally the relation above becomes, if we omit the factor ft, whose deter- 
minant is not zero, and multiply throughout by t, 

T^iFrHft-ft, ft, Q.) = o, 



ART. 17] the satellite relation. 73 

and here, as we easily calculate, 

rr'= / -r' q' p 

r' -p' q 

-q' p' r 

—p —q—r 

where 

pp = -v|r-, pq--f^, pr = 1, pp' = ^ {a(,-\lr^ + lia^ yjr^ + Sa^^yjr + a.), 
pq' = -^ (a,^fr' + 6ai>/r» + 12a^f- + lOa.yfr + Sa^), 
pr' = 1 (a^yjr^ + 6a,y]r* + loa^yjr'' + 19a3i|r= + 12o,4>|f + Sa,), 
p = ^/-:^F'iy}r) = V - ^(6a„i|r^ + ...), 

so that ^'P' + 9?' + ''*'' = ~ 1 ) 

and this is the covariantive form corresponding to the case when (^, rj, f, t), 

(^i.'?i. ti. Ti) are coUinear with any node ^ — — ■r]l6 = y6^- — tJ6^ of li = 0, the 

fundamental sextic being {9 = ■<^~^) 

a/ = F{ylr) = a,y^^ + 6a,->/r»+ ... + a„ = 0. 

The forms of p', 9', r' are given by the statement, easily verified, that if a 
be an arbitrary quantity 

2p{p'a^ - <^a + r') = (a^^a/ - a/)/(<r ->/.) = a^=a,V(<r - ./r), 

where a^ = ai-«|f + Oa, a„ = aio- + a.,, 01" = a„, a/ao = ai, etc., 

so that 

+ 3(7 (tta-f » + 80,3-^2 + SftjA/r + as) + a.^'f^ + 3a4i|r2 + ^a,y^ + «„, 
and the whole matrix F^ is determined by the statement that, for arbitrary a, 
2pT, {a; - a-, 1, 0), = 2/, / 0, - r, 9, p' \ (cr'-', - ^, 1, 0), 

r, 0, -p, q' 
— q, p, 0, r' 
—p, —q', —r, 

To modify the equation WTTe-^iQ^, Q^, Qs, Qi) = to the form suitable 
for the case when the Weddle surface is to = 0, we take any four constants 
\>^2,fh) l^i such that Xi^2 — Xa/i] = 1, and put 

= P'-=m-'=/ /Its- 2p.„fi, fi^^ -fax^a/ 

1 



■5J- 
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and 

F{-^) = (oif + a,)« = (axi/r' + a^)« . {\, - \,fy = -F, (i/r') . (X, - X,ff, 

where ->/r' = (^u^i/f - fii)/(X, - Xoi/r) ; 

then we find 

^-'V,-'^-' = / -r' q p \,= ye,\ say, {6' = ^jr'-'), 
r' -p q 

— q' p' r 

— p—q—r 
where, with 

we have 

PiP = ^'-, Piq^-^': Fi'' = l, PiP'= 2(^o-f'' + iA.ii|r'2), 

p,r' = 1 (Xo'f' -^ + X^■^'' + X,^'' + X^t'^ + X,i|r' + 1X=), 
so that pp' + gg' + rr' = — 1, 

and the equation fxW^Vf^ (Qj, Qo, Q3, Q4) = 0, 

written in the form 

■ilW,■uT.'u:-'Te-'^-'.^{Q^, Q„ Q„ Q,) = 0, 
becomes (p. 72), if we further suppose (p. 51) 

X2 = 0, /ij = fi^f-o, Xi//,o = 1, 4^/j^-* = Gaofo^ +... = F' (fo), 
where yfr^ is a particular root of F (yjr) = 0, the equation 

where 0' is any root of the sextic, 

Xo + Xi 6"' + X2(9'^ + . .. + X40''' + ^6'' = 0, 
and P, = _ \„ p + \j ^^ _ X,7;= + X,*?? - X4 ?= + 4fT, 

the form of w being given on p. 70. This form includes the case when y^' = 
or 6' =<xi; then 

Pi' = -i(6X„i|r'=>+...+4) = -l, p, = -i, say, 
|) = 0, g = 0, ?• = i, p' = 0, g' = 0, r' = i, 
and 7e'~' reduces to 7"^ 

When i/r' is not zero we have p^r' = — 1, and p^p', p^q' may be taken in 
the forms 

PiP' = -\ (t7)'(¥^i V^'' + ^'.^"' + ^3^'= + X4i|r' + 4), 
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Also, if o- 
before by 



Also, if a be an arbitrary quantity, t= -, 0' = —, and e^,-, be given as 



4(^-T)^ee,T= i (^t)'-[2X,, + X,,+>(0 + t)], 



= 



we have p, (juV^ - ?V + /) = (o- - -v^') o-i|r'e«', ,. 

And, if f{e')=\, + \e' + \,e'"-+\,e"^ + \,e-'+i>e'\ 

we have ^^^ = - ii^/(-f' ) = Ai/r'"/' ((9') 

= W'{\, + 2\,e' +...+ 4\,0'^ + 20^'"), 

so that 

K,q' = 1 (^\,e' + \,e''' + w), K,r' = - e'\ 

If (a^i. 2/i> 3i) be a point determined from (f, ■>?, f, t) by 

where C is a number, so taken that the fourth quantity on the right, as on 
the left, is unitj', the fundamental equation (p. 72) 

gives Fi(«i,3/i,0,, 1) = 0, 

so that («!, yi, 0,) is on the surface V = 0, and is the point previously (p. 65) 
associated with the point (^1, rj^, ^i, Tj) of li = 0. In the same way the point 
{x, y, z) determined by 

{x, y, z, 1) = 0,r-> (a^^ Q,»', Q^'", Q4"') 

is on V = 0, and is the point associated with (f, rj, ^, t). The tangent plane 
of V = at (x, y, z) is (p. 59), if X, Y, Z be current coordinates, 

XQ,+ YQ, + ZQ, + Q, = Q, 

and contains the point {x^, y^, z^) if only 

cr-'(Q^, Q„ Q„ QdiQu Q., Q., Q4) = 0, 

which is satisfied identically in virtue of the skew character of F""'. Thus 
each of the points (x, y, z), {x^ , yi , z-^ is on the tangent plane of the other, 
and their joining line is a bi tangent of the surface V = 0. We shall call 
(a?,, 3/1, z-i) the satellite point of {x, y, z) associated with the root "(/^ of the 
fundamental sextic which occurs in V, there being six such satellite points, 
one for each root ; they are the points of contact of the tangent lines to the 
plane quartic curve in which V = is intersected by the tangent plane of V 
at {x, y, z), drawn from the double point, {x, y, z), of this curve ; denoting the 

equation of V = in homogeneous coordinates x, y, z, t, when - , y , - have 

V V 1/ 
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been written for x, y, z, by F{x, y, z, t) = <^ V, the satellite point is determined 

(see p. 59) by 

/a^ dF dF dF\ 

In particular when the fundamental sextic equation has an infinite root, 
and / denotes what F becomes when we put Os = |, as = 0, and at the same 
time put X, y, z, t for x-^a,t, y-^a^t, z-^a^t, t, the satellite point of 
(x, y, z) corresponding to the infinite root is (see p. 70) 

{x„ y„ ^1, <,) = 4 / - 1 \ (Q„ ft, Q,, P4) 
10 
1 
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-A.( O O P 0^-( ^-f ^f ^f '^f\ 



dy' 

and the tangent plane * to /= 0, or say A = 0, at {x, y, z) is 

X2/1 -Yx,-Z+z^ = Q, 

in terms of the satellite point («i, 3/1,^1) ; it can, as we have found the matrix 
7«' (p. 74), be similarly expressed in terms of the other satellite points. This 
equation arises below from the functional relations obtained ; geometrically it 
expresses that the tangent plane at {x, y, z) of A = is the focal plane of 
(a;i, 2/,, Zj) in the linear complex expressed, in line coordinates {I, m, n, I', m', n'), 

by 

n + n' = 0. 
In general terms, the bitangents of V = are rays of six linear complexes 
expressed by 

r(X, Y,Z,T){x„y„z„t,) = 0, 

or, in line coordinates, by 

pi' + qm! + rn' +p'l + q'7n + r'n = 0, 
where p, q, r, p', q', r' have the values given previously (p. 73). 

Two further remarks should be added. Taking the case when in the 
fundamental sextic X^ = 0, X^ = 4, let x = f^ (u), y = ^21 («), z = ^n (u), 
^=^'m{u), »? = ^22i(m), etc., so that A(f, 97, f, t) = 0; let the satellite point 
of {x, y, z) be denoted by («', y, z) and (^', rj', f, r) be determined to corre- 
spond, so that A' (^', 7;', ?', t') = O, and f '/f = r,'J7) = ^'/f. With Q, = 4 {vr-^% 
Q2 = 4 (i?f — fr), Q3 = 4 (X^ — -rf), and P4 as before, we have 

x _ y •^' _ 1 

kxi.y surface of which the tangent plane is 2 = aa: + fcy +/(a, h) satisfies a differential equation 
z - p:^ - qy =f {p, q). Comparing 

X-p+Yq-Z + z-px-qy = with Xfp^^ (u) - Yfp^ (u) - Z + j»i, (u) = 0, 

we have for the Kummer surface p = S^ai (") = y'. 9 = - S'sa («) = - *'. ''-^'^ -9!/ = f n (")> and 
hence £i(- q, p, z-px -qy) = Q, where A is the symmetrical determinant of the text. 
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so that -2/'? + *'»? + ?'=0, -y''q + x'^+T = 0, 

while we also have, from the form of A, 

and hence 

j^^^v_ ^ r ^ r ^ T 

^-«' 2/- 2/' z-z' xy'-x'y y' {y - y') - x' {z- z')' 
If then 

x' = t,' + t.:, y' = -t,'t;, s: = t,'^' + rj', s,' = f/^' + v, 



we have 






V 'f '2_ s 'f '2 

and *' M^' = - (ii' + «2') <:'«2'r - («i'^ + «/«2' + CO »;' 



«/ - U 



K' 
= yx^ - (x'"- + y') v' = »'?■' - 2/ V = y (*■'?- 2/''?) 



so that 



^ ;-|; 

which are to be compared with the formulae (p. 38) 

In other words (cf. p. 40) the chord of the cubic curve 

which passes through the point (f, t), f, t) of the Weddle surface, cuts the 
cubic in the points d=ti', 6 = t„', where (ti', </) are the hyperelliptic parameters 
associated, not with (f, 77, f, t), but with its satellite point (f ', rj', ^', t') ; so 
that, if u' be the hyperelliptic arguments associated with this latter point, we 
have 

From the relations 

-y'^-¥x'r) + ^=0, -y'r, + x'^+T = 
we have 

^dx' -ridy'=- {x'd^ - y'dr) + dr), ^dy -r/dx = x'dr) - y'd^ + d^. 

Also 

and 8,%'' = 1 6 (ai - i,) (ffli - ^2) (a^ - <i) (a2 - ^2) . . . (c - «i) (c - t^), 
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where a,, a„, Cj, c^, c are the finite roots of the fundamental sextic, so that, if 

Pflj = 2/ + Oja; - ttj-, etc., Pa^ =y' + Chx' - a,^ etc., 
we have s-^ si = — \ 6P(j, P^^ . . . 

^" r V r vft' v-4.,v 4i(-p./p<^'...)i' 

further the cone containing the space cubic ^/l = —7)16 = etc., whose vertex 
is at the point 6 of the curve, is G^ = 0, where 

c, = Qi - eq, +d'Q, = -Q, iy' + ex' - e^\ 

so that -P„/P„,;... = Q3-^C,.(7^... = Qr''QA,f^a.Cc,C',,(7„ 

and thus — = ...= r- 

Hence (cf p. 43) 

, , _ i^'dx — T)'dy' _ f ^dx -rjdy' _ Q/ — x d^ + y' drj — dr 

and 

, , _ — rj'dx + ^'dy _ Q/ xdrj — y'd^ + d^ 

= ft^^ +Q^c^^ + Q^cZr 

These are forms given by Schottkj', Grelle, CV., 1889, p. 249. 

Taking the expressions on p. 41 for f ^, etc., it is found, for w = 0, that 

11 = 9A 

p 16o- = 
wbere a=Q, [\ ^r] - X,t]^ + X317?- \ {r,T + ^ + «?'r] 

+ a [^0 (r? + lyO - ^i'7?+ ^C'- X3?t], 
while 4a) =Q,[X2^7?-X3,;^ + \, 9,^-4^^] 

+ Q. [- 2X„ ^77 + \, (ff + 7;=) - X,7;i: + X., ?= - X4 rr + 4t^] ; 



hence 



Q/ 1 Q: 



-leie^Oa,...)^ 16 a 

or (QsC.....)^ = -<rQs, 

so that Schottky's forms for the integrals of the first kind are expressed so 

as to contain only a square root. 
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18. Consider now two matrices V^, T., corresponding to the roots ■^^, -v/r^ 
of the sextic equation of p. 73 ; with the values for p^...p^ ... and p.^.-.p^ ... 
there given, we have, identically, 

piP-2 (piP-2 + q^ql + nn' + pip. + qiq-, + n'?-,) 

= V^i' (aoi^a' + 3ai->|r.3"- + aa2-v|r., + 03) + . . . + (a„->|ri5 + Qa^->^y* + . . . + Sa^) 
= (ti - t=)-' [«o (t/ - ^') + 6a, (t/ - ,/r,0 + . . . + 6a, (fa - ^^2)], 
which is zero because -^^ , •v/r^ are both roots of the sextic ; hence 



T,v.r = 


/ ' 


-n qi 


P/ 


\/ ^ ~"' 


qi p->\ 




r. 


-p, 


2x' 


] '-' ' 


-K ?2 \ 




K~'^' 


Pi 


n' 


[-q~ ./ 


Or.} 




\-p. 


-qi - n' 





^ ^-^5, -^. 


- r, / 


'v^-qiq-z- 


-P^P". 


q,lh-piq2 




np.J -pi'r.. 


- r^q^ + qxTi 


P.q-l - qhh 


- 


- r^r^' - Pip.2 - 


?l'?2 


nql - ?i'r= 


riPi-piV., 


Pir-2 - r^lh 




qir-. - r,'q. 




- q^q-I - P1P2' - ry 


V, -qi2h+P:q2 


JiV+n'?/ 




Pir-2- r.'j}.: 




-piql+qipl 


-pip2-qiq2~ r^r.. 



from this it follows that we have the equations 

r,r,-' + r„rr' = 0, rrT., + r,-T, = 0, (r,rrO' = - 1 = (^^'^,,)^ 

of which the others are the same as the first, either being equivalent with 
what in geometrical phraseology is expressed by saying that the linear 
complexes associated with Fj and Fj are in involution, or are apolar. 

Take then the correspondence (pp. 75, 76) of the surface V expressed by 

(x„y„z„t,) = T,^{-^^, ^, g^-, ^j, (A,) 

the sign = being used in place of =, to indicate that we disregard a common 
factor of Xi, y-i, Zi, ti; the geometrical interpretation of this correspondence 
which has been given shews that, in virtue of 

F{x,y,z,t)=0, F(x„y„z„t,) = 0, 

this is equivalent with 

if then we take 

/ . ^ - r -I ^^Z ^ ^Z ^Z^ 

that is (a;i2, 2/,2, ^12, iij) s Fr'Fi (a;, y, z, t), (^12) 

the equation F2~T, + rrT2 = gives 

(aJl2, 2/12. ■2l2- ^12) = (^21, 2/31. ^21. <2l). («. 2/. ^. = Tj-Ti (aJij, 2/12, 2i2, tia). 
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and the equation (^,2) determines an involutory linear transformation of the 
surface V = into itself 

If we further put 

._j._JdF dF dF_ dF\ 



Kjdx^oJ 93/13' 92^12' 9^,2/ 
and notice that any linear transformation 

{x, y, z, t) = h{(Ci„, 2/12, Za, Ui), 
or *■ = hi^Xyj, + A122/12 + K'i^vi + KA«., 



dF , dF , dF , dF , dF . 
^^^"' 9^2 = ''" 9^ + '^^^ 9^ + '''' Tz-^^"di' "*°- 

ami (^JL ^ ^JL ^Jl.]=k(^j[ ^J^ ^-E ^Z.) 

V9xi2 ' 93/12 ' 92^]j ' 9*12/ \dx ' dy ' dz ' dt J ' 

we shall have, as the transposed of the matrix ri^'Fj is TaFi^^ 

(*'j23l 2/l23) ^123; %3) — i 3 -l 2^- 1 la,,.' 3,.' 3^' 9// \-"l23J 

It can be shewn that the matrix rs^TaFi"' is a symmetrical matrix, 
independent, save for sign, of the order of the suffixes, and that the trans- 
formation Ai23 is also involutory. To prove it a symmetrical matrix, notice 
that its transposed matrix is 

TV r;rr = (- rrO (- r2) (- t,-') = - rrT2rr' = rrT3rrs 

because r^Fr' = - r3r2-S and this = - rj-T.r,-' = rj-TsFr', which is the 
original matrix; to prove it independent of the order of the suffixes 1, 2, 3, 
notice that 

_ _ p -ip ri -1 _ p -ip p -1 

— ^1 ^2*^3 — '^l ^3'-2 ) 

each of these equalities arising from the equations F^^Tg = — Vf^Fr ; to 
prove the transformation involutory, denote it by 

/dF dF dF dF^ 



/ ' I ' ui\ T-i ,n-n 1 f^^ oi^ Si' dF\ T-,-iTi / a\ 

(x,y,z,t)BTrrjrr[^. -, g^, -^j^r3T2(^,,2/„.„U 

so that 

/a? dj[ d_F dF\^/d_F d_F_ d_F d_F\ 
[dx^ ' dy, ' dz, ■ 9« J " ' " [dx ' dy' ' dz' ' dt' J ' 

because F2F3~' is the transposed of r3~T2; then 

(,x,y,z,t)-l, ^g^^, g^^, g-. g^J-1: I2I3 ^9^,, 3y> g^,, 9^-j, 

which, rearranging the suffixes, expresses x, y, z, t by the same functions of 
*! y\ •z'. t' as does ^123 express x, y', z', t' in terms of x, y, z, t. 
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If for an instant we write 



(■''123 1 yi23 > ^123 ) f 123) — / 0, 
h 


h 
h 


9 

f 


V 


\ \dx' 


dF 
dy' 


dF 
dz ' 


dF\ 
dtj ' 


^ ^ 


f 


c 


w 


1 








\« 


V 


w 


d^ 










le pole of the tangent plane 

















dx dy dz dt ' 

in regard to the quadric 

U = aX"- + bY^ + cZ' + d + 2fYZ + 2gZX + 2hXY+ 2uX + 2vY+ 2wZ = 0, 
is given by the three equations 

,,,,,, , ^ ^,JdF IdU IdF 

and thus coincides with {x-^.^, 2/123. ^123 > *i23)- 

As we have obtained a point {x-^^, ...) from {x, . . .), so we can obtain points 
i^vH,---) etc., there being twenty in all. It can however be shewn that 
{xya, •••) is the same as {x^i^, ...), namely that 

or r.rrTsFrT.rr' = 1. 

Of this result a geometrical proof can be given, founded on the interpretation 
of the transformation rs^TsFi""' as a reciprocation in regard to a quadric 
surface, which has just been noticed ; we shall give an analytical proof, 
having, it would seem, an interest of its own ; not to interrupt too far our 
present work, it is placed as a note below (Appendix to Part I., Note I.). 

Assuming this result we have now shewn that, from any point {x, y, z, t) 
of the surface V = 0, can be found 31 other points of the surface, whose 
coordinates are rational functions of {x, y, z, t) ; these are, first, the six 

(.Xi,yi,Zi,ti)-U Ua;' dy' dz' dt)' 

whose geometrical determination from {x, y, z, t) has been described ; then 
there are the fifteen points 

yXij , yij , Zij, tij) = 1. i i. j(x, y, z,t), 
obtained from {x, y, z, t) by a linear transformation ; and, last, there are the 
ten points 

{osijk, yijk, Zijk, tijk) - 1 i 1 ji * [dx' dy' dz ' dt )' 

which, as we have seen, are the poles of the tangent plane of V = at 

(x, y, z, t), taken in regard to ten particular quadric surfaces. Each of these 

B. 6 
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correspondences is involutory, in the sense that they are respectively equiva- 
lent with 

(x, y, s, t) = Tr^Tjixij, yij, Zij, tij), 

If the writing of dF/dx, dF/dy, ... be denoted by T, the symbols of the 
32 points are 

or, if Tf'T^Si, are, in virtue of 2'''= 1 and Si'^l, 

1, Si, SiSj, SiSjSic, 
which, because SiSj = SjSi and S^Sr,SsSASs =^ 1, represent a group of 
32 transformations, every one equal to its inverse, and every two commutable 
with one another. By application of all the operations of the group to any 
one of the 32 points, all the other points are obtainable. The sixteen 
operations 1, Fj-Tj form a group by themselves; the sixteen points arising 
from (w, y, z, t) by the operations of this subgroup, lie by sixes on sixteen 
planes, of which six pass through every one of the sixteen points ; for 
consider the plane represented, when X, Y, Z, T are current coordinates, by 

Vi{x,y,z,t){X, Y,Z,T) = 0; 
it contains w, y, z, t since Fj is a skew symmetrical matrix ; it contains 
{Xij, yij, Zij, tij) provided 

ri{x,y,z,t)ri-'rj(x,y,z,t) = 0, 
which, since the transposed of the matrix Fj is — Fj, is the same as 

Tiri-Tj(x,y,z,t)(x,y,z,t) = 0, 
and is satisfied because Fj is a skew symmetrical matrix. The plane in 
question thus contains the six points (x, y, z, t), (xy, ...) for j^i; next 
consider the plane 

F,FrT3(*, y, z, t){X, Y,Z,T) = 0; 
since the transposed of the matrix ri~T2 is FjFi"^, and 

F.FrTiFr'Fs (x, y, z, t) {x, y, z, t) = 0, 

it follows that the plane contains the point Fi~T2 {x, y, z, t) ; and thence, as 
FiFr'F3 = F2r3-T, = F3Fr'F2, and FiFr'FjsF^Fr'Fj the same plane contains 
the points 

Vr'T, {x, y, z, t), Fs-T, (,x, y, z, t), Fr'F, {x, y, z, t), Fr'Fe {x, y, z, t), 

T,-'T,{x,y,z,t); 
there are six planes whose coefficients are the four quantities Fj (x, y, z, t), 
and ten planes such as that whose coefficients are the four quantities 
FjFa^Ts (x, y, z, t) ; the six planes F^ {x, y, z, t) pass through {x, y, z, t), and 
the six planes FjFj^T^ {x, y, z, t) pass through the point Fr'Fj {x, y, z, t). 



CHAPTER IV. 

THE EXPANSION OF THE SIGMA FUNCTIONS. 
19. The differential equations denoted (p. 50) by 

have been seen (p. 48) to be satisfied by an integral function 

where ^(Wi, Mj) is a power series in u^, u^ converging for all finite values of 
these, and a^, cu, Ci,C2, b are arbitrary constants. By choosing these constants 
suitably we can introduce various simplifications into the form of the solution, 
and then, as we know, by the formula here put down, the general integral, we 
can obtain this by reintroducing the constants into the particular integral. 
We have seen in particular (p. 24) that the equations are satisfied both by 
odd and by even functions. Consider first an even function ; we have for 
any values of Mj, Mj, if cr, Ci, o-ja denote cr(u), da/diii, d-cr/duidu^, etc., 

^222 = — (0"V222 - 30-0-2«'"22 + '^°'i)l<^, CtC, 

so that, if o- (0) = 1, o-i(0) = 0, o-2(0) = 0, 

f^ (0) = - ff^(O), ^^ (0) = - o-^ (0), ^,m = - <rn(0), 
^222(0) = ^22i(0) = ^2ii(0) = ^m(O) = ; 

the last equations shew that the values Mj = 0, M2 = make vanish all the 
minors of the determinant V (cf p. 59), so that the point is a node of the 
surface V = ; it is however not at infinity since ^^ (0), etc., are finite ; and 
denoting these last quantities, the coordinates of a finite node of the surface 
V = 0, by a;o. yo. ■^0. the development has the form 

o- (w) = 1 - \{xaui + ly^u^ + z^u^') + terms of fourth and higher order ; 

it will presently be seen that the terms of the fourth and higher order are 
determined, from those of the second, directly by the differential equations ; 
the series then represents one of the ten even functions before met with 
(p. 24). 
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Consider next the case of an odd function ; as then <t (0) = 0, we have 
also ^h(0) = oo, P2,(0)=oo, Pn(0) = '». and the point Mj = 0, W2 = is at 
infinity on the surface V = ; as we approach this point, however, the ratios 
f^{u) : P2i(m) : g>ii(w). being those of <j(t^ - a^ : aa^i - ^i^^i '■ ffo-n - <r\, become 
the same as o-j^ : a^a^ : a^' ; now the terms of the fourth and third order in V 
are easily seen to be 

(xz - y^y - a^ + &a,xhj - 3a„ {x'z + ^xy") + ^a^ (fixyz + 2y') - Sa, {xz" + V^) 

+ Qa^yz'^ — aez\ 

and, for x = — {cra^ - a-i)ju'^, etc., we find 

xz-y''= {a- (<T22an - a^^) - (cr^.^cri' + ai^a./ - 2a^ia.,a,)}/cr', = P(t~\ say, 

so that V = is equivalent with 

F' + a, {aa^_ - a,J +...+a, (aa,, - a,J + a'H = 0, 

where H is an integral function of Mj, w,; for cr = 0, 0-22 = 0, 0-21 = 0, cth = 
this reduces to 

- a„cr2« + GaiO-jVi - loa^aJa^- + 20a3O-2^o-i' - loaiO-jVi* + Gascrjcr/ - QgO-i^ = 0, 
and the ratio cr2(0)/cri(0) is the negative of a root -v/f of the equation 
F if) = aoyjr' + 6a,-<fr' + Ida.ylr' + . . . + 6a,-f +a,= 0; 

thus the terms of first order in the expansion of an odd function are, save 
for a constant multiplier, of the form u^ — u.^^^-, and the values u, = 0, u.^ = 
are associated with one of the infinite nodes of the surface, there being, as 
we have also previously seen (p. 24), six odd functions. It will be seen below 
that the terms of third and higher orders are directly determined from those 
of the first by the differential equations. 

We apply these results now, first to obtain some terms of any even 
function ; we use for this the general form of the differential equations, as 
affording the most convenient way of explaining the general method of using 
the differential equations for the expansion of the functions : and then to 
obtain some terms of the expansion of a particular odd function, which, for 
several reasons, appears fit to be regarded as the fundamental sigma 
function. 

20. An even function is of the form 

2!4!6!' 

where Ur denotes a homogeneous polynomial of dimension r in tfj and u^; we 
have expressed U^ above in terms of the coordinates of a node of the surface 
V = 0, and we have previously found these coordinates (p. 64). It appears 
thus that 
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where -p^q.^, or {p^u,^ -VpiU^^ (qiU, + q^u^f, is one of the ten ways of writing 

ao^ti" + Boiw/Mj + \?ia^Ui*ui + . . . + &ar,u^ui + a^ui 
as a product of two cubic factors. If, now, in the differential equation 

we equate the terms of aggregate dimension 2n in u^, zt/, m„ ui on the two 
sides, we obtain, if we put 

O ri o 'i 

^''^'bu^' ^^^du,' '^'^du'" ^^^du" ^ = ^^^<^ + ^A, B' = !i,d/ + h^d,', 
the equation following, which we shall refer to as the determining equation, 

IT W TT' 



2 ! (2w + 2) ! (2n + 4) ! 

a«/3; a/./37, -[27i! + (2n-2)!2! + (2«-4)!4!+-" 

, ^ 2 *-^ 2n— 2 j^ t-' 21 



' 2 ! (2w - 2) ! (2?i) !l 
- ttA^ {ai= {d,^ - d.,d,') - 2a, a^ (d,d, - d,d/) + ai' (di' - d,d,')] 

J t-' 211+2 . "2n^ 2 . , ^2^ 2K . ^I 2,1+2 



[(2ji + 2) ! 2?i ! 2 ! ■" 2 ! 2n ! (2«. + 2) !j ' 

but, if Ur be a homogeneous polynomial in u^, u^ of dimension r, which we 
may write symbolically {ip\U^-V piU^" or ^k*", we have 

r\ {r-s)V 

and if in this we put Wj for h^ and u^ for A2. it becomes pv!'l{r — s)\ or 
f/y/(r -s)!; as in our differential equations the h^, A2 are arbitrary and we 
are to put u^, u^ for m/, ui after differentiation, the substitution hi = Ui,h2 — u^ 
after differentiation is allowable ; thereby, from 

^ ml k\ 

if both m and A; be greater than 4, we shall obtain 

Ur. u, , U, U^ ,1 u„ u, , u, u„. 



IT, + TT — 7T-, rr7 - * rr. — ?rr, -,t. — tit, + 



(m-4)! k\ ^(A-4)! m! l(m-3) ! (A;- 1) ! (A;-3)!(m-l) 



V(m-2)!(A;-2)! (A;- 2)! (m- 2)!; ' 
or say 2C,n,hUmUk, 
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where 



m!(A;-4)! (m-1) ! (/k-S) ! (to-2)! (A;-2)! 

4 1 



(m-3)!(A;-l)!^(m-4)!A!' 

the same formula applies to cases where m, or k, is less than 4, provided it be 
understood that terms which would involve in their denominators factorials 
of negative numbers are to be omitted. In particular, if ?m = 2w + 4, A; = 0, or 
if m = 2?i + 2, A; = 2, we have 

2r - 1 2C ^ 4.6 



-»+4,o-^2n)!' "^«'+^'2 (271-2)! 2! (2n- 1) ! ^ (2«) !' 
thus the left side of the determining equation has the form 

J- ^ 2n+4 , ■*■ -c r* TT TT 

o / o \ I "■" o " ^2n+i—2k, 2i •-' 2n+4— 2J; "-^ 2* ; 

where under the sign of summation no polynomial Ur occurs for which the 
sufiSx r is greater than 2?z + 2 ; from the form of the determining equation it 
is thus clear that the differential equations determine 11^+^ in terms of 
polynomials Ur of less suffix ; taking then, in turn, n = 0, n = l, etc., all the 
terms of the expansion of the sigma function are seen to be determined when 
those of zero and of two dimensions are given. It may be worth while how- 
ever to enter into more detail as to the form of the right side of the determining 
equation; if Um=pu^, Uk = qu, we have 

v ™ 1 

a„^ (a^^di - 2a,a,d^d, + ccj'd,') ^ = _ , (a,p, - a,p,ypu"^oiu\ 

this being a polynomial in Mj, Mj of dimension m + 2, whose coefficients are 
linear functions both of the coefficients in Um and of those of the sextic a^^ 

or/; denote this by z 9Yi(/> ^m)^', further 



/n ffiri ,^ J- n ,^^n ' 



m\ k\ 



= (^ra-l)\{k-\) \ ""' {''^'(P-'^~''lu'''-'p.q2+Pu'^-'qJ-'p,q.) - ■ 
becomes, on putting Mj, u^ for w/, u^', 
2 



(m-1)! (k-l) 



a,* (aj^psg'a - (^ittiP^qi - aiOtaPiga + a-iPiq-dpu'^'^qu 



■m—i/y fc— 1 



or {m-l)lik-l)l ^"^^ ^"^^ '^u'p.r-'qu''-\ 

where {ap) denotes a-^p^ — a^p,. ; we may denote this by 

2 



(m-l)!(A;-l)! 



(/; Uyn, Uk\ii ; 
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then 

a„* [«,= id,' - dA') - 2«,c,, (c4d, - d,d,') + a,' (d,' - d,d,')] ^-'■^'^ + ^r^U^ , 
when W]', -u^ are replaced by w, , Mj, is equal to 

k] {m-2)\ {k-r)l{m-l)l ml{k-2)\' 

it being supposed that neither k nor m is less than 2. The value assumed by 
the other terms of the right side of the determining equation when w/, u/ 
are replaced by u^, u^, needs no explanation. 

The terms of second degree in the expansion of the sigma function have 
been seen to be an integral covariant of the two cubics into which the funda- 
mental sextic is split in order to define the particular even function under 
consideration ; it is manifest from the previous work that the terms of any 
other degree are also an integral covariant of these cubics. 

21. If we attempt to apply the preceding method to determine an odd 
function 

7-r f^3 U, 

the differential equations will similarly determine 

(g4 _ 4g3g' + 3g.s'2) ^U^+,U^ + U'^+,U,)/{2n + 3) ! 

in terms of Z7i, JJ3, ...,U^+i; on putting, after differentiation, Ui,U2 for Ui, u^ 
and M], U.2 for hi, h^, this gives 

thus the terms Um+s are determined in terms of preceding terms, except 
when 71 = 2 ; namely U3 and U^, in succession, are determined from Ui, which 
we have found to be of the form c (mi — yjrUi), and Us, Un, ..., without exception, 
are determined from preceding terms ; but U., is not so determined. It is 
necessary then, presumably, in order to use the differential equations to 
determine U,, to keep them distinct, that is, to abstain from replacing the 
arbitrary quantities h^jh^hy Ui,u^; it is to be remarked however that the five 
separate equations are in general more than is necessary : after four differen- 
tiations of a term U^ U'^n+s + U^ V^n+s there results, when w/, u^' are replaced 
by j^, M2, a binary polynomial of 2n dimensions in tij, Mj ; thus each differential 
equation gives 2n -|- 1 linear equations for the determination of the coefficients 
of C/m+3, and the aggregate of the differential equations gives 5 (2/? + 1) linear 
equations for the 2n -i- 4 coefficients in U^n+s ; these are known, by the theory 
preceding, to be consistent, and that they are sufficient, except when 
2n + S = 7, is shewn above ; but in general they are more than sufficient, 
and it will be shewn below that when Us and U^ are found we can determine 
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the terms U-! and TJ^ simultaneously, by equating terais of dimension six in 
the differential equations, and this without utilising all the linear equations 
given by the differential equations. 

In order to justify this statement in detail, it is sufficient to take the 
differential equations in the forms to which they are reduced by such a linear 
transformation of the arguments Mj, Wa as corresponds to a transformation of 
the associated sextic to the form 

this linear transformation of the arguments being accompanied by a 
multiplication of the sigma function by an exponential e^»iH£«,«2+c«2'^ 
equivalent with the addition of certain constants to the second logarithmic 
derivatives ^22, ^21 > Pn ', this has been explained in detail in a previous section 
(pp. 49 — 52). The forms obtained, which we shall utilise, were, writing oc, y, z 

for g)2o, ^51, ^„, 

^2-222 - 6^^' = \\z + ^•4^; + 4^/, 

^•2221 - 6^00^21 = ^4 2/ - 2^:, 

g>2ai - 2f 22g)n - 4^21= = IX^y, 

^2111 - 6g>2i ^11 = - Xo - -^Xis; + X^y, 

Pmi - 6^11'' = - \'K>^i + i'^i^ - 3Xoa; + \-,y + \^z ; 

multiplying these by h^", ^hih-^, .... AA and adding, we obtain 

= ^Paa' + [A {d,' - d^d,') + B(d,d, - d,d,') + G{d = - d,d,')] aa'. 
where P = - X3 V + SX^h^h^^ + (X^Xt - IX^Xs) h-,\ 

A = XX* - ^KhA" - 3\o^i', 
B = 4^2* + "iXA'h, + 3X3 V^i' + 4X0^-2/11' + Xi/i/, 

With the general form of the fundamental sextic the linear terms in an 
odd function have been shewn (p. 84) to be a constant multiple of u^ — yjru^ 
where yjr is a. root of the equation ao'*/^'' + 6ai'v/r'^ + ...+a^ = 0; with the trans- 
formed form now under consideration one of these roots is zero ; we shall 
therefore consider that particular function for which the linear terms, in the 
notation now being employed, reduce to u^ ; any other is conversely derivable 
from this by transformation. Putting 

where U^^i is a homogeneous polynomial in m,, u.. of dimension (2n — 1), 
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with Ui = Ui, and equating terms of dimension zero in the differential 
equation, we have 

^ (S4 _ 4S3S' + 3S=8'=) ( U, U: + U,U^) 

= {A (^2= - (^ac^;) + £ (d^d^ - d^d^) + Cid,"" - d^d^')] u,u^', 

and hence - |S' [Tj . S' U,' = - Cdid/ u, u,', 

which, putting u^, u^ for m/, m./ after differentiation, and h^ = u^, h^ = u^, gives 

AtUsVr, = — Smj^i + X^sUi*, 

or ZJs = iX^Mi' - 2u,\ 

Equating terms of aggregate dimension 2, in Mj, t;,, «/, m/, we have 

= iPw.tt,' + [A {di - d,d,') + ...] , ^'^3' + ^3?7/ ^ 
and this gives, when we replace «/, tij' and h^, h^ by Mj, u„, 

Mif7,-4^-4-^ + 3Y 

= |P„Mi^ + A, (- 2M2M1) + 5„ (+ zt^') + Co (iX^V - ^\,Mi^ - ^X^Mi''), 
leading to 

— C/'s = 2X41*2^ + ^XsU^Ui + OX^U^U^- + 5XiW.2^M]3 ^ 10X0 M2W1' 

+ (^^0X4 - ^XiXa - iV V) w,^ 

For the determination of f/,, as has been explained, a more laborious 
process may be followed. Picking out the terms of aggregate dimension 6 in 
tti, M2, Ml', Ui in the composite differential equation 

(g4 _ 4g3g' + 3g2g'2) o-^' = ^po-^' + _ _ ^ 

we have, for the determination of the 8 + 10 = 18 coefficients in U., and U^, 
the 35 equations obtained by equating the coefficients of h^*'^hiU^~^Ui', for 
r = 0...4, s = 0...6; putting 

71 71 



Us = iro-w2' + 9K1U.2H, + — ,; , K^u^^ui' + ..., 



9! 

2r7!' 



it is found that the 14 equations obtained, by taking the coefficients of 
hi*U2^-^th\ hihiU^~'Vri\ for s = ... 6, that is, the first two of the five separate 
differential equations, determine 

Ho, Hi, ..., He, Ko,...,K;„ 
beside furnishing a single relation connecting H^ and K^; the remaining 
coefficient H.j, of C/7, together with K^, may then be found by taking the 
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coefficients of hih^^u^Ui in the composite differential equation; and finally 
the remaining three coefficients of C/9, namely K.;, Kg, Kg, may be determined 
by taking the terms in hih^^u-i^, Jh^u^th^ V^i* respectively; and having 
thereby determined Uj we may verify the form simultaneously obtained for 
Ug by putting, in the composite differential equation, after differentiation, 
hi = Uj, h^^u^. Except as, perhaps, the best practical method, and to secure 
accuracy, not all the work indicated is really necessary, since the covariantive 
character of the expansions enables us to determine all the coefficients in U, 
from one of them, and similarly for the terms of any other dimension, as will 
be exemplified in detail. Nor is it necessary to give here the actual 
computation ; the results, found by the method, are 

ir, = -(2X, + 1X3X4), 
^2 = - (2X, + 1X2X4), 
•"3 = ~ (2X(, + 5X3X3 + -fXiXi), 

Hi = - (iXiXa + X0X4 + i\'), 

H^=- (f XoXj + \\i\2), 
■tie = ~ (-^^0^2 ~ V)i 

S^7 = ffVV + ^\'>^2\ - ^iwx, - ^x„x, + 1X0X3^ + |x,»X4 

for U, ; and for Ug are 

ir„ = I6X2 - 6X3X4 - 2X4^ 

Ki = - i>.3' - 8X1 - 4X2X4 - ^X3X4^ 

K, = - 1X2X3 - 4X1X4 - iX^V - 20X<„ 

K,= - 6X0X4 - ^XjXsXj - ^XiXi^ - ^X,^ - ^XiXj, 

Kt = - X0X3 - W - X.X," - 1X1X3X4 - ^X2''X4, 

K, = - |Xi^ - ^Xj^Xg - ^XiX3= - 1X0X3X4 - 1X1X2X4 - X0X2, 

Ke = - ^X,= - ^XiXsXj - iXoX2X4 - 2X„X, - 1X0X3^ + 1X1=^X4, 

K, = - 10X„= + 1X0X1X4 - ^X„X2X3 + 1^X1% - ^\Xi V, 

-STs = - -^XoXj^ + 1X0X1X3 - 4X0^X4 + 3X1^X2, 

^9 = ^ V + f V + ^W\ - HX0VX4 - ^x„XiX2 + §x„x,x,= 

+ 1X1^X4 + ^\^\ - ^X,%^ + 1X0X1X3X4 - 1X0^X4=. 

22. The simplicity of the forms of the differential equations which have 
just been used arose partly from the addition of certain constants to the 
functions ^22, ^21, g>ii (see p. 52); we introduce now the more general 
function 

cr^=e^o-, i?=-.^(X4M2' + ^X3M2M, +X2iti^), 
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and write 

so that 

putting c7^=F, + F,+ F, + ..., = e^(C7, + |j + |^=+...), 

where each V denotes a homogeneous polynomial of the dimension indicated 
by its suffix, we have 

""5 ! 8! 2! " 

and so on. The forms V^, V3, V^, ... are then unaltered by any transformation 

M2 = U2' + hill', w, = M]', 

provided the correspondingly changed values A^', ^Z, A^', . . . are also intro- 
duced, those namely given by 

Ao (mj' + Am/)' + 5Aj « + hu^'y «/+... = A^u^^ + hA^u^^ul + . . . , 

or A; = Ar-^'lilAr-\-\h^l''Ar^- ..., 

where 

Now if 

then, as u^ = u^ — hu^, 

fg- Wi — j7(^o, Ai, ..., 11^, M,, ...) = 0; 

thus, if Vm = ^0^2™ + mF-.u^-'-u-, + ^m (m - 1) P^m^'^-^'Wi" + . . . _ 
we have SPo = 0, IF, = P„ BP, = 2P„ ..., hPr„ = mP^„ 

and so F™ = fl + -^S + l-, ?]s» + ...) Pr^u^, 

which we may denote by 

When we carry out the changes of notation we find in fact 
(TK (ui ,u,) = (l + ur'u,8 + — Ml" VS= + . . . ) ff jr (Ml , 0), 
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where 

a-K (u, 0) = M - ^^3"' + i {^A,A, - 3^3° - 24 1^5) W 

+ ^^ (67^3' + 60AM^ + 754,44^ - 66 A,A,A, - 135A^A,A, - A^A,) u' 
+ ^j^ {250^/ + 2910^243^^4 + 27 6A,AM. + 1084 ^^^^ + 900A,A^A,A, 
- 117143^- 3484,4445 - 9004,43^44=' - 11254,^44= - 1804,^45^ 

- 72042^434,} u' 
+ etc. 

The full values for 

0-A'(«l, u,)= V,+ V,+ V, + ... 

are 

Vi = u„ V, = - ^(m/ + 34jM.22«i + SA^UsM," + A3U1'), 

V, = iwi }3 (4,2 - 4,) M/ + 6 (4i42 - 4,) u,'u, + {2Ai' + 2A,A, - 5A,) u,W 

+ 2 (4^43 - 4^) u,ui> + (- 343^ + 54^44 - 2414^) u,'}, 

r, = -ris(4i^ - 4^) M/ + ^{5A,A,-2A,-3A,')u,''u,+i{4<A,'-A,-SAM2) u,W 
+ yL(234243 - 104,44 -A,- SAM3 - 94,42^) u^W 
+ j\(2SAi' - 104^^4 - 34„^ - 44,4^ - 64,4343) m/V 
+ K54344 + 24,^4, + 34,4 3=^ - iA,A, - oA.A^A, - AM3) u,W 
+ 1^(1044'' + 64,4245 + 94^432 - 10434^ - 154/44) u,u,' 
+ Tk(6743^ + 604^5 + 754,^4^ - 664,434^ - 135424344 - 444^) V ; 

while 

7, = ^(43 -34,4^ + 24,^) 

+ 1^ (214,^ + 164,43 - 344,='42 - 4/ - 244) 

+ "j— (- 354,4,^ + 21AM. + 114^43 + 34,==43 + 4,4^ - 4^ 

+ -J— (- 394^' + 274,=42^ - 104 ,4^43 + 64,^43 + 134^44 + 54,^44 

+ 443^-64,45) 

+ ^ (34,4^2 - 144^^3 + 34^243 + 104,4244 + 4344 - 34 ,=4^) 

u ^u ^ 
+ -^ (34^^ + 124,4^^3 + 304,='4244 + 4434^ + 204^^4 + 404,4344 

- 544= - 624^43^ - 124,4245 - 124,^^ - 184i='432) 

+ ^ (- 54,44^ + 30424344 + 204,4345 - 184,^4,45 + 454,42^4 



- 27 A^A,A,' + SAMz - 2A,A, - 31A,'- I542U5) 

l!<r,AA 2-1- IS 

252 



+ w' (854244= + 1324,^4345 + 2704,424344 + 10542^44 + 124,444 



- 7543''44 - 6342=43=' - 16424,45 - 1624,42='45 - 1344,43^ 
-.445=-1504,M40 
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- 61A,A,'-3lAM,-'i:A,Ai' - 75A,A,A-' - 60AM,) 
+ ilgg (250 J/ + 29104,^3^, + 276A,AM, + lOS^^^l,^ + 900A,A,A,A. 
- 1171^3^ - 34843^,4, - dOOA,A,Ai' -n25AM^ - 1804,^^5= 
-7204,^3^,). 

23. From the expansion which precedes we can obtain that of any odd 
function in terms of variables u/, u^ associated with the general form, 

aow/* + 6aiM]'^i<2' + . . . + a^ti^^, 

of the fundamental sextic; for this we have only to write 

Ui = m{u^ — -^u^), U2 = nUi' +pu2, 

where in{p+ nyjr) = 1, and change the notation for the constants by means 
of the identity 

4?» (m/ - i/rw/) [A^m' (mi' - i/rus')' + • • ■ + Ao(nui +^1*2')=] = ttoV + • ■ • + aeU^'^- 

Instead of doing this we shall obtain, as far as the terms of the third 
degree, the expansion of any other odd function than that considered above, 
for the reduced case when the differential equations have the form given by 
(84 _ 483g' + 3g2g'2) „ o-' = ^po-o-' + [^ ((^^2 _ (14;) + B id4, - dA') 

+ c (rfi^ - dA')] 0-0-' ; 

Us rr U, 

putting 0- = Wi--<|rM2 + — +..., =t/i + g-|+ ... , 

and equating terms of zero dimension in v^, u^, ih, u^ on the two sides of the 
equation, there results 

(S4 _ 483g' + 3g28'.) U,U:+U,U,' ^ ^^ ^^^, _ ^^^,^ + . ..J t^^ u^_ 
leading, when «/, u^ and h^, h^ are replaced by Mj, Uo, to 

where A^, B„, Co are the values of A, B, C when h^, h^ are replaced by Mi, u^; 
the right side is found to be of the form 

{u^ - yftu^) H - Zu^ui (Xo-f ' + W + '>^-f' + '^3-f^ + \f + 4) ; 

as yjr makes this last quintic function vanish, we therefore find 

- 4 f/s = U2' (Xi-f - 4) + Su^'Ujf (X„-«|r5 + Xi^= + \f + X3) 

+ 3M2t*jY (\of' + \ir + Xj) + U^' (3Xo^|r= + X,f - X^)- 

24. As a last example we find the terms of the fourth order in an even 
function with the same reduced form of the sextic and differential equations. 
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As in the general case (p. 83), if the constant term be taken to be unity, the 
terms of the second order will be - |(a;„M2= + 2t/„M2iti + 2^„tti=), where 

X, = p^(0) = - 3^ log a- {Q)ldu,\ etc., 

are the coordinates of one of the finite nodes of the surface A = ; equating 
terms of zero dimension in the differential equations, we have, if 

(S^ - 4S3S' + .38^8'=) {^^ + 2^) = ^P+[A (d^ - dA') + ...] ^^' , 
leading to 

-U,= 3W- JP„ + Aocco + B,y„ + C^o 

= ui {^x} + |Xj + XjiCo + 4?/„) + 4m2^Mi (3a;„2/„ + \^^ - 2^„) 
+ 6m2'm/ («o^o + 2yo" + iXsi/o) + '^u^wf (Sy^Zo - X„ - ^\iXo + X^o) 
+ m/ (82-0= - ^W + ^XiXs - SXo^o + Xiy„ + Xo^o). 

It will be noticed that in the coefficients of the powers of n^, u^ here, the 
linear and constant terms are the same as in the fundamental differential 
equations of p. 88. The reason for this will appear below. 

25. In the preceding expansions the arguments have throughout been 
denoted by u^, U2', they are not the same in the various cases; in order to 
give clearness some remarks may be made. For the function 

^ (u) = %„a,u^ + 'ihun + iwrn' 

the coefficients Xo, y„, z^ in the expansion 

^-^ = 1 - \{x^ui + 2y„t<2«i + Zoih^) + ... 

are the values of jf>22(0), f'2i(0), g)ii(O), where ^.gi{u)= — d'\og'ii{ii)jdui, etc. 
We have proved (p. 38) that if, with s' = X„+ Xi«+ ... + U\ =f{t), 

tdt 

s ' 

where the sign = means that additive integral multiples of periods are dis- 
regarded, then 

*i + <2 = &^ (m), tA = - ^21 (m). F(tu Q - 2siS2 = 4 («i - t,f p„ (m) ; 
hence putting <j, ij at a^ and a^, 

«o = Oi + 02. 2/0 = - O'lO-i, Zo = iF(ari, ai)l(ai - a^y, 
the branch-place values a^, a^ being those used (p. 31) in describing the dis- 
section of the Riemann surface whereby the matrix t, and the matrices h 
and a, are determined. 

For any other even function we have a similar expansion; without 



/■«> dt [*' dt /■*■ tdt [*^ 
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entering into unnecessary detail, such a function has been shewn to be of 
the form 

^ (m) = e?i"i +P2>h+ * ^ (w, - ^„ u, - A^) ■ 

expressing Mj, w^ in terms of 1^,1^ as above, and putting (p. 29) 

tdt 






the coefficients «„, 3/0. ^^o occurring in the expansion of <!>(«)/* (0) are the 
values, for u^ = 0, u^ = 0, of the expressions 

namely, preserving the notation pr«(it) = -8^1og^(M)/3tv9«s, are the values of 
^re(-^i, -A^) ; thus Xo = d + <j), yo = — 6(f>. As to a^o the general form is simplified 
here in virtue of the fact that 6, (f> are roots of the equation f{t) = ; to 
make this perfectly evident we recall two facts : first, every one of the ten 
even functions <E> is obtained (p. 24) by taking ^i, J.„ so that 

2Ai = 2«Uiimi + 2(Bi2m2 + 2cOi/m/ + 2(0ir,'in^, 

2A„ = ioj^m^ + 1m^m,2 + 'ito^^m-^ + '2,o)^!m^, 

where mi, m^, m^', mj' are such integers that 171111%^' + m^m^' is even, with 
proper corresponding values of the constants pi, p.2 in the outstanding ex- 
ponential ; every one of the six odd functions is also so obtainable provided 
miVii' + m^nii be odd : second, if by the rule of p. 32 we calculate the values 

A -C — r - A - r — r*— 

.' o, * J a, S J a, S 7 Uj s 

we find that they correspond to even functions when ff, <f) are any two different 
roots of the quintic f{t) = 0, and correspond to odd functions when <f} is the 
infinite place a, and is either one of the roots of /(<) = or is also the 
infinite place. It follows then that in the function above ^ii(Ai, A2) reduces 
from 1(6- <i>)-' [Fi0, 4>) - e'<f)'], where 6'^ =fiO), 4>'' =f{(f>), to 

and we have 

d) 

^ = 1 - i {(^ + (/)) 1*2^ - 2^<^M2M, + eg, ^ Ui'} + .... 

26. For an odd function 

4>(M) = e^i"i+^="2 + *^(Mi-4i, u,-A,), 
we may consider two cases: first that when 

/■» dt /•» dt , /■« tdt p tdt 
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where 6 is one of the roots of f{t) = ; then the quantities 

-d''\og^{0)ldurdu„ 

or iprti-A-i, A^, are infinite, but have finite ratios obtainable by proceeding to 
a limit from the general formulae when ti, t^ are finite, 

namely, ^22 (-4) : gJaiC-^) : ^ii(^)=l : — ^ '■ ^'^ these however are, as previously 
remarked (p. 84) the ratios <I>2^ : 4>2*i : <I>i^ where O^ =9<E>(^)/3Mr. Thus the 
linear terms in the development of the function <1> (m), with the values of 
Ai, A^ here taken, are, save for a constant multiplier, u^ — 6~^U2. Lastly, for 
the odd function <i>(u) in which 

A = r - r - A = r — r — 

the argument is similar to, but not a particular case of, that just given ; both 
are particular cases of the argument for the case when the fundamental 
equation is a sextic, not a quintic. Either for that reason, or because we 
have exhausted all the other cases, there can be no doubt of the result : the 
odd function $(m) in this case is that given, save for a constant factor, by 
the expansion (p. 89) 

o-(m) = Ml + Mi'WMi' - 2m./) + . . . . 

It is interesting to verify that this is in accord with a result previously 
found (p. 34) as to the necessary and sufficient form of the expression of the 
arguments of the function ^(m) in terms of one arbitrary variable in order 
that the function may vanish identically. In accordance therewith, cr(u) 
vanishes when 

M^ -«/'"' - «^"' "' = Ur"' " + m/" "2, r- = 1 ,' 2 

r V-'dt 
where u/< ' = | ; 

as (p. 32) - m/' "» = m/' "', 

this is the same as Ur = u^' **, 

which, by replacing (x) by its conjugate position, may equally be written 



herein (x) is any position on the Eiemann surface s^ =f(t). Considering now 
the case when {x) is near to the infinite place a, putting x = ^~^ in the forms 

("tdt 
s ' 



["- dt f 
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we have, when ^ is small, 

u,= ^- ^hW + (jtIttV - V^Xs) P + . . . , 

and the substitution of these series in the expansion for a(u) given above 
reduces it to zero identically. 

27. In what follows we shall regard the function (r(u) of j)p. 89, 90, which 
is of the form, 

a (m) = ePiMi+Pa^a+i ^ (m — u"' "■ - m"' "2), 

as fundamental ; and shall put 

From the equations such as (p. 38) — 3^ log ^ («'■■ "1 + it'2> '^^)/duJ = ti+t^_,we 
shall then have such equations as 

- d'' log a («"■ *' + u"> '0/9«2- = <i + <2, 

where, in both integrals of the argument on the left, one of the limits is the 
infinite hranch--place a ; in other words, if we put 

'tdt 

•t, s ' 
we shall have 

^^{u)=t, + t„ ip^,{u) = -t,t„ fu{ii')= \a/-t,y • 

Then the arguments Mi = 0, M2 = are those associated with the node of 
the surface A = at the infinite end of the axis of 2, and the arguments 

r dt r tdt 

Wi = — , Mo = — , 

Jt s Jt s 

are those associated with the points of A = lying on the singular conic at 
infinity. An even function then has an expansion 

where a;, = ^..(fi^,) = ^..iW-' + m«.*) = ^ + </>, etc. 



rdt rdt rtdt r 

Ju s Jt, s Jt, s Jt, 



B. 
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CHAPTER V. 

CERTAIN FUNCTIONAL RELATIONS AND THEIR GEOMETRICAL 

INTERPRETATION. 

28. It follows by a preceding investigation (pp. 20, 21), that if t be a 
symmetrical matrix of two rows and columns, such that the real part of the 
quadratic form irn', which is the same as i (thWi^ + 2ti2Mi«3 + T^ni), is 
necessarily negative, an analytical integral function of two variables Vi, v„ 
which satisfies the conditions 

(^{v^+ 1, t;j) = (/)(Wi, v^)=<f){Vi, v^ + l), 
4>{Vi + Tii,v., + T21) =e^'(j}(vu D2), <f) {v^ + T12 , Wj + T22) = e^> (/) (t)i , v^), 
where Hi = -4nri{v^ + ^Tij), 112 = - iiriiv^ + ^T^), 

is expressible as a sum of four theta functions, in the form 

h \ 

when h denotes in turn the pairs (0, 0), (0, 1), (1, 0), (1, 1). It follows thence 
that in terms of any four such functions <f), which are themselves linearly 
independent, any other such function (/> can be linearly expressed. 

The conditions for <p are included, as was shewn, in the single equation 

(f>iv+m + rm') = e - ^"'^' ^^ + 4™''* (f>{v); 

if a be an arbitrary symmetrical matrix of two rows and columns, and 
h, (o, &)', 7), t) such matrices of two rows and columns that 

Tvi = 2h(i}, TriT = 2ho}', 77 = 2aa), 77' = 2aa>' — h, 

it was shewn (p. 25) that, for arbitrary p, p', each of which is a row of two 
elements, 

a{u+ ripY - au'' - 2-n-ip' {v + \rp') - 2-wipp' = Hp{u + ^CLp) — tripp, 

= \p{u), say, 

where n^ = 2wp + 2m p', Hp = 2r)p + 2t)'p\ hu = iriv ; 

it follows therefore that an integral analytical function, "^(u), of two variables 
Ml, Ms, which for arbitrary integer pairs m, m', satisfies the equation 

^{u + 2wm + 2mm!) = e^^-f") yjr(u), 
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is expressible linearly in terms of any four such functions yjr which are 
themselves linearly independent. 

29. Now we proved the equation, when in, m' are pairs of integers, 

^ (m + fi^, q) = e^™ (") + 2^' ("'3' - ™'«) "^{u, q) ; 

therefore, as X,„(t( + w) + ^^(m -w)- 2\,n{u), 

it follows that when q consists of half integers, the product 

^ (u + w, q) ^(w — IV, q) 

is such a function y{r(u). 

Thus also (T-(u) and, because the functions fn2(u), etc., are periodic, each 
of the following functions, which are known to be integral functions, 

a-(u), a'(u)p,,{u), a'(u)p^,{u), a^{u)^u(u), (T-{u)[^^,,(u)- 6^^^(21)1 

is such a function ■>)r(u), and there is therefore a linear equation with constant 
coefficients connecting these five functions ; this is one of the five differential 
equations previously discussed. 

Or again, the five functions 

which occur on the left sides of these differential equations, are themselves 
connected by a linear homogeneous equation, obtainable by eliminating the 
functions ^22(1*), ^21 (w), ^u{u), and the constant term, from the differential 
equations. 

30. Another illustration is furnished by the five integral functions of u 
a(u + v)(7(u — v), o--(zi) o--(w), a''{u)cr^{v) ^.a{u), cr''(u)a^{v) ^2i{u), 

thus the function a{u+ v) a-(u — v)/a^{u) a-^(v) is expressible as a linear 
function of ^22(^0> &2i(u), ^h(m), with coefficients independent of u; its form 
shews that it is equally a linear function of ^^{v), p.aiv), iJn{v); and it is 
changed in sign when u, v are interchanged. Thus 

'"^'^"^(1)^^^^ ^ "^ '^^'"^"^ " ^■'"^"''^ ^ ^ ^^"^"^ ~ ^'"^'^^ ^ ^ ^^'"^"^ ~ ^'"^'''^ 
where A, B, 0, F, G, H are constants. Taking now the expansion (p. 89) 

<t{u) = U, + ^V^2Mi' - 3-W2^ + • ■ • , 

and denoting by Hi, H^ power series in u^, u^ beginning respectively with 

7—2 
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terms of the fourth and sixth dimension, we have, if a, (t^., ... denote 

<7{u),a^{u),... „ „ rr 

(T°(u) P2l{u) = — 0-0-21 + O'iO-i = — u^" + Hi, 

a^{u) ^n(M) = - o-au + 0-1^ = 1 + Hi, 
and hence 

a\u) (T^'iv) l^Uu) - ^^{v)] = 2u,iu,v,^ - 2v^v,u{' + H„ 

a-\u) (T'iv) [^2i(iO - <P2i{'v)] = WiV - M2V + H„ 

(t\u) a%v) [^u(u) - Pnill)] = y/ - Ml' + r\Mvi' - O + Kwiw^' - '"i^^') + ^^' 

a\u) a-'(v) [^21 (m) ^n(i') - ^ii(m) ^2i(^')] = ^2' - W2' + H, 

O--(m) (T^iv) [pniu) ^a(v) - ^Uu) Pn (v)] = ^VjV^ - ^u^a^ + H^, 

a\u) (y\v) [<p^{u) ^2i(t;) - ^a{u) tp^aiv)] = iv^v^u^^ - ^u^u^v.} + H • 
On the other hand, up to terms of the fourth order, 
o- (m + i)) o- (w - ?;) = [mi + Di + 5^X2(^1 + ■"]? - K"2 + ^2?] [mi - t*! + i^Ki^h - 'Vif 

-KW2-V2)'] 
= Mi= - ■Wi^ + iWiuj" - ■y,^) - §(miM2' - v,vi) - 2(ujU„v.i- v^vm./); 
in this last the only quadratic terms are those in u^^—vi^; comparing with the 
quadratic terms in 

we infer, therefore, that C = — 1, F =0, G = 0; and comparing the quartic 
terms we infer ^4 = 0, £ = 0, /f = 1 ; on the whole therefore we have 

cr(u +v) cr(u — v) ,, ,, ,, ,, ,, ,. 

We return to this formula later; it will be seen that the geometrical inter- 
pretation furnishes another proof of it ; references to another analytical proof 
are given in the Bibliographical Notes, at the end of the Volume. 

31. Next take any even theta function, so that 

o- (w, g) = 1 - -|(a;oM2^ + 2y„u^u^ + Zoyn.") + H^; 

the square of this function is then expressible in the form 

a' (u) [A^,,{u) + -6^21(^0 + %i(m) + D], 
so that 

1 - (x,u^^ + 2y,u2U, + z,u,^) + H = A {2u,U2 + H) + B (- w./ + H) +0(1 +Hi) 

and hence A = — yo, B = Xo, C = 1, D=—Zf,; 

a'^iu, q) , . , , , , 

thus \ ( = - yof^{u) + a;og>2i(«) + ^n{u) - So, 

cr (U) 
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a result obtainable, as we can easily see, from the formula for 

a{u + v) a{u — v)-=r C7^{u) <r-{v), 
by making v equal to the appropriate even half-period. 

32. Similarly if o- (m, q), = Mi — d'^u^ + terms of third and higher dimension^ 
be an odd theta function, multiplied by a proper constant, its square is 
expressible in the form 

tr= (u) [A(p^ (m) + Bf^, (m) + Cp„ (m) + D], 
so that 

{u, - e-'u,y = A (2u,u,) + B{-ui) + G(l) + D {u,% 

and hence ""-J y' ^^ = - e~' <p^{u)- Q-'p,, («)+!. 

33. These formulae should be associated with others : writing 

^rs (m> ?) = - 9' log a (u, q)ldurdus, 
we have equations 

a-" (u, q) f„ {u, q) = o-= {u) {A^^ (u) + Bp^, (u) + Gpu («) + D], 

where A, B, C, D are different for different pairs r, s, and for different 
characteristics q. Writing 

a (u, q) = l-^ {x.u^' + 22/0W2M1 + z^u^^) 

+ J^ (Pwa'' + ^Qu^^u, + ^Ruiu^^ + iSu^Ui' + TUj*) + ..., 

the terms up to those of dimension 2, in 

0-2 (U, q) Prs {U, ?) = - O" (U, q) (Trs («, ?) + O^r («, ?) o-j (m, g), 

for the respective cases r=2, s = 2; r = 2, s = l; r=l, s = l, are 

«o + ^ («o' - P) y-? + («o2/o - Q) M2W1 + i (22/o' - «o^o - J?) w/, 

3/0 + i (a;o2/o - Q) Ws' + {^0^0 - R) W2W1 + \ (yoZo - S) Ml^ 

^0 + i (22/o' - a;„^o - R) M/ + (2/0^0 - S) u^u, + J (V - y) Ml' ; 

comparing these with the terms up to those of dimension 2 in the expression 

by means of the functions a'^ (u) ^^22 (m), etc., that is, with 

A (2u,u,) + B(- u,') + C + Du^\ 

we find easily, in the respective cases, the values of -4, B, C, D; now a-{u, q) 
is of the form e^o- (m-I- O,), where H is linear in Uj and u^, and 12, is a half 
period ; if a denote the half period by which we pass from ^ (u) to a (u), and 
A that by which we pass from ^ (w) to a- {u, q), we have (pp. 95 — 97) 

^ , , ['dt [*dt ,„ , [Hdt , f*tdt 

and prsiu,q) is '^rs(M + ^9) ; taking account of the formula previously 
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found- (§31) for ct^ (m, 5), we can thus express each of ^ra{u + ^q) as the 
quotient of two linear functions of JJ22 («), Fa ("). ^n («) ; using a factor 
of proportionality p, in fact equal to a^ (u, q)/a'^ (u), the result may be written, 

if )(' = «+ Hg, 

[pg>22(M'). Pg'aOO, PPn(u'), p]=M[^^{u), F2i(m). PnW, 1] 

where M, a matrix of four rows and columns, is found on computation to be 
such that, if 




then 

i(Q-«'o,yo) \{R-x,z,) ^(8-y„z,) 

\{R + x,z,-2y^) ^(S-y„z,) \{T-z,') 

*o 2/0 •2^0 

this being a symmetrical matrix. We have previously had the matrix j 
(p. 71), in a formula which is essentially connected with this, we have 
found previously the values of P, Q, R, S, T in terms of x^, yo, ^o. (P- 94)), 
and we have found also (p. 95) 

x„ = 0+ ^, yo = - 64>' ^0 = eg, *; 
thus the symmetrical matrix Mj, and therefore also M, can be expressed 
in terms of 6, (p and the coefficients in the fundamental quintic. 

It can be verified that each of the four expressions given by 
M(xo, y„, So, 1), or Mj(y„, - x^, - 1, z^) 
vanishes ; of this the geometrical interpretation will appear. 

34. Consider similarly an odd function 

a {u, q) = u^ — yfriu + i- (pu^" + Squ^^u^ + ^ru^u^ + su^^) + . . . ; 
up to quadratic terms the expressions 

a- (u, q) ^22 (u, q), etc., 
or (jj- — (JCja, 0']Cr2 — <TCTi2, (Tx — <^<^\\, 

where a.^ = 9ct- {u, q)ldu2, etc., 

are respectively 

•v/f2 - (p + q-^) u^Uj - (q + r^jr) u^-, 

1+ {q + r-ilr)iCi^ + {r + S'>p^)UsUi ; 
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comparing these with the terms up to those of dimension 2 in 

(7= (ti) [A^^ (w) + 5g),i (u) + C|f)„ (u) + D], 
we obtain the expressions for 

we have previously (§ 32) found the expression for a^ {u, q)j(T^ (u) ; hence as 
before if fl, be the half period given, with 6 = yfr~\ by 

s ' 

the functions ^^(M + n,), etc., are expressible as fractional linear functions 
in ^22 (m), etc., by formulae given, if p be a factor of proportionality, in fact 
equal to o-=(m, q)/a-^(u), by 

[p&22(u'), pp^du), p<Pu{u'), p] = N[p^,{u), f>2,(w), p„(m), 1], 

where u' = u + O,, and iV is a matrix of four rows and columns given by 

Nj= f i (i^ + q-^) q + r-<^ y}r^ 

-hiP + q'f) ^{r + sy}r) -f 

-(q + ryjr) -^(r + s-^) 1 

-■^ ^/r -1 

where the matrix on the right is skew symmetrical, and j is the matrix 
previously employed. We have previously found the values of p, q, r, s 
(p. 93). It can be verified that the expressions given by N {\, —0, 6'^, 0), 
where ff = yfr~^, are all zero. 

If we substitute the values of p, q, r, s we find 

Nj^ / -r' q' f'' 

r' —p'—yfr 

-q p' 1 

-f"- -(/r -1 

where 

^' = i (\„T|r3 + ^X,y}r% ?' = - i {\o^' + \f' + 'Kf' + h'>^,f), r = - 1 ; 

compare this form now with that obtained on p. 74 ; putting, with a slight 
simplification of the notation there adopted, which will not lead to confusion 
because we do not further use the sextic there denoted by F{ylr), 

Fi-yfr) = XoV^" + \f' + . . . + 4i|r, 

and P« = [-i^'(t)]*> ^ = ^-'' 

we have Nj = peye~\ j = - ^7 = - V. 

and N = ipeje~'r 
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So that ^/'f [^« (■'* + ^9)] = ¥«7rV {<Prs {y)\ 

where [(prsiu)] denotes [i^^{u), f«i{u), <^n{u), !]• 

Thus the equations expressing the functions g)^,, {u + fig) in terms of 
P,,(m) are the same as those given by the transformation A^r of p. 79, 
r having five values according to the root -v/r, other than zero, of the 
sextic F{-^). 

We have at once 

N' = - pfje'^y ■ 7e~'7 = Pe'ye~'y ■ 7~'79 = Pe"' 
and hence 

o-^(w + flg, q) ^ 2 0-= (m) 

Similarly for the symmetric matrix 3Ij of § 33, we can verify by actual 
computation, on the hypothesis that neither 6 nor (p is infinite, that 

the work is rather long, but is facilitated by using where convenient the 
alternative forms given p. 74 for p' and q', and the fact that the coordinates 
x„ = 6 + cf>, 2/0 = — 0<j>, z„ = e^^ make all the minors of the determinant A 
vanish ; these minors are given at length on p. 41 ; making use of the 
identities Ts^^t^ = - 7*~^7e, 7e"'7 = - 7~'7e, etc. (p. 79), and putting 

f{0) = x„ + \,6' + ... + X,e* + 46'% 
and fi, = poff" = JWW), 

we thus have M = — ^^j 7e~'7i, 

o — (p 

^j = ^ff^^y-'y^y- .iM = i^^ysy,-y. M^ = -^., 

and therefore, when a {u, q) is an even function, 

^^ [p„ {U + n,)] = - ^ -y,-7* [frs («)]. 

It thus appears that the fifteen transformations A^s of p. 79 are all obtained 
by adding half periods to the argument u. 

When a (u, q) is an odd function fig is, save for multiples of periods, of 
the form w"' ' ; when <t (m, q) is an even function, O, is the sum of two 
expressions of this form ; thus the last result can be obtained by two 
successive applications of the formula just previously obtained for an odd 
function. 
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35. Consider now the formula (§ 30) 

we know, if O, denote a half period, that 

"■ (m + n,) = e'^i"i + ^2«2+J5 o-(m, ^^^ 

where A-^, A„, B are independent of u, but depend on q\ hence adding 
fig to u in the formula, we have 

thus when cr (m, q) is an ocZcZ function, putting in the value found for the 
matrix N, we have, with fl^sit"'", 

a {u + V, q) u {u - V, q) , _ / nt r / nt 

^.(^^)^,(^^ = P«77rV [P.-.(W)] {<Prs{v)l 

which, when 6 is infinite, p^ = — i (p. 74), gives, for the right side, 

- iy [&rs (m)] [^rs {V}] =j [^rs (u)] [&rs (v)], 

and when 6 is not infinite, replacing yje"^ by — 7e7~', gives, for the right side, 

- PeJe [&rs (u)] [pr» (y)] ; 
and when a {u, q) is an eve7i function, fig = it"- * + m"*'*, 

o- (it + v,q)cr (u -v,q) . /igfi^ ,. , , , , , 

From these formulae we have, respectively, 
for the case of an odd function, 

<T{u + v,q),T(u-v,q) _ aHu) aHv) 

a' (u, q) ,7"- {V, q) a' (u, q) a- {v, q) ^^^ L^" ^"''J ^^'' ^""'^ 

=jN . N-' [gJ„ (m + n,)] . N-' [ipr, {V + Hg)] 

= 7e [<Prs (U + fig)] [frs (V + fig)], 

pe 
and, when a (u, q) is an even function, 

a (u + V, q) a (u — V, q) .6 — (b , r / , /-> \n r / . r^ nt 

Now since 7c. 7ci, Jc.2> 7. 7oi. 7a2 are in involution, where c, Ci, c^, a^, a^ 
denote the roots oif{6) = 0, we know (Appendix to Part I,, Note I.) that the 
matrix 

Jamjar' Jc^^' ' 77ar'7c'»«'. 7a.7~'7c'^*' . 7c««' 

ya^yar'jc,iex', 77a,,-'7c,««'. 7a, 7"' 7c, ««'. 7c,««' 

7a27a,"'7c2««'. 7702"'7<:2««', 7a,7~'7c2«*'. 7o2««' 

-iyxx' , —ijaiXx' , -ija^xx' , - ^77al~'7a2«a;■, 
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is orthogonal. Let us suppose the signs of the square roots denoted by 
/tic, Mci, ••• chosen so that (Appendix, loc. cit.) 

then this matrix can also be written in the form 



A7c,7cr'7««'. 


ya,yc-'yosx' , 


-7a,7c"'7'^*'> 


yc«!oc 


'■'7c2 7c~'7a'a^' . 


7a27cr'7*«'. 


-7«,7<^r'7«^'. 


yc.xx 


iycyci'^yaix' , 


7a.7c.r'7*'«'. 


-7a,7cr'7««'. 


7oi.'»'« 


\ — iyxx' , 


-iya.xx' , 


- «7<r2«« 


-■*7«i7a2~'7^* 


but we have seen, if 









that 



(«, y, z, t) = [^2„ {u), g)2i (m), gJ„ (m), 1], 

{x\ y\ z\ t') = [ip^ {v), Pa (t)), g)„ {v), 1], 

0- (m + ?)) o- {u — v) 

a" (u) a- (v) 

a- (u + V, 6) a (u — V, 6) 



= — lyxx , 



a^ (u) a- (v) 

<j (u + V, 6(f)) a (u — V, 6<p) 
cr^ (u) cr^ (v) 
where /ig = O-p^ ; hence if 



= - /3e7e^* ' 






CT (u + v) a (u — v) = [a], 
a (u +v,e)a-{u- V, 6) = [6], 
a{u + v, 6<p) a(u-V, dcf>) = [9, (/>], 
by multiplying every element of the matrix by o-^ (u) a^ (v), we infer that the 



matrix 



,Ci-C. 







. a, — C] 



' [^2. Cl], 



.0.2 C2 p -, 



i [aj,c] , -- [c] 

» [ai,c,], [CiJ 



, o,, 



■ c» 



P«i 



[«.J 



i 



K,C,J, 



PC2 

Oi — ffla 



[a„ as] 



is orthogonal. As will be seen (Appendix, Zoc. cit.), there can be formed 
1.5 such orthogonal matrices; presumably they are obtainable from S by 
addition of half periods to the argument u. 

A particular case of this result is obtained by dividing each element by 
(T^ (u), and then putting v = 0; since we have (§§ 31, 32) 



^(m,6'(/>) 
a'{u) 



= A 



'■(u,e) 

t'{u) 



-^-O-'Pe, 
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P9, Pe,^ being as on p. 63, we infer that 



n = / '^ ^ P - ,• "'^ ~ ^ p ,• "' ~ ^ p i P 



Co - C 



C — C 



— ^ 



ttj — Ci 



-^ a2i!i> '' 



tti-Ci 



IP 



1 



' P 



■ «= - Co Tj 









-—P. 



fflj J 



is also orthogonal. For instance, taking the fii-st and last columns, we have 

(c, - c) P,P,,e, + (c= - c) P,,P,,, + (c - cO P,,P„, = (a, - a,) f"^^^"^^' P^.a,, 
while, since yit/ = If (6), we have 

/'■aiA'a2 

_ (c-ai)(c-a2)(ci-ai)(Ci-a2)(c2-ai)(cg-a;)(Ci-C2)Hc2-cy(c-Ci)' ' 
" (ai-02)-(ai-c)(ai-Ci)(ai-C2)(a2-c)(a2-Ci)(a2-C2) 

= (ci - c^)- (C2 - c)= (c - Ci)V(ai - ^2)', 
so that 

(Ci - C2) PcPc,C2 + (C2 - C) Pc.Pc2C + (C - C,) Pc2Pcc, 

= ± (C, - C2) (Co -C){C- Ci) Pa,a2> 

an equation easy to verify directly, with the upper sign on the right side. 

Again, if in the matrix 2, we put v = u and then replace 2m by u, we infer 
that the matrix 



.0.2 — 



.a, — c 



2,= I- ?a-(w,CiC2), -i- cr(M, fljC), i cr (m, ftiC), 

fJ'Cif^Ci H'aiH'o H'aiH'c 

Co — C , ^ ■ O^o — Ci , , . Cli — Ci , , 

a(u, dc) , - 1 o-(m, aaCi), i a- (u, aid), 

/J-a/^c H'C^H'Ci H-ail^ci 

C, — Ci , -. • Oji — Co / \ • Oj C2 , X 

^(r(M,cCi), -'^— (T{u,a2ci}, % <T(u,a^c^, 

/Xc/Xcj A'ai/^cz l^a^l^i^ 

, , , 



Oj — tto 

Ma, ^(12 







cr(M, aiffj) 



is orthogonal ; thus for instance 
/Oi — a^ 



Ma, ^02/ ^f^cif^c^/ 



/ Cz - C 



' ) 0-2 (m, CCi), 
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and 

= (ci - Cj) (ttj -c)a- {u, c,c,) a- (w, cfoc) + (Co - c) (a^ - Cj) o- (m, c^c) a- (n, a^Ci) 

+ (C - Ci) (aa - Ca) O- (u, CCi) CT {u, O^C^, 

of which the first is equivalent to 

C^^f p....=i:^) p.. + (5^7^.0-^ C;:^0>^.> 

KfJiaif^a^/ - Xfi'cif^cJ KfJ-c^tJ-c' V^cMci/ 

and the second to 

(Ci - Cj) (as - C) JPcc^Pa^c + {C, - C) (a„ - d) JPc^cPa^c, 

+ (C - Cj) (fta - C.) JPcciPa2C2 = 0. 

36. As an alternative method of obtaining results just obtained by 
consideration of the orthogonal matrix, and as an example of the application 
of a principle which appears at first sight slightly more general than that 
so far employed in this chapter, we give now a formula which, in virtue 
of those already proved, furnishes an irrational form for the relation A = 
connecting the functions (p,. (u), ^j, (u), gJn (u). 

As in preceding investigations it follows that an analytical integral 
function of Ui, u^ which for any integers m, vi, and a positive integer r, 
satisfies the equation 

the notation being as before, is expressed linearly by r^ functions of ^the 
same kind. An analytical integral function may however be such that it 
satisfies an equation 

where cm + c'm' = CiWii + Ciini^ + c/??!/ + c^m^, 

and C], Cj, c/, Cj' are any constants; it can then be shewn, just as before, that 
it is expressible also by at most r' such functions ; we do not give the proof 
because it will appear that this is really included in the preceding case 
(Part II., below). But now, if ■>/'(«) be an odd or an even fimction — and it 
can be proved that this cannot be so unless each of Cj, Cn, c/, c/ is an integral 
multiple of m — it can be further shewn that there do not exist always as 
many as r' linearly independent functions i/^ (w). In fact when r is even, if 
•v//- (— m) = 6i|r (m), so that e is + 1 or — 1, the number of linearly independent 
functions ■^{u) is at most ^r^ + 26 when each of Cj, c,, c/, ci is zero or an 
even multiple of tti, and is otherwise |r^ independently of e; so that for 
r = 2 there is no odd function for which Cj, Cg, c/, c^ are even multiples of 
TTi, and there are four even functions, while when C], C2, c/, Cj' are not even 
multiples of tti there are two such odd functions linearly independent and 
the same number of even functions; it is this result which we proceed to 
illustrate. When r is odd the number which are linearly independent is 
at most \ (f + ee~"'^'^'), where (c, c') = rri (/a, fi'). 
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We have discussed, beside the function (t{u), five odd functions, each 
associated with one root of the quintic equation 

Xo + X-i^* + X„^= + \;6^ + \^e' + ie' = 0, 

these being those denoted above by a {u, q) ; one of them may be denoted 
by <T (u, Oi). We have also discussed even functions, each associated with two 
roots of this quintic; one of these may be denoted by a(u, 6^6^). Consider 
the three products 

o- {u, ^i) (7 (w, ^2^3), a (u, 6^ a (u, O^d-^), a (u, 6^ a (u, 6^6^) ; 

the function (t{u,0^ is, save for a constant multiplier, the same as ^{u,q) 
of p. 25, where the characteristic q is that associated with the half periods 

while similarly the function a {u, 6^6^ is associated with the half periods 

\-' a, .' Oj J a J a / >^ \J a, .02 J a J a / " 

as explained before (pp. 94 — 96). Thus each of the three products above is 
of the character assigned to the function ^jr in the explanation above, being 
an odd function for which the quantities Cj, Cj, c/, Cj' are not zero or even 
multiples of tti. Thus there exists an equation 

Aa{u, e,) <7 (u, 6,63) + Ba (u, e,) <T (m, 613^1) + Ga {u, 6,) a (u, 6 A) = 0, 
wherein A, B, C are constants. 

And the preceding expansions enable us to determine the coefficients; for 
the terms of first order in the expansion of the left side are 

A (Ml - er^u.;) + b {u, - e„-'ik) +G(ih- 6r'u,), 

shewing that A =0,(6,-0,), B = 0,(0,-0,), C= 0,(0,-0,). 
We have previously (§§ 31, 32) expressed each of the quotients 

a^(u,0,) a^(u,0,0„) 
a- (u) ' a- (u) 

as a linear function of ^,,{11), ^^(u), ^ii(«); if these forms be substituted in 
the equation above, an irrational form of the equation A = is obtained ; if 

x, = 0, + e„ yi = -020„ z, = ee„0,,etc. 

and X, y, z denote ^^ (u), ^„ (u), ^„ (u), this is 

2 (0, - 0,) (xy, - yx, + z,- zf (y + 0,x - 0-f = 0. 

If a„ a, be the roots of the fundamental quintic other than 0„ 0„ 0,; and 

I = (01- a,) (6, - a,), m = (6,- a,) (0, - a,), n = (0,- a,) (0, - a,), 

we find (0, - 0,) Pe..e, = (^2 - ^3) Pa,.a, + mPe, - nPe,; 
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thus, if ^ = y + e^x-e^\ r, = y + e^-6.2\ ^=y + 6sx-e,-, 

and \ = e,-e,, iM = e,-e„ v = e,-e„ 

we have ^ 

{\f (Xt + mf - 7177)}^ + {/xt; (/XT + 71? -«?)} - + {''? (''•^ + ^'Z - ''^?)P = 0- 

37. We can give an interpretation of the formula for the function 

a{u + v)a{u-v) 
^^(m) 0-^(7;) ' 

which places the form obtained for the right side in connexion with the 
results obtained above in considering the geometry (p. 76). Though 
entailing repetition it appears well to make the present account self-con- 
tained. 

Regard v as fixed, and f-aiu), ^J2i(t0, ^n{u) us the coordinates of a 
variable point; the equatioii 

^22 (m) ^21 {V) - ^21 (7i) ^22 {V) + g>u (v) - <^n (u) = 0, 

which we may denote by 

XT/i — yxi + Zi — z = 0, 

is that of a plane passing through («i, 2/1, Zi) (being in fact that of the polar 
plane of {x^, 7/1, z^) in the linear complex denoted in the usual notation by 
n + n' = 0). The function <t{u) has been seen previously (p. 96) to vanish 
for u = Tt"' *, that is for 

r dt r tdt 

■Ml = — , U„_=\ -—, 

h s Jt s 

where s- = X„ + A.i< + . . . + XJ^ + it^, and, save for integral multiples of periods, 
only for values so expressible (the zero values —it"'* for example being 
obtainable by taking zt"'*', where (tf) is the place conjugate to (t)); hence 
the product cr (u + v)<t (u — v) vanishes for 

u = v + U'^'*, 74 = — 7) + m"' *', 

where the sign = indicates the possible omission of multiples of the periods; 
of these, if (f) be conjugate to (t), the second is u = — (v+ii'^-*), and, as 
^2-2 (— w) = ^22 (w), etc., gives the same point of the surface A = as does the 
first. The curve of intersection of A = with the plane xy^ — yx^ + Zi — z = 
has therefore points each representable once by 

where (t) is variable. This curve will have a double point, and the plane 
touch A = 0, if we can satisfy, by properly choosing (i) and (^i), the three 
equations 
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Now first, the three equations i^„ (m) = t^n ("') require, as the differential 
equations of Chap. II. shew, that 

fnim (u) = ^rstm (u'), while ^rst («) = + &rst («'), 

the negative sign for the functions of three suffixes being capable of deriva- 
tion from the positive sign by changing the sign of u'; similarly by the 
equations derivable by differentiation from the differential equations all 
derivatives of ^rs(u) are equal to the corresponding derivatives of ^rs{u'), 
or of ^i>,s(— w')> '''o that, for arbitrarily small arguments w, 

or ^rs (m + W) = p„ (- It' + W), ^rst{u + w) = Prst{-u' + ZU); 

we can however express « + w in terms of these functions in the form 

Mj 4- Wj = I A dm + Bdy, U2 + W2= JBdx + Cdy, 

where A, B, G are rational in a; = ^5, (li + w), y= t^i.^i (u + U)), ^ = p-i>2 (u + w); 
thus we have 

u + w = u' + w-{- period, or u-\-w = — u' + w + period, 

and so u= + u' + period. 

The only double point of the curve now under consideration is therefore 
to be obtained by considering the equations 

or the equations v + u"-* = — {v + «"'*■). 

As to the former, equivalent to zt/"* = 0, ti./"* = 0, they are satisfied only 
by the obvious solution (ij) = (<) (p. 30); the latter, equivalent to 

are, for general values of v, satisfied by one and only one pair of positions 
(t), (to (p. 29), given (p. 97), by 

where 6-- = A-o + Xi^-l- ... +4^^*; thus, with «i = g'22(v), etc., and general values 

of V, the equation 

«yi -x^y + Zr- 2 = 

represents a tangent plane touching the surface A = at the point 

w — V + U"'*, 
where t' - tp^ (2v) - p,, (2v) = 0. 

When <r(M^'"+ 2?;) vanishes identically for all positions of («), the equations 
u"-* + u'''*< = -r- 2v have an infinite number of solutions; this is only when 
2v is a period, and then we may take (t) arbitrarily and (ij) the position 
conjugate to {t); in that case the plane touches the surface A = all along 
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its intei section; namely the sixteen singular tangent planes previously found 
are given by the equations 

a- {u + n,) = 0, 

when n, is any half period; we have already seen that a (u) = corresponds 
to the plane at infinity; the equation of the singular tangent plane is given by 

which compared with (§§ 31, 32), 

0x + y-6' = O, or e<f>x + (9 -h (j)) y + 2 - ee,^ = 0, 

gives either p^^ (H,)/! = - j,.;^ (fig)/^ = fu {^q)ld- = oo , 

or ^22(f2g) = 6' + </), jjji (fig) = - % ^11(^9) = 69,^, 

shewing that the half periods are the values of u at the nodes. 

Considering the case of an ordinary tangent plane, depending on a 
parameter v, with point of contact given by 

w = v + U'^' *, 

where ««.* + m"-'^' = — 2t), 

if we take two positions ik), {k^) given by 

we shall have «"■* + «"'*' s — 2d — 2m"'' = w"'*" — it"-', 

or i/'* + m''i.*-sO, 

where {t') is the position congruent to (t), and hence (p. 29) the positions 
{k), (^■l) are, taken in proper order, the same as {t') and (ij), and 

V = 'W + «"• *, 

so that the point ^i^ (v), ^^ (»), ^n (v) of the surface A = is derived from 
g)2.J(^(;), ^21 (w), ^ii(w) just as this is derived from the former. Thus, if 
*'i' = P22 (w), etc., the plane 

«?/i' - 2/«i' +Zj' -2 = 0, 
touches the surface at the point v. The former plane passing through v, 
since every point of its section of the surface is given by u = v + u'^'*, and 
the latter through w, it follows that the straight line joining the points v 
and w is a bitangent of the surface A = 0, and v is one of the six points 
of contact of tangents to the quartic plane section drawn from its double 
point w. Expressed in terms of the parameter w of the point of contact, the 
tangent plane is thus 

ir^2i (w — u"- *) — y^2i (w — «"' + ^11 (™ - ■*''"' *) — 2=0, 
where (t) is a particular position given, in association with another position 
(<i), by it«-' + M«'*. s-2(w-M«.<), that is 

ya, i, _ yd, i = _ 2w. 
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Thus ^1, t are the roots of the equation 

f - tp^ {2w) - ^„i (2w) = 0, 
and the points of the tangent section are given indifferently by 

M = W — M*' * + M"' *, M = — W — m"' *■ + M"' *, 

where (6) varies, being (t) or (ti) at the point of contact according as this 
is approached along one or other of the inflexional branches; thus for these 
branches respectively we have at the point of contact w, 

T- =t or t, 
du, 

and the differential equation of the asymptotic curves of the surface is 
/du„Y diu ,^ . ,„ X ^ 

If (t) be a fixed position, this differential equation is obviously satisfied 
by the curve given for variable (0) by 

thus the asymptotic lines are given by 

where t is constant along any particular one. 

Every point of the section of the tangent plane with the surface A = 
has a parameter of the form w- m^'^ + m"'^; take in particular (X.) at a 
branch-place, so that w"-^ is a half period D,q ; the tangent plane at this point 
is then 

xpa {w -««■* + n, - u"- '') - etc. = 0, 

where Qi) is a particular position given, in association with another position 

l^a, ^1 _ ^a, A = _ 2 (w - M«. < + fig), 

SO that {h) is the conjugate position on the Riemann surface either of {Q 
or {t); in the former case the argument w — u"'* + D,g — u°-''' would be 
w + ilg + W-^^ — u"-* or — (w-flj), save for multiples of the periods; in the 
latter case it would be w + H, ; in either case the tangent plane is 

xpn(w + D.g)-... = 0, 
and passes through w if o- (2w + Hg) a {D,g) = 0, and therefore if o- (D,g) = 0, or 
^ (Hp + n,) = 0, where p denotes the characteristic ^ L j j (cf p. 34), that is 

if Q,p+i^q be an odd half period. We thus have the result that the 
bitangents to A = drawn from the point w touch the surface mv = w-u"- *, 
where w«' *i -«"■*= - 2w, and in the five points v + fl,, where fl, denotes in 

8 
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turn .the half periods m"'^ in which ^ is a root of Xo + ^i^ + • • ■ + 40* = ; for 
it is easily seen that with these values H^ + Cl^ is an odd half period (see 
p. 32). More symmetrically, with a slight change of notation, the points of 
contact of the bitangents from +w are given by dsw + m*'*, where {6) 
denotes in turn the six branch-places of the Riemann surface on which u'-* 
is computed, and {t) denotes either of the two places given by 

t"" - t^2i (2w) - ^21 (2w) = 0, and s = tip^ (2w) + ^^^i (2w). 
This result is also obtainable by considering the vanishing of the function 
ffg {u + v) a-g (u - v). 

38. The two points + w, ± v, capable of representation in the forms 

- 2w s «,«> i^' - «"■ ^ - 2t) = «"•*' + «"' K 

which are the points of contact of a bitaugent associated with the first linear 
complex, may be called twin points, or each may be called the satellite of the 
other ; since t, t^ are the roots of either of the quadratics 

f' - tf^, (2w) - ^,1 (2w) = 0, f- tf^ (2«) - ^„ {2v) = 0, 
these points are such that 

g),2 (2m;) = f^ {Iv), |?2i (2w) = JJ21 (2i)). 
Two arguments u, u' capable of representation in the forms 

may be called conjugate arguments, and the associated points ± u, ±u may 
be called conjugate points; since ^■a.{'^)=f^{'u-'), ^21 (w) = ^21 (m')> i^ follows 
that conjugate points are the intersections of the Kummer surface with an 
arbitrary straight line through the node which lies at the infinite end of the 
axis of z, what we may call the primary node of the surface ; putting 

X = f^ (m), y = ^21 (m), z = g)ii (m), z„ = pn (u) 

it follows from the equation of the surface that 

^ ^ ^ ^ 2a;y^ - ^\,xy + X^y^ + ^\a; - X,y + \„ 
a? + ^y 
Further 

dti dt _ 1 ( ^^ ^ ^\(dti , dt\ , „ ftjdt^ , tdt 

s 



J , Ml dt 1 ,^ . (dt-, dt\ „ It^dt, 

— xdu-,-\-2du^ 



, , _tidti _tdt _ 1 



Jx'' + 4y 

, ,,-2M(^> + ^) + (*. + 0f-^ + ^-'-^)} 
Si s ti — t{ V «i si V Si s J) 

2yduj + xdu2 

'i/x' + 4y 
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so that we have, as is easy to verify, with x = ^^i {u), y = ^^21 («), 



du.2, 

d__ 
9«., 



X 

2?/ " 



+ 



9ui 



L(«2 + 4y)ij 

a; 



= 0, 



= 0, 



aud, also, the incidental consequence that with any point of the Kummer 
surface may be associated, not only the everywhere finite integrals Uj, u^, but 
also the other everywhere finite integrals 

, f — xduj + 2duo , [ 2ydu-, + xdu„ 

J (x^ + 4.y)i J {x' + 4>y)i 

where a; = jjij^, (m), y = ^0<a(u); the former pair, Mj, »„, can each be expressed in 
the form JAdx + Bdy, where A, B are rational in x, y and f, =^.>2«(iO; the 
latter pair cannot be so expressed. 

The line joining the two conjugate points ± u, ± u', is the intersection of 
the tangent planes 

t--tx-y = 0, ti' - <!« - 2/ = 0, 

of the cone x^ + 'iy = 0; this is the tangent cone of the Kummer surface at 
the primary node, and its generators each cut the surface in one finite point, 
conjugate to the node u' = 0, lying upon the unicursal octavic curve ex- 
pressed by 



where*, as the explicit equation A = 0, p. 41, or the value 



F(t',t)-rr'T 



by 



making t' = t, shews 

- {w + i\.\i - iVv) t* - ^\t' - i\t' + t\ 

while f(t) = 'K„ + Xit + X2t"+ .■..+4«^ 

* It can be shewn that 

In general, if f=^222("). ') = ^22i(")> f=F2ii("). ^=^iii(") ^'^ ^^^ coordinates of a point 
of the Weddle surface, and « = »"'* + «"'''', the points 6, of the cubic curve 

J/l=-,,/9 = i-/e2=-T/«3, 

may be geometrically obtained by projecting (|, 17, f, r), from the node (0, 0, 0, 1), to the satellite 
point (f, 77', f, t), and drawing the chord of the cubic curve through (J', v', f. t'). The 
coordinates of (|', tj', f ', t') are then in the ratios 

e * ■ Ve'*'*y ■ e * ' V© */' 

8—2 
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Each of the tangent planes f-tx — y = 0, t-^ — t^x — y^Q cuts the Kummer 
surface in a plane quartic curve, with a cusp at infinity whose tangent is the 
generator along which the plane touches the cone. Consider one of the 
points + u where these quartics intersect ; let x, y, z be its coordinates ; for a 
consecutive point it + du of the quartic on <^ — te — y = 0, and the conjugate 
point v! + dv! , we have 

du( = — -^ = du^ , du^ = - — -^ = du^, 

so that, for variable pairs of conjugate points on this quartic, u—u' is 
constant, equal therefore to the corresponding difference 2m°'* for the pair 
of points u = 2u'^'^, m' = 0, lying on the generator of contact of the plane 
li — lx — y = 0, and cone x' + ^y = 0. Also, on the cuspidal quartic, 

, — xdu^ + 2diu , 2ydui + xdu2 
duj = ^ , CtMs = — , 

{x^- + 4?/)2 {x'' + 42/) 2 

, , , 1- , fdu^Y du^ _ 

both leading to ( -y— 1 — x -= 2/ = 0, 

which is thus the differential equation of the pairs of cuspidal quartic curves 
on the Kummer surface obtained by drawing tangent planes to the cone 

where Q-=f(6), <i>-=/{0), the fourth intersection of this chord of the cubic with the Weddle 

surface having coordinates obtainable from these by changing the sign of $. For the case when 

S = (fi = t, the point ^=:^^^{2u''' ), etc., is such that there is a tangent of the cubic curve passing 

through (?', T)', f, t'), namely the tangent at the point t of the cubic; this cuts the Weddle 

/I t t^ t'\ 

surface again in (—:-—: — :--|, where T^=f(t), namely meets the surface in three points 

at (, so that the cubic is an asymptotic curve on the Weddle surface ; the point (^', r)', f, t') has 
for coordinates the ratios of the limits, when $ = (p = t, of 

i _ i £ _ * £! _ ^ ** *^ 

e ~» e~i 0~'¥ e ~¥ 

0-(i> ' ~ e-<j> ' e -(j) ' ~ e-<p ' 

which are | (T-), |(-*r-.), | (.=!-=), |(-*'r-), 

or I' -.7,' f . r'=/- . 2f-tf' . -W+tJ' 6«y-«Y, 

and this is the tangential, on the Weddle surface, of the point * of the cubic curve. The locus 
of (I'l v'y f) ■'"') on the Weddle surface is thus a unicursal curve of order 7. The quartic 
developable surface F=0, of p. 67, is the locus of the tangents of the cubic curve; its complete 
intersection with the Weddle surface thus consists of the cubic curve counted three times, 
together with this unicursal septic curve, which meets the cubic at the six fundamental nodes. 
The locus of the point ^= g>222 (2it"' *), etc., can be found, by using the values 

x = 2t, y=-t\ z = {l,t)slf(t) 

in the expressions of p. 41, to be a unicursal curve of order 16. The cone joining the node 
(0, 0, 0, 1) to the unicursal septic curve, which contains this unicursal curve of order 16, is to 
be found by eliminating t from the two equations t-^' + 2tV + i'' = 0, 2/J'=/' ((?' + V), and is of 
order 7 ; its interfection, of order 28, contains, beside the two curves of orders 7 and 16, the five 
lines joining the node (0, 0, 0, 1) to the other nodes. 
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a;2 + 4y = from a variable point x = f^ (u), etc. of the surface. We have 
x = ti + t, y= — tit; thus along the cuspidal quartic ti" - tiX — y = we have 
dxi = dt, dy^ = ~tidt, and therefore, dwi, du.2 denoting as before increments 
along the quartic t--tx~y = 0, we have 

dy^ _ du^ 
dxi dui ' 

the differential equation for the pairs of cuspidal quartics may thus be 
equally written 

an ordinary Clairaut equation with X'-Xx-y = as its integral. To reduce 
this form directly to the former, it is necessary, after substituting 

dx = ^du., + 7} duj , dy = r} du^ + ^dii, , 

to utilise the identities 

C- + V^a: -V'y _^ - 2v^-(v- + ^^) x + 2^y _^ r,'- + ^yx - py 
-y X 1 ' 

which follow at once on substituting ^ = ^y — rjx. Furthermore the identity 

du^dyi + du^dx^ = 0, 

is equivalent, either with 

dUo [g)22, (m) C^Ma") + ^221 (m) rflti">] + du^ [^22, (m) C^MjO' + ^2,1 (m) C^Mi<"] = 0, 

that is ^du^du^^^^ + t] (du^dui^'^ ■+ dvadu^^^^) + ^du^du^^^'' = 0, 

where du^'^\ c^Mj"' are increments along the quartic t^ —t-iX — y = 0, or with 

^dydyi — tj {dxdy^ + dydxj) + ^dxdx^ — 0, 

which, dividing by dxdx^, is the same as the identity 

- ^2/ + Tja; + f = 0. 

Comparing this work with that previously given we see that the 
arguments v, w of two twin points are connected by 

_ r — g>22 (2w) rfwi + 2c^W2 _ r2g)2i(2iy)c?Wi + g>22(2w)(^W2 

'''~'[g>2.H2w) + 4g>2i(2w)]*' "'"•' [^22^2^) + 4^21 (2m;# 

equivalent to ^^ (2v) = ip^i (2w), ^21 (2t)) = ^21 (2w) ; we have shewn that these 
are satisfied by rational expressions for ^^{v), ^^liv), ^ii(w) in terms of 
^22 (w), ^2i{w), ^11 (w); it will be seen that ^22 (2m), ^21 (2m) are rational 
invariants, in x, y, z, of a group of birational transformations. Further, we see, 
if w be a variable point on an asymptotic curve of the Kummer surface, that 
the point 2w is a point of a cuspidal quartic f — tf.j.^ (u) — f^^ (m) = ; that the 
satellite point v o^ w also lies on the asymptotic curve, and ^; — w is constant 
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along the asymptotic curve, being equal to 2m<»'*; also that all the 32 points 
w + ^n, v + \D., where £1 is any period, also lie on the asymptotic curve 
and are common to the two asymptotic curves through w ; and so on. And 
if {x, y, z) be the coordinates of w, and (x, y', z') those of v, we have, as 
follows from the equation xy' — yx + z' — z = at w, or from the diflferential 
equation of the asymptotic curves*, 

dx^ ^ dy_ ^ ^ •wi'«) ^ ^221 i'v) ^ g>2ii {v) 
dx dy ^■^{w) ^ztii'w) ^211 (w)' 

so that the tangent lines of the asymptotic curve, at the twin points v, w, 
project upon the plane z = into parallel lines. All the cuspidal quartics 
touch the unicursal octavic intersection of x^ + 'iy = given by m = 2m*' * ; 
thus the asymptotic curves all touch the singular conies of the Kummer 
surface, which constitute the parabolic curve f. 

39. A bitangent is a chord of the Kummer surface whose intersections 
coincide in two pairs. Consider now any chord. For this let the tangent 
plane «^2i («) — 2/^22 («) + ^n («) — ■^ = 0, be called the tangent plane a; let 
(^i). (^2). (4), (ti) be four arbitrary positions on the Riemann surface, and let 

a = -I («"• ^ + u"' '-■ + !("' '3 + «°. '«), /8 = ^ (- ««■ '• - ««■ '' + w"' '= + «"• '«) ; 

the four arguments 

a = « — «"■'', b = a — v"-^\ c = a — u'^'*', d = — a + u"-*', 

are then such that cr{a — a), a(b — a), a(c — a), cr{d + a) are all zero, and are 
therefore upon the plane a ; they are respectively equal to 

a = iS + M"'^ b = ^ + u"-*', c = -/3 + M'''S d = /3-u"-*\ 

and are therefore, similarly, upon the plane /3 ; thus they belong to four 
collinear points. Conversely let ± a, ±b, be any two points of the Kummer 
surface ; take (ij), (t^), (t^), {Q so that 

yfl.^i — y,a,t2 — f) _ d^ u°;h + u".*! = b + a, 
or 

a = |(— u"'*' + u"-*'' + «"'*= + u"-*') — a — uf^-*', 

b = \{ «"•'' - W-*"- + «"■'= + M"''<) —a- w"'^' ; 

then, as before, the line joining these points cuts the surface again in + c, + c? 
where 

c = a — It"'*', d = — a + «"•'*. 

* The differential equation of the asymptotic lines, for a surface whose tangent plane is 
lx + my + nz = 0, is dxdl + dydm + dzdn = 0. 

t See Klein u. Lie, Berlin. Monatsber. 1870; Eeichardt, Nova Acta Leopoldina, L. 1887, 
p. 479 ; Hudson, Kummer's quartic surface, p. 195. 
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Put u = u"- '' + u"' \ u' = m"' '■ — w"' *«, V = w°' ^' + ?«"■ 's v = It"' '= — u"' ^' ; 
then we have a + b = v, c + d = — v'; a — b = — u', c — d = u, 
as well as a + c= u"- *' + «"• '\ a — c = — «"• *' + m"' '=, 

6 + d = — ii^-'z + M^.^i, b — d= rt"-'' + «"■''=, 
and 6 + c = it''- '' + «"■ '*, b - c = — u"- *■' + u"- *\ 

a + rf = — M"' 'i + M"' *s a — d— m"' ^^ + it«. t\ 
Introduce now the following phraseology ; if + m, + i) be any two points 
of the Kummer surface, let the two points ± (m + v), ±{u — v) be called their 
forward derivatives ; they are uniquely determined when ±u, ±v, are given. 
If ^O denote any half period, ±u, ±v are the forward derivatives of the two 
points ±\{u+v)+\il, ±\{u-v)-\-^D,, so that ±\{u+v) + lVL, ±\{u-v)-\-\D, 
may be called the backward derivatives of ±u, ±v\ these consist of sixteen 
pairs of points. Then the results just obtained may be stated by saying that 
if four collinear points of the Kummer surface be divided into two pairs, 
either of the forward derivatives of one pair is conjugate to a forward 
derivative of the other pair ; thus each mode of taking the two pairs gives 
rise to two straight lines through the primary node, and the four collinear 
points give rise to six straight lines through the primary node ; in other 
words, including the whole result, if a, b, c, d be four collinear points in any 
order, we have 

^22 (^ + c) = g)22 (a + ed), ^21 (b-c) = p^i (a - ed), 

where the signs of a, b, c, d are arbitrary, but e, = ± 1, must be suitably 
taken. Further the sixteen pairs of backward derivatives ±^{a + b) + ^£1, 
+ ^ (c + d) + ^n, consist of sixteen pairs of twin points, the points of contact 
of sixteen bitangents, and there are six such sets, each of sixteen bitangents, 
associated with the four collinear points, two such sets belonging to each 
mode of dividing the four collinear points into two sets of two. 

It is easy to see the modification arising when the four collinear points 
consist of two couples of collinear points {v, v, w, w), lying on a bitangent. 
The forward derivatives consist then of (0, 0), the primary node, of (?; + w, ■y + w), 
occurring twice, being the coincident intersections of the conic at infinity 
with a line through the primary node, of (w — w, « — w), occurring twice, being 
also the coincident intersections of the conic at infinity with a line through 
the primary node, and of (2v, 2w), which are then conjugate points, as we 
have already found (§ 38). In fact the set of tangent planes a, /3, ..., in 
general four in number, which can be drawn to the Kummer surface through 
the four collinear points, contains in this case coincident planes. 

40. The differential equation given above for the asymptotic lines 
of the Kummer surface 

£:)'-£»'-<^»>-«'"<'">^''' 
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enables us at once to find rational expressions for ^^{2u), g>2i(2M) in terms 
of g)2j(«)' ^21 {u), ^n (w)- r"or the asymptotic lines of a surface in homogeneous 
coordinates x, y, z, t being* 

X, «], X2, d?x = 0, 

y, Vi, 2/2, d^y 

z, z,, z^, d}z 

t, t,, U, dH 

where x, y, z, t are supposed expressed in terms of two parameters u, v, and 

dx ,, 3^« 7 „ o S^'" 7 J , 9^* J , 

x, = ^ , cPx = 7^-du- + 2 5-^ dudv + ^- dv^, 
du ou^ dudv W 

we have for x = p^si^), y = fa («), ^ = fn (■")> ^ = 1, as the differential equation, 

f, V, Pisssduz^ + 2p^^du^dUi + p^ijdui' =0, 

V, ?> <s>:iiiidui + 2f^^idUidUi + fiuidu^^ 

where f = g)222(«), etc. Comparing this with the form 

we infer, if as usual Q, = 4 (t^t - f =), Qo = 4 (77^ - |^t), Q, = 4 (f^^ - 77''), that 

Ql g>2-gl (m) + Qi g>2211 (m) + Q ii ^2111 (m) 
ft ^2-3=^ («') + Qi ^-^2221 (W) + & P22II (m) ' 

^ ' Ql ^2222 (m) + Qo P-mi (m) + Qs ^2211 (u) ' 

and, for the equations of the asymptotic curves, 

Ql [«'JP2222 (ZO + 2i^2221 («) + g'2211 («)] 

+ Qi [<'g'222i (m) + ^t<p^n {u) + g)2i„ (m)] 

+ Q3 [«'g'22n (it) + 2<g)2„i (m) + g)nu (m)] = 0. 

It is found (see pp. 41 and 48) that the quintic terms in this are 

\&{xz- 2/2)2 [-^2^ ^ 2*2/ + z] ; 
as we can eliminate {xz — y^y by means of the equation A = (p. 41), the 
asymptotic curves lie on surfaces of order 4. 

Another way of finding the expressions for f^{2u), ^21 (2m), is by the 
equations of p. 117, expressing the integrals at the satellite point in terms 

of those at the original point; these give, if ilf = [p22^(2w) + 4^21 (2w)]2, 

9^2 _ ^^22 (2w) _ 3^1 
dw^ " " M dw,' 

9^2 _ 2g>2i (2w) 9^ _ _2 
dw^~ M ' dw^~ M' 



f^{2u) = -2 



* Darboux, Theorie des Surfaces, Partie i. p. 138. 



ART. 40] of double argument. 121 

We have however found (p. 78) 

^^ ^ ^ Q,d-n + Q,dt;+Q,dT ^^ ^ _ Q,d^ + Qdy + Q,d^ 

where Q^ = 4 {r,r - ?^), etc., f = f^^ (2w), etc., Gg = Q,- OQ, + d^-Q,; thus 

2_^_ Qlg)2a2 (W) + Q;g)2221 (W) + Qs&^u (w) 

together with expressions for ^^ (2w) and f^ (2w) identical with those above. 
The denominator which occurs here has been seen (p. 78) to be the square 
root of aQi, where cr is a certain quartic expression in ^, ■??, f, r; if 
^ = Qi ^2222 («) + •.., B = Q^^^^{u)+ ..., C'=Qi^22u(tO + ---. we thus find 

41. Another way, depending on the use of Abel's theorem, or rather its 
converse, in which the functions ^."22 (2m), ... may be obtained, is of geometrical 
interest. 

To the points ±u, ± 2m, of the Weddle surface, associate pairs of places 
{6), (<p), and (a), (/S), of the Riemann surface, by means of the equations 

M = M*>» + M*'", 2msm''''' + m°-P; 
without alteration of the points of the Weddle surface both (0) and (0) may 
be together replaced by their conjugate places on the Riemann surface, 
as may the places (a), (/9). We have then 

y^a.a ^ yp.a ^ 2u^,a ^ 2m*'" = 0, 

shewing (Appendix to Part I., Note II.) that there exists a rational function 
on the Riemann surface, of the sixth order, with all its poles at infinity, 
vanishing twice in each of {6), (<^) and once in each of (a), (/S) ; this function 

must be of the form 

t^-vf + id-'K + ps, 

where s^ =f{t), and the coefficients \, /j., v, p are to be determined by means of 

ffi-v0' + fi6-X + p& = O, (fy' - v4>^ + fi<f) -\ + p^ = 0, 

S0'-2vd + f^ + ip^ = O, 3(j>'-2v4> + ,i + ^p^^ = 0, 

where 0, ^ are the values of s at {6) and (cj)). The function being so 
determined, the places (a), (/S) are found as the remaining zeros, and thence 
g722 (2m) = a + ^, ^a (2m) = — a/3. The conditions are those found by expressing 
the identity 

{f - vf + fit- \y - p'fit) = (t- ey {t - </.)» {t -«)(<- ys), 

or, if X = + (f> = ^^{u), y = -e(f> = ^^{u), X = ^^{2u), ¥ = p,,(2u), 

by expressing that (f -tx- yf {V -tX-Y) + p'f{t) 

is the square of a cubic function of t ; when x and y only are given this last 
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form gives the two sets of corresponding values for X and Y. The four 
conditional equations give 

shewing that the plane \^ + fir; + v^+t = passes through the point 
e - $, - (®4> - <t>6), ©(/)= - <I>^, - (@^' - ^6% which (pp. 40, 116) is the 
satellite point of u on the Weddle surface, obtained from ± uhy projection 
from the node (0, 0, 0, 1), and lies upon the chord of the cubic curve 
joining the points (1, - 6, 6^, - &"), (1, - ^, ^^ - ^0; the conditional equa- 
tions srive, however, also 



a /■). _ .,fl _i_ ,,/P2 _ /)3\ a /> _ ,,A J- „A2 _ A3^ 



d_ f\ -fi.e + yd"- - '\ _ ^ ^ /\-jA4 + vfj-^ 



shewing that the plane \^ + firj + v^ + t = contains every consecutive point 
of the Weddle surface ; it is thus the tangent plane of the surface at the 
satellite point of + u. 



The point g^ y : 9^ ( @ j : g-^ [^) ■ ^q (-@ 



which clearly lies on the tangent plane, is the remaining intersection of the 
Weddle surface with the tangent line of the cubic curve at (1, — 6, 6^, — 6^), 
and is on the unicursal septic (p. 116) which is the tangential on the Weddle 
surface of the cubic space curve. The point having the same derivation 
from (p is also on the tangent plane. Further the equations 

a^ - vd' + fia - \ + pA = 0, ^'- v/3^ + fi^ -\ + pB = 0, 

where A-=f{a), etc., shew that the point satellite to + 2m is also on the 
tangent plane. 

The tangent plane of the Weddle surface at the point P', satellite to + u, 
has been seen (p. 68) to be the polar plane, of the point reciprocal to P' on 
the Weddle surface, in regard to a cone x'Q^ + y'Q^ + z'Qz + P4 = with vertex 
at P'; if then the tangent planes of this cone which contain the chord {6, <(>) 
of the cubic curve be momentarily written 

A,^+ ...+D,r = 0, ^jf +... + At = 0, 

there is an identity of the form 

- p^ {x'Q, + y'Q, + z'Q, + P,) = (Xf + p.r, + v^+ rf 

- {A,^ + ... + D,t){A,^-^ ... + D,t) ; 

take the particular case of this when f : 7; : ^ : t = 1, —t, f, - f; then the 
left side reduces to p''f{t), and the first term of the right side to 

{P - vf +fj,t- xy ; 

as each of the planes A^^ + ... + D^t = 0, A^^ + ... + D^t = passes through 
6 and (f>, the second term of the right side contains the factor (i— Oy(t — 0)^; 
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the remaining factor is (i - a) (i - /3), where (1, - a, a\ - a'), (1, - /3, /3^ - /S») 
are the remaining intersections with the cubic curve respectively of the 
plane -4 if + ... + D,t = and A^^+ ...+ D^t = and the identity becomes 
that previously obtained. In other words, if the point ±uhe joined to the 
node (0, 0, 0, 1), the join giving the satellite point P'; if the cone with P' as 
vertex to contain the six common points of the quadrics ft, Q.^, ft, P^, be 
constructed ; then the tangent planes of this cone which contain the chord 
of the cubic curve through P', cut the cubic curve again in points a, /3, which 
are upon the chord of the cubic through the satellite point of the point + 2m. 

The condition determining ^,^(2u)... may thus also be expressed by 
saying, if Qj, Q^, Qg, P^, denote the values of ft,... for the point ±u 
(cf p. 76 for the equations os'/Q2=...), that the quadric following, for a 
proper value of /j, (= pYft), 

{6'^af + [e<f> + a(e + (}>)]r, + (9 + (f> + a)^+T} 

must be the square of a plane, namely of the tangent plane at + u'; the 
conditions for this are, that in the discriminantal matrix of this quadric, 
every minor of two rows and columns be zero. 

If + u' be the arguments associated with P', the satellite point of + u, 
we know that ^22(2m') = g)22(2M), ^21 (2m') = ^21 (2m) ; hence if the cone be 
drawn to contain the six common points of the quadrics Qi, Qj. Qs, Pi, with 




its vertex at + u, the tangent planes of the cone, passing through the chord 
of the cubic curve through ± u, will also cut the cubic curve in the points 
o, /3, and the satellite point of the point + 2m' will lie on the chord a, ^ of 
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the cubic, and on the tangent plane of the Weddle surface at + u. If 6', <j>' 
be the two points of the cubic curve, on the chord of this drawn through + u, 
we may draw the diagram annexed, where D denotes the node (0, 0, 0, 1), 
which may help to keep the relations in mind. 

In order that Zo?+ii7; + 4?'+4T = should touch the cone 

{a, b, c, d, f, g, h, u, v, w) (f , iy, f, rf = 

it is sufficient, beside the condition that the plane passes through the vertex 

of the cone, that 

h f V Zi =0; 

f c w I2 

V w d Is 

li 62 '3 ^ 

applying this to the cone x'Qy + y'Q^ + z'Qs + P4 = 0, when l„ = aO(f), 
lj = a(0 + cj)) + 6(fi, 1^ = a + + (f>,l3 = l,we find the quadratic equation for a, ^ 
in terms of ^, </> ; putting x=6 + <^,y = — 6<f), and using osy' — x'y + z' — z = 0, 
we thus find 

2(w- x'y ^22 (2 it) = 2X2 + X3 (a; + x) + iXiXx' 

+ ^xx (x-\- x)-\- A^xy + Atx'y' + 42' + 4>z\ 
2{x — x'Y g)2i (2m) = \'K^i - ^ V + 2X2 (a; + «' ) + Xs {xx' — y-y') 

+ \i{z->rz' - xy' - x'y) + 8 {xz + x'z) - 2 {xx' + y + y'Y; 
f=0 being the equation of the Kummer surface we have (p. 76) 

X =~- / ^ , and therefore (x — x) ^ = x ^ — ^ . 
oy / oz dz dz dy 

The cone x'Q^ + y'Q.2 + z'Q^ + P4 = 0, with vertex at + u', intersects the 
Weddle surface near + u' in a locus whose projection from the node D gives, 
near + u, the locus represented by — x'ps„ (U) -\- y'f^i (U) + z' — ^ii(V) = 0, for 
which then, as our previous investigation of the asymptotic lines of the 
Kummer surface shews, 



\dui/ 
putting here (see p. 117), 

du^ _ 

dui 



fdiuV ,„ , du2 



■g'.i(2«) = 0; 



dv ' 
X^+2F 



2 — - 
dui 



X 



where X = p^(2u) = p^{2u'), Y== p^(2u) = p^^(2u'), it is at once found to 
reduce to 



that is 



\dui I 



7-^=0 
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And in fact if f ^ j and f t— M give two directions through the point + u 
which are harmonic in regard to the directions given by 

^^^'^ vSwf' Ji ' Vdw^'j ^'"^ *^^ directions at ± u obtained from these respectively 
by projection from the node (0, 0, 0, 1), we have 

42. Consider now the asymptotic lines of the Weddle surface; their 
directions at + u are given by a determinantal equation 



^222 (m), f^{u), g)222l(M), d'^^iu) 



= 0, 



but the algebraic work is simpler if we proceed as follows : expressing that 
the tangent plane X^ + ^7; + z;^+ t = contains the point whose coordinates 
are 

and similar expressions, we obtain, beside the three equations already found, 



© 







the further equation 

d(92 -^ ^ X - imO + vO' - e^ -^ ^ d^ i^ X - /x(^ + v4>' - 0' 



for the asymptotic lines ; putting T^ =f{t), differentiating twice the identity 
in t, 

fX-fit+ vt^ - fy _ ^ _ (t'-tx-i/){t'-t X-Y) 



T 



fit) 



and then putting t= 6, y/e find 

+_ 
@ 



de^K © j = (^-'/') 



(g-a)(g_y3) 

©2 
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so that the asymptotic lines are given by 

@^ '^^ = $^ <^<t^' 

a result obtained in this way by Mr H. Bateman, Proc. Lond. Math. Soc. 
New Series, Vol. iii. (1905), p. 235. Putting herein 

_de dcf, , _edd 4>d4> 

and reducing, it becomes, replacing 6 + 4>, 0<f>, a + /3, a/3 respectively by 
X, —y, X, — V, 

this is the relation for ~' when we move along an asymptotic line at the 
point + «'; putting (p. 117) 

dUi \ du-i 11 \ du^ 

we can verify algebraically, though the fact is obvious from the geometrical 

interpretation above given for this transformation, that the differential 

du' . . 

equation for -j-^, is precisely the same, so that the asymptotic directions 

project from the node (0, 0, 0, 1) into asymptotic directions; putting then 
X = X', Y= Y', X = Q^IQs, y = — Qi'/Qs, we have the form for the differential 
equation of the asymptotic lines at ±u'; finally dropping the dashes, the 
asymptotic lines at + m are given by 

(«= - ^«^^ (£)^ - 2 (^> + ^«') £ + «^^ + e.F= 0, 

that is by 

Qi - r du.,- 1 = 0: 

Q.2 X 2duAu-i 

Q, 1 du,' 

and are therefore harmonic in regard to the directions given by each of the 
two equations 



<") «'(£;y-«'l:+«.=''- 



It follows conversely that each of these two equations gives a pair of 
conjugate directions; that the latter (ii) does so can easily be seen geo- 
metrically ; a geometrical proof that the former (i) also does so would enable 
us to write down the differential equation of the asymptotic lines at once ; 
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the fact is equivalent with the statement that the Weddle and the Kummer 
surfaces are such that the asymptotic directions on either correspond to 
conjugate directions on the other, a relation projectively generalising that 
considered by Lie between two surfaces of which the asymptotic lines of one 
correspond to the lines of curvature of the other (Geom. der Beruhrungs- 
transformationen* (1896), pp. 473, 636); it was by relating the Kummer 
surface in this particular way that the asymptotic lines of Kummer 's surface 
were first determined, by Lie, Covipt. Rend. Lxxi. (1871), p. 579. In regard to 
these conjugate directions, (i), we have proved (p. 117) that they are given by 

t'-tX-Y=0, 

that they are the tangents of the intersection of the cone 

xQi + yQ2 + ^Qs + -P4 = 

with the Weddle surface at the vertex of the cone, that any element at + u 
of a particular curve t is projected from the node (0, 0, 0, 1) into an element 
of the same curve at + u', the arguments u', u being such that u'— u = u"-- *, 
and that the curve t is given by 2m = w"> ' + u"- ^, for variable /3. With regard 
to the directions (ii), consider first the cone joining the point 6 of the cubic 
curve to all other points of the cubic curve, whose equation is given by 

it passes through the point + 11!, or P', for which ^ = 5; ~ z; > '?' ~ ~ ^ + js^ > 
etc., and, as we have seen, the tangent plane of the Weddle surface at this 
point passes through the point 

1 (1\ 1 (^\ 1 (^\ 1 /'zi!' 

or T, which (p. 116) is the tangential on the Weddle surface of the point 6 of 
the cubic curve ; in other words the quintic curve of intersection with the 
Weddle surface, other than the cubic curve, of the cone 6'^Q^ — 6Q2 + Qi = 0, 
is the curve of contact of the tangent cone to the Weddle surface from the 
point T; let P/ be the point of this curve of contact lying on the chord 
joining 6 to <f) + d<f>; the tangent planes of the Weddle surface at P' and P/ 
are tangent planes of the cone of contact, touching this along the generators 
TP' and TP/; thus they ultimately intersect in P'T, which is thus the 
conjugate direction on the Weddle surface to P'Pi'. Consider now the 
similar cone (jy'Q, - (pQ, + Qi = 0, containing the cubic curve, with vertex 
at <f) ; its tangent line at P' joins the points 

l_i =1 + 1 

* ©' $ @' ■■■' 

* Also, Lie, Math. Annal. v. (1871); Darboux, Theorie, Nob. 157, 164. 



128 Geometrical interpretation. [oiiap. v 

namely is the line P'T; thus the two cones 

or the curves of contact of the tangent cones to the Weddle surface from the 
points 

i (^\ I /- ^^ . 1 ^i-V i (:^] ■ 

de \&J ' d6 [ @ ) ' '"' d4>\^) 'd4>\^ I ' ■■■' 

give conjugate directions on the surface at P'. We can find the differential 
equations for these curves: for consistence of notation consider the corre- 
sponding curve e'^Qs- e'Q^ +Qi = 0, passing through + u, where 6\ <f)' are the 
extremities of the chord of the cubic curve through + w. This projects into 
a locus near + u represented by 6'- - 6'x' -y' = 0, which gives, as we have seen 

(p. 117) 

/du„'Y ,dul_ ,_ 

\du^) * dui ^ ~ ' 
herein put 

^J = (Zp + 2F)/(2p-Z), 

where p = ,— ; we thence have, for the differential equation of the curve 
diti 

e''Q,-0'Q, + Q, = 0, 

the form 

p'{X"'- 2Xx' -iy')+p{4:XY-4:Yx' + X'w' + ^Xy') + 4 P + 2 YXx' - X"-y'= 0, 

which can be shewn to be the same as 

(Z= + 4F) {f - x'p -y')-2 (Xx' + 27+ 2y') {f-pX- Y) = 0, 

so that the curves f^Q.^ — tQ^ + ft = through + u, the curves t- — tX — Y =0 
through + u, and the curves given by the differential equation p' — px— y = 0, 
or 

« «.©■-«-{£) + «.-». 

through + u, belong to the same involution ; this is in accordance with what 
we have found, the asymptotic directions being the double rays for the 
involution, and the equations 

(i) «^-<Z-F=0, 
(iii) t^q^ - tQ, + Qi = 0, 



<") «.(ST-«-t)^«-»' 



defining three pairs of conjugate directions ; the directions (ii) are the 
harmonic conjugates of the directions (iii) in regard to the directions (i). 

For the space cubic 

M = u'.», 2m = 2m'.-, X = 2t, F=-t^ Q, = 0, ft = 0, Q, = Q, 
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and the equation of the asymptotic lines is satisfied by the vanishing of its 
coefficients. For u = 2u'' », d=(^ = t, and the equation 

(^-«)(^-^)§' = (<^-«)('A-/3)^ 

is satisfied; thus the unicursal septic and its projection, a unicursal 16-thic 
(p. 116, note), are both asymptotic lines. 

43. Another method of determining the functions f^ (2m), etc., is as 
follows ; if in the equation 

(t{v + u)<7{v — u) , , , . , , ^ ^ ^ . . . 

O-"- (^^ 0-2 (^) = ^22 (V) ^21 («) - g>21 {1}) ^22 («) + ^11 («) " g?!! (^ ) 

we put ■yi = Mj + ij, i;2 = M2 + f2, where t^, t^ are small, and equate the 
coefficients of <i and 4. we shall have, from the coefficient of i.2, the identity 

where x = ^22 («), ? = ^^222 (w), etc., and from the coefficient of t^, 
o-(2m) 



'(«) 



= yr]-x^-T, =-M, say; 



taking second logarithmic differential coefficients of this we infer 

^■- (2«) = iMJ^^ ^ . F- (2w) = ^ ^:xff — ' 

4,2M"- - MM,, + M,' 



p„ (2m) = 



4ilf^ 



4if2 



~ 4 



Now (pp. 39, 41) 

M^ = y^rf + ay'^'^ + t» - 'ixyrji; - 22/7;t + 2a;^T 

-X„ iX, 2^ -21/ 

|X, -(X^ + 4^) iX3 + 2y 2« - y 
2^ ^\i + 2y -(\4 + 4a;) 2 a; 

-2y 2a; 2 1 

-y a; 10 

is an integral polynomial of degree 4, in fact equal to 
t^ (V>^4 + ^0 V - 4X0X2X4) + (iXi^ - 2X0X2) X + \o\>y + (i^i^ - X0X4) z 

- iX„X3«2 + (X„X4 + JX1X3) xy + (iXo - iW) y' - 8X„a;^ + 2X,yz + X^z- 
+ 4X„a;^y " ^'^"^y" - ^ (^i*' - 2^*2/ + ^s^/') + 4^' + Xoar" -X,x'y + X.x'^y' 

- Xgxy^ + Xiy' - 42/' ir + 4^yz (xz - y''), 

and it is found on computation that this is the same, identically, as 

- i [Q1F2222 (m) + Q2F2221 (w) + Qs^22n (m)] + TB^ (8« + \). 

where y!^A is the vanishing expression, given p. 41, wherein the highest 
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terms are {xz-y^. Further, differentiating the identity y^-X7} — ^=0 
in regard to Mj we find 

- 2/^2221 + «^22u + ^3111 = ?? - V\ 
and hence 

ilfj = - 2 (f^ - 7]% Jfi = yp,o„ - xp^,n - g?ini, 

71/,., = - 2 (f |.)«n - ^Vi->22'^ + ?F2222). M.^=-1 (^^2ni - 2?;^2211 + ?i^2Sl). 

while Ma = ^J.>22ii - '?^2iii + 2/^22111 - «P2ini - Pmn > 

so that each of M.,, M^ is a rational polynomial in os, y, z, and each of M^_, 
71/„], Mil is a linear function of ^, ly, %, r with coefficients rational in x,y,z; 
as the squares and products of |, ?;, ^, t are rational in x, y, z, we can express 
each of ^,j (2m), i^j^ (2m), ^Jh (2m) rationally in x, y, z. We do not develop the 
expressions. 

44. We have seen (p. 114) that if + w be any point of the Kummer 
surface, and (i) be either of the places of the Riemann surface determined by 

P - t^^ (2w) - jJji (2w) = 0) 



, , or, say, by 2w h m'*' " + «*" ", 
s = t^j^, (2w) + iJ,,, (2w) I ' ' J' -^ 

then the other points of contact of the bitangents through + w have argu- 
ments ± (w + u^- *), wheie 9 is in turn one of the roots of the fundamental 
sextic (including infinity or ^ = a). We have also seen that 

iJ22 (2w) = ^'^ (2w + 2m''' 0. S-^21 (2w) = g72i (2w + 2m''. ; 
as M*' i^ = M"' * + M*' " = u"-- * + half period, the functions ^^22 (2w), ^.)2i (2w) have 
the same value at w as at each of the six derived points. If + w be one of 
these six points we have 

2^ = 2W + 2m«.< = M*.« + U*"'- 2m*' « = - M*' « + M*" « = M<''« + M*- ^ 

where (t') is the conjugate place of the Riemann surface to (t). Thus the 
place of the Riemann surface associated with v as is (t) with w is the place 
{t'), and when we derive from v as we derived from w, we obtain places 

V + 11/^' ^' = w + U^'* — U"^' * = w + U^' ^, 

that is places (including w itself) whose arguments differ from that of w by 
half periods. The transformation from w to t) is in fact that given by the 
transformation Ar (p. 79), and the next step gives places of the Kummer 
surface derived by the transformations Ar'^Ag. We thus get on the whole 
32 places, as on p. 81. For each of these 32 places the functions Ji?22(2«), 
^..,i(2m) have the same value, and they are invariants of the group of 
32 birational transformations. 

For the Weddle surface the transformations are equivalent only to 
projections from the six nodes in turn. Putting 

Uh = 4>^^ + {(ji + f) V + r, 

Ug^^ = e(f>y}r^ + {(j,^ + ^0 + 0^)ri + {e + cf> + ylr)r) + ^, etc.. 
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where the six nodes are 

(0,0,0.1), (i,-e,e\-e% (i,-<^,...), {i,-^,...\ {i,-m,...\ (i,-«,...), 

and putting 



X = i-^-T-" -'-X*-^ Y= y^PjZJ'ilJ^ z = 



^s*!// L'e((>i(, L/g^^ 

vvifVi ^ — m 6 — m ylr — m 

with a = ^ - , 6 = -C , c = ^^ , 

u — n <p — n yfr — n 

the Weddle surface has nodes at (0, 0, 0), at the infinite ends of the axes of 
A , 1 , Z, at (1, 1, 1) and at (a, b, c), its equation takes a simple form, and the 
coordinates of the transformed points can be explicitly expressed without 
much difficulty. Regarding X, Y, Z as rectangular Cartesian coordinates, 
the 32 points are the corners of four rectangular parallelepipeds; one of 
these is obtained from the original point (Z, F, Z) by projections from the 
three infinite nodes B, (/>, -v/r, the others are obtained respectively from 
(A'o, Fo, Z^, (X], Fj. Z-^, (A'a, F(,, Zd), also by projections from these infinite 
nodes, where (Zj, F„, Z^) is the point obtained from {X, F, Z) by projection 
from the node (0, 0, 0), and similarly (Zj, Fj, Z-^ and (Z„, F^, Z^) are obtained 
from (Z, F, .^) by projection from the nodes (1, 1, 1), (a, 6, c). It is found 
that there are two rational functions H, K of the coordinates Z, F, .Z' which 
have the same value at all the corners of the first rectangular parallelepiped, 

have also the same values, respectively j^, --^ , at the corners of the second 

rectangular parallelepiped, have also the same values, respectively K, H, at 
the third set of eight corners, and finally have the same values, respectively 

-^, tt-. at the last set of eight corners. Thus any symmetric function of the 

four quantities H, jj, K, -jj. has the same value at each of the 32 points, 

and it would be an interesting problem to express f^ (2m), fJji (2m) each in 
this way; if this is possible. The function H, in terms of our original 
coordinates, is 

{6 - m) {(j) - m) {\lr - m) UmnUu^^-e^ej, 
\e-n){j>-n){^-n) {^^ - ^^) U\^ ' 

which then has the same value for all the eight arguments 

W, W + M^' *, W + M*' ', w + IC^' ', 
W + llP' *, W + W^- '^, W + M*' ''', W + llP' * + U'^' *. 

We have, as remarked in an Example given below, 

f' '*9i(i = 4^Pe Pif, Pe<i> , U%^^ = 4P^^ P^e Pg^ , 

where Pe = y + dx- 6-, Pei = ej)X+ {d + ^)y + z - e^^, 

so that H can be expressed (irrationally) in terms of «, y, z. 

9—2 
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We do not pursue this matter. See Proc. Land. Math. Soc. (1903-4), 
Ser. 2, Vol. I. p. 247, where the formulae are given at length. 



45. The formula 

cr (u + v) a- (u — v) 



= ^22 (m) g?2i («) - ^21 (w) JP22 (v) + fn («) - Fn («) 



0-2 (u) 0-2 (v) 
can be used to obtain the expressions for the functions 

in terms of functions of u and v. 

Let ^^i (u) = X, etc., ig^ (v) = w^ , etc., ^222 (w) = I, etc., ^022 (v) = ^1 , etc., 
and M=xyi — cciy + Zj — z; 

differentiating logarithmically in regard to u^ and v«, and adding the results, 
we have 

differentiating this in regard to Mo and v^, and subtracting and adding the 
results, we get 

«0-lfl-l(l!)"-©V-('-^.), 

and 4>M' [^j^_ iu + v) + ^^, (u) + jj^, (v)} =F + Q, 

aw 

g^2 = (2/1 - y) P2222 (m) - (^1 - os) JJ2221 (w), 

9^9.2 = ^''^"^'''' 
so that P is expressible rationally in x, y, z, x,, y„ z,, and both P and Q can 
be expressed, of course, rationally in x, y, ^ and a;,, 2/1, fj. Similar formulae 
can be found for p^ (u + v) and f^ («• + «^). 

Or we may adopt another method. Let 

and u + v + w = 0; 

there exists then on the Riemann surface a rational function of order six 
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having its poles at infinity, and vanishing in (^i), (^2), (^3), (^4), (^5), (6^) 
(see Appendix to Part I., Note II.) ; say this is 

t^ - vP + fit-\ + ps, 

where s-—f(t); the coefficients v, fi, X, p are then found from four equations 
such as 

Oi' - vde + fiOi -X + p@i = 0, i = 1, 2, .S, 4, 

where @,,- is the value of s at the place (6i) of the Riemann surface ; and when 
the function is found, the places (^5), {de) are determined without ambiguity ; 
there exists then the identity in t 

(P - vP + fjLt- xy - p'f(t) = <f> (0, 

where (f)(t) is the product of the six factors t — 6i, and, since 

i.\, (u) = 0,+ e„ ^'22 (z)) = 6I3 + 6*4 , JJ22 {w)=-0, + 0„ 

we have ^^ (u + v) + f^ (u) + ^^ (v) = 2v + 4^p\ 

where in v, p, determined as above, we are to substitute 

©1 = 04^2^ (m) + JP22I (m), 02 = ^2^222 (") + ^••221 (U), 
03 = ^'4^222 (V) + g?221 (V), @4 = ^i^^ (v) + ip221 (v). 

The functions (p^i (« + '"). ^n (w + v) can also be calculated, their values 
~0,0„ Ee^^e^ or ^[F(0„ 0,)-2®,®e]l(0,- 0,f, being determined by the 
knowledge of the remaining zeros of the rational function above. 

The relations are capable of important geometrical interpretation. 
Consider the six points (1, — di, 0}, — 0f) upon the cubic space curve, each 
being associated with its proper quantity @i, definite in sign, as above. 
Denoting by h^, 62, ..., 65 the roots oi f{t), the identity above gives 

the right side we may denote by <!»,■; it is definite when X, /x, v are 

determined. The plane 

X| + /x7; + i/f+T=0 

passes then through the fifteen points of the Weddle surface such as 

V@i 0/ ©,• 0/ 0i 0/ 0i 0,/' 
which we may call the point (0i, 0j), and also through fifteen points 

fl_l_ zhj^h ^-bl z}l4.b'\ (L zh ^ - ^/ , -, \ 

and is thus symmetrical in regard to the two sets of six points {0i,...,0^), 
(bi, ..., 65, 00 ), lying on the cubic curve. In particular it cuts the edges of the 
tetrahedron (^1, 02, 03, 0*) in six points lying on four straight lines, since the 
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points (^1, ^2). {6i, ^3), (^3, ^1) are manifestly collinear. It can now be proved 
that, to every quadric surface through one of the sets of six points, corre- 
sponds a quadric through the other set of six points, touching the former 
quadric along a conic lying on the plane X^-|- /^t? + J'f + t = 0*. 

To see this in the simplest way, put 

^^x + Y+z+T, r, = -{e,x + d.j+e,z+e,T), 

f = e^^x + ^,=F+ e.^z+ err, t = - {e.^x + 6^y+ e,^z+ e-'T), 

giving 

-{0,-e,)ie,-6,)id,-0,)X=e,0A^+{OA+M. + M4)n+{O-2-\-0z+S4)^+T, 

and so on, so that X = 0, Y =0, Z =0, T = are the faces of the tetrahedron 
6j, 6.2, do, 64; substituting in 

Q = fe (rjr - H + % (^r - ?t) + 42 (?f - v') 

it is at once found that this reduces to 

Q = -{S,X + ^,Y+&,Z+{'d/rr- + ^tYZ{d,-d,yFe^,e, (I), 

where Pe„ e, = 0., 6, x- + {0, + 0,)y + z 4,^0^_0\, ' 

now, for the point (6i, 0j), if the difFerence 0i — 0j be denoted by (ij), we have 
(14)(24)(34)r=<l^-)f-i^-^-)-^M|K3.)_ 

* 3 

and so on; thus for the point (^1, ^4) we have 

(21)(31)(41)Z=*21K^H^). Y=0, Z=0, 

so that this point, and similarly the other points (^,, ^4), (03, 0i), and generally, 
all the points {0i, 0j), lie upon the plane @iA' + ©2F+ ©3^+ ©4 7'= 0, which 
is therefore the same as Xf + /lit; + vf + t = 0. Thus, considering the par- 
ticular case of the identity (I) in which the current point is upon the cubic 
curve, namely putting ^, ?;, f, t = 1, —t, t^, - t^, we have the identity 

fit) = Aif- vt' + fit-\f + B{t- 0,) (t - 0,) (t - 0,) (t - 0,) (t - 0,') (t - 0:1 

* The condition for a quadric surface to reduce to the square of a plane is the vanishing of 
all minors of two rows and columns in the discriminantal matrix of the quadric ; and the 
conditions for a symmetrical matrix of n rows that all minors of n -r rows and columns vanish 
are i (r + 1) ()' + 2) in number [Sylvester, Coll. Papers, Vol. i. p. 147]. Thus through four arbitrary 
points a determinate number, in fact 8, quadrics can be drawn to have plane contact with an 
arbitrary quadric. 
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where A, B are certain constants, and 6^, 6^ are the remaining intersections, 
other than 6^, d^, 9^, 6^, of the quadric 

R = irz{e,-e,yPe,.e, = o 

with the cubic curve ; as this identity is of the same form as that originally 
deduced from Aliel's theorem, we infer that 6^', 6^' are the same as 6.., 0c., and 
have so proved the theorem. And this, to resume, is equivalent to the state- 
ment : Let ± u, ±v be two arbitrary points of the Weddle surface, F, Q' their 
projections from the node (0, 0, 0, 1); let 6^, 6^ be the extremities of the chord 
of the cubic through P', and 6,, 6^ the extremities of the chord througli Q' ; the 
arguments ± u, + v determine definite signs for the associated radicals ®i, ©,, 
©3, ©4, and so determine a definite plane tz through tlie three points 

{@,-®,,-e,%, + e,%„...), (©,-63, -^3@4 + ^4©3, ...X 
(@3-©x, -^.®3+^3©i,...); 

taking then any quadric Q through the nodes of the Weddle surface, there is a 
definite quadric R through tlie four points (^, , 6^, 63, 64) having contact with Q 
along a conic lying on this plane sr ; all these quadrics R, as Q varies, intersect 
the cubic curve again in the same two points 6^, 6^; ivith proper signs for ©5, ©„, 
the point ± (u + v) is the projection, from the node (0, 0, 0, 1), of the point 
(©6 — ©5, — 05©ii + ^ri©o, ...). The complete geometrical figure, allowing all 
possibilities for the signs of ©1, ©o, ©3, ©4, will involve S planes; each 
quadric Q will have plane contact with 8 quadrics R through the four points 
^1. ^2, 03, 9i, and there will be 8 resulting pairs of points 6r„ 6^; the 8 planes 
give two tetrahedra which with the tetrahedron 6^, 6^, dj, 64 are in fourfold 
perspective ; but we refrain from further consideration of the general figure. 
The points 65, 6^, by substituting 

(21) (31) (41) Z = (0, - t) (63 - t) {6, - t), etc., 

in the quadric R, are found from the quadratic equation 

S {6, - e,) {0, - 0,) [Ee„ s, {t - 0,) {t - 0,) + Ee,.e, (t - 6,) {t - 0,)] = 0, 

where ^s. * = i [F (0, 4>) - 2©4>]/( - f\>y. 

The quadric R is of the form 

a;iJ, + yRo + zRs + S=0, 
where 

R, = 42 (0, - 03)' 0AYZ, R, = 4S {0, - 03)' (0, + 03) YZ, R, = 42 {0, - 0,y YZ 

are the same as Qi, Q^, Qs, and pass through the cubic curve, while 

S=-^^(0,-0,rEe.^eJZ 
= -l[Fi0„0,)-2&,®,]YZ, 

contains the six points 0i, ..., 0^- The quadric R, written momentarily in the 

form 

fYZ + gZX + hX Y + uXT + vYT + wZT = 0, 
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will be a cone if 
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or \/uf + "Jvg + '^'wh = Q, 

so that t{e,-e,){e,-e,)^JT\;j;^^ = o, 

represents, with x, y, z as current coordinates, a Kummer surface. 

Of this Pft e > Pe .Bt, etc., are six tropes, and therefore as the quadric R is 
symmetrical in regard to the six points 6^, ...,0^, fifteen tropes are given by 
the fifteen tangent planes Pe,_ ej = of the original Kummer surface ; the 
plane Pe,,ej touches the original Kummer surface at the point satellite to 
(«"• *'■ + m"' ^j). The planes Pe,j^, Pe„e^, Pe„e, meet the plane at infinity in the 
chords joining the points m"'*', u"'^\ «■*'*», and since 

w"- *' + U"' *2 + w"' ^= — (u"- *! + U"' *= ) = u"- *■ , 
the point m°' *■ + m"- *^ + «"■ "= lies upon the plane Pe^,0,, and hence is the inter- 
section of Pe.,e,, Pe„6,, Pe„e.t and therefore a node of the new Kummer surface; 
from the relation 

connecting six points on the conic at infinity zx — y^ = 0, the planes Pe^,e,, 
-Pflj, fle' Poi.e^ also pass through this point; and thus ten nodes of the new 
Kummer surface are determined by dividing the six points 6^, ...,6^ into two 
sets of three in all possible ways. Further the point at infinity 

xji = - y/e, = z/e,^ = <x> 

reduces, save for the infinite factor, each of Pg^g^, Pe„e,, Pe^.e,, or say, reduces 
each of u, h, g in 

u\p + v'^g- + vflh' — 2vwgh — 2wuhf— 2uv/g, 
to zero, and is thus a node of the new Kummer surface ; thus we have six 
other nodes, at infinity, and the remaining trope, the plane at infinitj', of the 
new Kummer surface, which has thus a singular conic common with the 
original Kummer surface. 

By eliminating x, y, z from the four equations such as 

hT + gZ+^lT=0 
we can form the equation of the corresponding Weddle surface, having 
^j, ...,^6 as nodes, which thus appears as the locus of the poles of the plane 
\^ + ft,r] + v^ i- T = in regard to a properly chosen oo ^ of the quadrics 
^Qi + yQi + ^Qs + -^4 = 0, namely the coefficients x, y, z must satisfy the 
relation 

2 {6, - e,) {0, - 0,) '^PZ^^PeJe.^ = 0. 
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The equation of a Weddle surface referred to four of its nodes as tetrahedron 
of reference is well known, and the new surface will be of the form 



Jf + ^2 JJ 1- -As jj + Ai fj 

^eSS, Uoap. Uaae, U0ai 



CJgCTitJ, 



Denoting the quadric 8, in terms of ^, r], ^, t, by 

S = - a;'Qi -y'Q^- z'Q^ - fi^^^ + /i-^^i] - fUT}^ + fi^v^ - i^-X'^ + ii^T - n^r'^, 
the identity 

p 

shews that the polar planes of any point in regard to the quadrics P^ and S 
meet on the plane \^ + /jltj + v^ + t = 0; if in 

-2\ofr+Xi(K + r'?)-2x,w+...=-^,(x^+...)(^r+-.) 

— 2/lio^^'+ ... -2yU.6TT' 

we put 
we obtain 

- F(e„ e,) = - 2@,a - 4 (^, - e,y [x'eA + y (e, + e,) + z'] 

i = 

whereby the tangent plane of the original Kummer surface, 

eAx + {6, + ^,) y + . i{e,-e,f — " ^' 

at once takes the form 

d, d, {X - X) + {6, + 0,) (y-y') + z-/- 4^-^frf ]. = 0, 

proper for a singular tangent plane of the new Kummer surface ; with this 
notation also, the equation of the new Weddle surface will differ only from 
that of the old in the substitution of fXo, /j-i, ... for X„, X^, ... ; denoting them 
by n, n' we have then, since D, is linear in Xq. ^i, Xa, ... (see pp. 78 and 67), 

where H = -\{\^ + m + i'^+ t)' - x'Q, - y'Q, - z'Q,, 

2 , , ^ .(^dF dF , dF dF 

viz. «-"=--.(^^ + /^^ + ''^+^)(^^a^-*/^af +i^a^-ay 

thus the two Weddle surfaces cut (i) in the cubic curve, which is an asymptotic 
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Another related surface. 
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line upon each, so that the surfaces touch along this curve, (ii) in a plane 
quartic curve lying upon X^ + /xt] + v^ + t = 0, (iii) upon the first polar, in 
regard to the developable quartic surface F=0, of the pole of the plane 
\^ + fii] + v7i + f =0 in the linear complex I + 3^ = 0, previously noticed (p. 67); 
beside the cubic, which is an asymptotic line on this first polar, this gives a 
sextic curve. 

It would be interesting to follow out the relations between these Weddle 
surfaces corresponding to the relations between the associated Kumnier 
surfaces ; we refrain from this. But when 6^ = 6^ = 6 and 6^=0^ = <f), the 
arguments u, v become equal, the plane &yX + . . . = 0, passing through the 
points 
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becomes the tangent plane of the Weddle surface at the first point, 
and the figure becomes that previously considered in determining the 
functions ^.^{2u),... (p. 123). For that case, with the notation previously 
used, the new Kummer and Weddle surfaces are to be determined from 
the quadric 

R = {a;- cc') Q, + (y - y') Q, + {z- z') Q, 

+ \{A^ + Bv + C^+T)iA'^ + B'v + C"?+ t), 

where the last term represents the product of the tangent planes of the 
cone w'Qi + y'Q^ + z'Q.^ + P^ = which pass through the chord 6, cf) of the 
cubic. 

It is possible to determine a new Weddle surface with six arbitrary points 
of the cubic 6i,...,6e as nodes; this intersects the original in a curve of the 
tenth degree, beside touching it along the cubic. See Darboux, Bull, des 
Sc. Math. I. (1870), p. 357; Bateman, Proc. Lond. Math. Soc. III. (190-5), 
p. 237. 

It is possible in another way to determine a new Kummer surface with 
nodes upon the old one, and tropes touching the old one, the two surfaces 
touching along an octavic curve (Klein, Math. Annal. xxvii. (1886), p. 136 ; 
Rohn, Math. Annal. xv. (1879), pp. 350—352; Reye, Crelle, xcvii. (1884), 
p. 248; Hudson, Kummer' s Quartic Surface, p. 159); taking each of e, , £2, 
€3, €4 to be + 1, and ^1, ...,ds arbitrarily, the nodes are the sixteen points 

and the tropes are the tangent planes of the original Kummer surface 
touching at the points satellite to 
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CiiMc surfaces with four nodes. 
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After Reichardt, Nova Acta Leopoldina, L. 1887, p. 476, the octavic curves 
of contact of the oo " Kummer surfaces so obtainable are given, in our 
notation, by 

VI + lUi Qifji (2m) + bi^«o {•2u} - bi"]^ + . . . + ms [^,1 (2m) + b^^:)^_ (2m) - 6.,=]^ = 0, 

where m, m^, ...,mr, are arbitrary, and 6, ,...,65 are the roots of the quintic 

46. The equation expressing the functions g^„,2 (u), etc. in terms of the 
functions p22(w), etc., of pp. 39, 59, is in connexion with the theory of certain 
cubic surfaces with four nodes, which touch the Kummer surface along sextic 
curves represented by lo^"222 (u) + . . . = ; these correspond to plane sections of 
the Weddle surface. As the following brief account shews, the theory of 
these surfaces and their reciprocal, the Steiner quartic surface, is of con- 
siderable geometrical interest. 

Consider the quadric 

«Qi + 2/Q2 + zQ, + -P4 = 0, 
where Qi = 4(7?T-n> Q. = *(v^-M. Q3 = 4(?^ - 77^), 

and P4 = - ^-of + \^V - ''^.V- + >^3'??- ^4?' + 4?T. 

Take also an arbitrary plane 

The conditions that the quadric should touch the plane in the point 
(?i. Vi' ?i, ''"1) ^fs ^^16 equations 

3Qi dQ, dQ, dP, , „ 



OVi OVi (^'li "Vi 
3?i oti 9ti 0^1 



0, 
0, 



OTi OTi OTi dTi 

leading, for (x, y, z), to the sole condition 
(7 = 



^ a^ + 2/a^' + ^ a-" + ITJ' + ^^3 = 0, 



= 0, 
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and, for {^uVu ?i> "^i). to "° other condition than ^o?i + ''i'7i + ^2&+ ^Tj = 0. 
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If C^_g denote the minor of the sth element of the rth row of G, we have, to 
express (|j, tJ], fj, t,) in terms of («, y, z), 

Cji 0]2 Oi3 Gi4 

where the denominators are quadric functions, and, to express {x, y, z) in 
terms of (fi, i?,, ?i, t,), 

X _ y ^ _ i 

where A, A. A. A are the determinants, with proper signs, obtained by 
omitting the columns in order in the matrix 

, -2t„ 2?, , -Xo^^+h^^V^ , h\' 

2ti , 2J:, , -477i, i^j^i-X^T?, +4X3^1, ^1 

-4r„ 27;, , 2f, , jx3'7i-x,ri+2T, , h 

277, , -2^„ , 2f, , ^3 

and are cubic functions. This gives a representation of the cubic surface 
(7=0 upon the plane Z(,^ + ^77 + 4?+ 4''' = 0- 

By immediate differentiation of the determinant C we have, when (x, y, z) 
is upon (7=0, 

g = 4(0,- 033), 1^ = 4 ((7, -(7,0, |^ = 4((7,3-C7.), 

8(7 
and ^7 = ~ ^oC^n + Xit^i2 ~ ^2(^22 + ^(723 — \iC^ + 4(7j4 

+ 2aC',, + Z,0,, + ?,C3, + ?3C,,), 
where t (= 1) is introduced, only for differentiation, to render C homogeneous 
in X, y, z, t; since CnCrs= GirGu when (7=0, and 

H^is + 'i'726 + tgf'ss + '3(^45 = 0> 
we have, if we multiply by (7ij and replace the ratios (7i, : (7,2 : (7,3 : Cjj by 

dx ■ dy ■ dZ ■ a^ - ^1 • V2 ■ ^3 . ^4 

and the surface reciprocal to C'=0 is therefore represented upon the 
plane by 

x'=QJP„ y' = Q,IP,, z' = Q,/P,, 

where Qi = 4(9JiTi — f,^), etc., and is thus a quartic surface; denote it by S. 
In terms of the coordinates (x, y, z) of the corresponding point of the surface (7, 
the tangent plane at any point of S is 

xX + yY+zZ +1 = 0, 

where X, Y, Z are current coordinates ; it thus cuts jS in a locus whose 
representative upon the plane l^^ + l^-q + L^ + I3T = is given by 

«Qi + 2/Q2 + zQ3 + A = 0, 
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that is by two straight lines, since, in virtue of C = 0, this quadric touches the 
plane. The curve upon S which corresponds to a straight line in the plane 
lo^+liV + k^+kT = is cut by any plane AX + BY+GZ + D = in as 
many points as is the straight line by the conic AQ^ + BQ,+ CQ^^-P, = Q, 
and is thus a conic. The surface S has thus the property of being cut by 
any of its tangent planes in two conies, and the reciprocal surface C has the 
property that its tangent cone, drawn from any point of itself, breaks up 
into two quadric cones. These two conies upon S will coincide, and the 
surface be touched by a plane at all points of a conic, if the two straight lines 

xQi + yQ, + zQ, + P4 = 0, k^ + kr, + k^+ i,T = 

coincide ; we investigate now the condition for this : the quadric xQ, + ...=0 
must be a cone touched by ^„^ + . . . = 0. Now a quadric 

U= (a, b, c, d,f, g, h, u, v, w^^, rj, f, t)= 

will be a cone, with vertex at (f„, ■»;„, f„, t„), if the four equations 

<J'^o + hr)o + g^o + UTo = 0, ..., ..., ..., 

are satisfied; it will touch io|+ ... =0 at (f, r]', ?', r') if we have the five 
equations 

a^'+hr,' + g^'-\-UT'+^l„ = 0, ..., ..., ..., k^'+... = 0; 

let the minors in 

r = 




be denoted by the corresponding capital letters ; thus the determinant j T \ 

is zero and 

^' _ 17' _ f _ t'_ -sj- ^''_ ■o'' 

A~H~G~U~Lo'' 5^"--"i;' ••■ 

but from the five equations 

a^o + hrjo + g^ + uTo = 0, ..., ..., ..., lo^o + kvt, + ■■■ = 0, 

we have Lo = 0, as well as X, = 0, Xj = 0, Z3 = ; we infer thus that the 
conditions that the surface U=0 should be a cone touched by ^„^+ ... =0 
are that all the first minors of F should vanish *. This requires, according 
to Sylvester, three algebraically independent relations among the elements 
of r (Sylvester, Phil. Mag. 1850, Vol. xxxvii pp. 363—370, or Collected 

* In another phraseology the two first invariant factors of the matrix T for the root zero must 
be both of exponent unity, a result following from the two equation sets T (|', i;', f, t', w) = 0, 
r (foi Vo, tot '''o' 0) = 0. Cf. the theorem quoted in Appendix to Part I., Note I. 
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Papers, Vol. I. p. 147). Returning then to the case now being considered, 
the two straight lines 

ooQi + 2/Q2 + zQ, + P4 = 0, k^ + kr, + ki;+ kr = 0, 
will coincide if x, y, z be such as to satisfy the three conditions necessary that 
all the first minors of the determinant G should vanish. This agrees with 
the consequence that then each of dC/dai, dCjdy, dC/dz, dC/dt, which as before 
remarked are linear functions of these first minors, would vanish ; for a 
singular plane of S must correspond to a double point of the reciprocal 
surface* C. We can further use the representation upon the plane to 
determine these nodes of C. Let 

{i,-e,e\-e'), {i,-<p,^^,-^^), ^},-f,f-,-f^) 

be the intersections of the plane /of + ••• = with the common cubic curve 
of the quadrics ft, Q„, Q^. so that l^ : l^ : l^ : l^ = d^^jr : 1,6<j) : 1,6 : 1 ; denote 




these points by A, B, C; it is found at once on computation that the Weddle 
surface cuts the side AB in two points P, P' of coordinates 

(@ + <i>, -{@4> + ^e), @f■' + *6'^ - (©^^ + <i)^)) 

and (@-*, -(@^-Oe), @(^=-*^=, - (@(/)^ - c&^O). 

where @2 = x„ + x^^ + X^^ + X^^^ + X^d' + 46'= 

and <!)== X„ + Xi</> + X2(^=4-X3<^^ + Xi</>^ + 4^'*. 

We thus have four straight lines P'QR, Q'RP, R'PQ, P'Q'R', and the 

* Incidentally we see that any Bymmetrieal determinantal equation, whose elements are 
rational in three coordinates x, y, z, whatever be the order of the determinant, represents a 
surface whose nodes make all the first minors vanish. 
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diagram given. Or the points P, Q, P', Q', R, R', and hence the points 
A, B, C, may be defined thus: the quadrics Q^, Q.,, Q,, P, cut the plane 
lo^ + ... =0 in four conies; the condition that a self-polar triangle of a conic 

(«i, ^i> Ci,/i, g-i, /ii][2/i, 2/2, 2/3)- = 

should be possible circumscribed about a conic whose tangential equation is 

{A, B, G, F, G, H^l, m, nf = 0, 
is known to be 

Aa^ + Bb, + Cc, + 2Fj\ + 2Gg, + 2Hh, = 0, 

namely linear in A, B, C, F, G, H ; thus the general tangential conic so 
harmonically inscribed to each of four given conies involves linearly two 
arbitrary parameters and is one of a set of conies touching four straight 
lines; among these conies there are three point-pairs, say P, P'; Q, Q'; R, R', 
and these will be conjugate pairs of points in regard to the four given conies, 
and therefore conjugate pairs in regard to the four (juadrics Q,, Q„, Q,, P^. 
It is a known property of conies that if three collinear points L, M, N be 
taken respectively on FP', QQ', RR' and then three other points L', M', N' 
respectively on PP', QQ', RR', and so that each of LL'PP', MM'QQ', 
NN'RR' is a harmonic range, then L', M', N' are collinear. Consider the 
general quadric xQ^ -)- yQ„ + zQ^ 4- P^ = 0, where x, y, z is any point on the 
cubic surface C = ; the two lines in which it intersects the plane 4^ + • • • = 
can be shewn to be two such lines as LMN, L'M'N'. For substituting 
in this quadric the coordinates 

0-f<I)-f-m (©-$), -(e^-|-*0)-m(@(^-*6l), 
©0^ +(^e- + m (©(^- - (^e% - i@(f)^ + ^6') - m {@<f>' - ^6'), 
putting 

f{e, 4>) = 2\„ + Xj (^ + 0) + Ocj, [2\„_ + \,(6 + 4>)] + e^cf,' [2X, + 4 (0 + </,)], 

_ f(e,4>)-2@^ ^f(e,<f>) + 2p^ 

^^■•^ 4.(6 -<py ' *'* 4<(e-4)y ' 

we find 

x0(f) + y(e + <ti) + z- E'e,^ = rii" [xd^ + y(6 + cf>) + z - Ee_ ^], 

which gives two points harmonic in regard to R and R', coinciding with R 
or R' according as ??i = or 00 . The two lines LMN, L'M'N' correspond, as 
we have seen, to two conies lying on a tangent plane of the surface S; if they 
coincide with one another they must coincide with one of the four lines P'QR, 
Q'RP, R'PQ, P'Q'R' ; for these cases respectively we have clearly 

(i) x<fi^ + y(4> + ^) + z-E^^ = 0, xe<l> + y{e + 4>) + z-E'e^ = 0, 
xOf + y(d + yjr) + z - E'e^, = 0, 



(iv) x<f)f + y((t) + ^fr) + ^- E^^ = 0, xO^) + y{e + 4>) + z - Ee^ = 0, 
xef + y{d + ylr) + z-Ee^ = 0; 
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corresponding then, for example, to the equations (iv), we have the singular 

plane 

X, Y , Z, T =0 

e4>, e + <j}, 1, -Ee^ 

I eyjr, e + f, 1, -Ee^ 
of the surface S and the node (x, y, z) of the surface C = 0. The planes 

x<f>->^ + y{^ + y^)+z- E^^ = 0, xcpyjr + y {(f> + yjr) + z - E'^^ = 0, 
are tangent planes* of the Kummer surface 

A = ! -X„, ^X, , 2z , -2y =0, 

I |Xi, -(^z + \), iX3 + 2y, 2x : 

2z , ^X, + 2y . -{iw + W 2 
: -2y, 2x , 2,0- 

both passing through the line at infinity joining the points 

x/1 = — y/(f} = z/(j)" = X , x/l = — yjy{r = z/y}r^ = oo . 

Further when xQ^ + yQ^ + zQ~ + P^ = represents a cone, the point («, y, z) is 
on the Kummer surface A = 0. It appears then that the surface C = has 
four nodes, these being, if l^, = 6cj)y}r, l^ = ^6<f), L = Sd, 4 = 1, four of the eight 
intersections, in threes, of the three pairs of tangent planes to the Kummer 
surface A = which can be drawn through the lines at infinity joining the 
three points x/l = — yjd = zjd^ = x , etc. of A = ; and these four nodes lie on 
A = 0. Since every point of A = is capable of representation in the form 

« = ii + «2, y = -titi, Z = Et^^t, 

there appears incidentally the algebraic result f, that if 0, </>, yjr be arbitrary, 

* In fact, if « = tt»' * + ««•''', the former has the form xp^i{v)-y^^,{v) + ^^^{v) -z = 0, and 
touches A = at the first satellite point of i' ; the second depends similarly on the conjugate point 
« = «"'*-«"''''. Seep. 112. 

t If (S), (0), if), be any three places of the Riemann surface, and we determine two places 
(«i), (tj), BO that 

u"' '■ + «"■*' = «"•* + u"' * + ««■''', 
we have u"'*' +u'^'*' - {u"'^ + u''''^)=u''''>', 

shewing that the point ± (m"'' * + u"' *) lies on the tangent plane of the Kummer surface touching 
the surface at the satellite point of ±(m"'*' + m"-*2), and that therefore 
«i*2 (9 + 0) - 60 («i + U) = Ef^f^- Bg^ ^. 

The places («i), (tj) are thus the zeros, other than {8, - 6), (0, -*), {f, -*), of the rational 
function 

t-, t, 1, -.s 

e=, e, 1, e 

0=, 0, 1, * 

i^, f, 1. * 
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two other quantities t^, <2 can be found so that 

t,L ((f) + yp-)- (ii + ^2) (j^yjr = EtjH - E^^, 

and one of the four singular tangent planes of the surface S is corre- 
spondingly 

{t, + U)X-t,UY-vEt^t.^Z+ 1 = 0, 

the others being derived from this by substituting for ^1, ^o the couples 
similarly derived from 6, cj), \jr after change in the sign respectively of @, of <t> 
and of ■^. Let the cone 

(ti + Q Q, - 1, t, Q, + Et,t^Q, + P, = 0, 

which touches the plane 1,,^+ ... =0 along the line P'Q'R', be denoted by 
F4 = 0, and the plane l„^+ ... =0 by •31 = 0; draw any plane 0-4 through 
P'Q'R', and let the tangent plane of V^ along the other generator lying on 
0-4 be called •btj ; we have then an identity of the form 

V, = ■n7'CT4 - 0-4= ; 

now the points of the surface 8 are given by equations X = Q/, Y = Q^', 
Z=Q^', T=Pi, where Q/, Q2', ... are the homogeneous quadrics in f, tj, f 
obtained by writing r = — (6(f>y}r^ + %d(j) .ij + 16 . f) respectively in Q^, Q2, ■■■ ; 
take for 0-4 the plane joining (0, 0, 0, 1) to P'Q'R', namely 

= 0, 



r> 


V , 


?, 





1, 


-e, 


d\ 


e 


1, 


-<i>. 


4>'-' 


* 


1, 


-t, 


r. 


^ 



so that we may write 

(74 = e [4>ir^+{4> + ir)r; + ^] + (p[fe^+{f + e)v + ^] 

or say 0-4 = 2/1 + 2/2 + 2/3; 

we have then, if T^ denote a constant multiple of the linear function 

{t, + t,)X~t,t,Y+Et^t.,Z+T, 
and similarly Xj, Fj, Zj denote the linear functions associated with the lines 
P'QR, Q'RP, R'PQ, as a representation of the coordinates of the points of the 
surface *S^, the formulae 

T, = (y, + y, + y,y, X, = {-y, + y, + y,)\ Y, = {y,-y, + y,)"; 

^1 = (2/1 + 2/= -2/3)'. 
which lead to 

y, {T, + X,-Y,- Z,) = ydT, + F, - Z,- X,) = y,{l\ + Z,-X,- Y,), 

B. 
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and the surface S is given by 

the reciprocal surface G being given similarly by 

l/Z, + l/F, + l/^i+l/r: = 0. 



47. Now let the determinant 

— Xq, ^Xi , 2z 
^\, -(\, + 4'z), 1X3+22/ 

2z , 1X3+22/, -(X4 + 44 

- 2y, 2x , 2 

obtained by bordering the determinant A, be denoted by 



- 2y, lo, m„ 

2 , I2, m„ 

, k, m, 

W3 , 0, 

p, , 0, 

Im 
np. 



of such form 



we have then cubic surfaces ( j = 0, ( ]—^> when A is bordered by only 

one row and column, the same or different ; we have quadric surfaces ( , ) = 0> 

) = 0, when A is bordered by two rows and columns, the same or partially 

J ) = 0. when A is bordered by the same 

three rows and columns. If (f, 7/, f, t) satisfy the three equations 
k^ + kv + k^ + h^ = 0, mo^ + m-iTi + m^^ + rrisT = 0, 

^o? + Wl'? + Ks? + «3T = 0, 

the plane ( , ) = is the same as 

4x (r,T - n + 42/ (77?- M + 4^ (?? - V') 

+ (- X„f + Xi^t; - X,V- + XjT?^ - X,r= + 4^7) = ; 



and the cubic I , ] , which has above been denoted by C, has been shewn to be 

a cubic surface with four nodes. Considering the determinant [ , ) , and the 
minors of the elements (5, 5), (6, 6) and (5, 6), we have an identity 



and this shews that the cubic surface (,| touches the Kummer surface A at 
all its intersections with it, and therefore along a sextic curve, as also does 
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I , and these two sextics are the complete intersection of 

A with the cubic surface [ J . Returning for a moment to the expression 
of A = by the hyperelliptic functions, the identity of p. 39 shews that the 
sextic curve on (,) is given by 

kfw iu) + ki^^i (u) + hfni (u) + k^m (u) = 0, 
and it is to place this identity in a clear light that we have entered so 
far upon the theory of the cubic surface (j. Considering similarly in the 

determinant ( , j the minors of the elements (6, 6), (7, 7) and (6, 7), we 
have an identity of the form 

ilm\ /ln\ I'lniy /l\ /lmn\ 
[lm)\ln)~[ln) ^ \l) \lm7i) ' 

Thus wherever the plane ( , ) meets the quadric (, ) it touches it, and 
the line of contact is on the quadric ( , ) ; thus ( , ) > ( ? ) *r® quadric 
cones with a common tangent plane ( , ] , the generators of contact being 
generators of the quadric surface ( , ) , which therefore is also touched by 



the plane (, j, and the quadric (, 1 has with each of the cones ( j, 
J \ , besides a common generator, an intersection which is a cubic space 

(l7)x\ 
, j and the quadric 

( ) lies upon the aggregate of the cubic surface ( , J and the plane ( , ] , 

of which the latter can only contain points of f , j lying upon its generator 

of contact, so that the cubic space curve common to ( , j and ( , j lies upon 

the cubic surface ( J ; as, by the same identity, the only points common to 

'A /lm.\ 

the cubic surface f , 1 and the cone ( , ) , are points of contact of these, lying 

upon the quadric ( , ) , it follows that the cone ( , j touches the cubic surface 



In J \lmj 

10—2 
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( ,) along a cubic space curve, as likewise does the cone (, j, and these two 
cubic curves are the complete intersection with (j of the quadric surface 

(,"*]. Further as the cone (, ] has a generator upon the quadric f , j, 

its vertex is upon this quadric; if this vertex be taken for origin of 
Cartesian coordinates the lowest terms on the left side, in the identity 
under discussion, are of the second or higher order; thus from the form of 

the right side the lowest terms in ( 7 ) are of the first or higher order, and 
the vertex of the cone (, j is thus upon the cubic surface ( J ; what is in 
general the quartic cone of contact to LJ drawn from a point of itself here 

contains (, ) as part of itself, and so breaks up into two quadric cones. 
Further, taking the origin at the point of intersection of the generators of 
contact of the cones | , j , ( . j with the plane ( , J , this being as we 

have seen also the tangent plane at this point of the quadric I . J , the 
lowest terms on the left side of the identity under discussion consist pre- 
sumably of the square of the plane ( , j , which therefore, as we see from 

the right side, is the tangent plane, at this point, of the surface f , 1 . We 

have already seen that, regarding mj, mj, ... and n„, Wj, ... as arbitrary, the 
/lmn\ ,_ ^1. , ^ ^ _, , ^^ ^_ fl\_ .^ . ^ ^.g,_ 



plane (, ) is the general tangent plane of the surface f ,]; it is not 

J 1 may, by taking mo, nij, ... suitably, be made 
a cone of contact with vertex at any point of ( , ) : for the vertex of the 
cone (, j makes vanish all the first derivatives of the expression ( 

these first derivatives are seen, by dififerentiating the determinant f . j, to be 

linear functions of the first minors of this determinant ; as previously remarked 
we can make all these first minors vanish by satisfying three algebraically 

independent conditions ; the vertex of the cone I , j is thus to be found by 

equating to zero three suitably chosen first minors, and the first minors, of 
which two rows and columns are chosen from the last two rows and columns 
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of I , I , are linear in x, y, z. Geometrically, the condition that all the first 
minors of L j vanish is that the quadric 

Q=4^(7?T-r)+ ••■+(- '^oP+--. + 4?t)=0 
should cut the plane Zo^+ ... =0 in two lines of which one lies upon the 
plane m„f+... =0; this may be seen either directly* or by remarking that if 
4f + . . . = 0, mo^ + . . . = 0, Mof + . . • = intersect in (f , »?, f, t), we have 

while ( , I is a linear function of ten of the first minors of ( , ) with 
\lmn.l \lmi 

coefficients which are squares and products of Wo, '^n ^2. «»; thus when all the 

, I vanish, the quadric Q vanishes for every point upon the 

line Zo^+---=0, mo^+...=0; that it touches the plane Z„^+...=0 is ex- 

1 . We have thus reached 

the results, that if (x, y, z) be any point of the cubic surface C, or ( , 1 , and the 

quadric 

Q = 4«(7?T-n+ ••■ + (- >^oP+"-+4?'t) = 

cut the plane Z(,^+ ... =0 in the two lines mof + ... =0, m„'f + ... = 0, the 
cone of contact to G from (x, y, z) breaks up into the quadric cones I , J , 

, ,); and further that the cones of contact (, ), (. ) from two different 

points of G have a common tangent plane touching (7 at a point where their 
cubic curves of contact cross one another. These quadric cones of contact 
correspond to conies lying on two different tangent planes of the surface S 
reciprocal to G, and we remarked before that each of these conies corresponds 
to a straight line in the plane ^of + ... = 0; the point of intersection of these 
lines corresponds to a common point of the two conies and to a common 

tangent plane of the two cones [ , ) > (7 )j ^^^ this plane is one of the four 

tangent planes to G which can be drawn through the line joining the 

* Or in virtue of the theorem quoted, p. 164. If (t'T/'f'r'), (^''tf' ^"t") be any two points on 

mjf +...=0, the tangent planes kJ^+..., i^, + ■■■ are both of the form cr(i|^+ ...)+u(m„{+ ...), 

so that the matrix of six rows and columns 

^ = /A I m\ 
llOOj 
\m 0/ 
satisfies A (^' tj' ^' t' w v) = and A(^"t)" ^" t" ^''i)') = 0. 
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vertices of the cones ( , ) . (7 ) • Further results in regard to the geometry 

are given in the following examples; the matter is by no means novel, as 
may be seen by consulting the following authorities, in which are placed 
first those mainly used for the account given here, (i) Reye, Geometrie der 
Lage, a beautiful geometrical account; (ii) Clebsch, Crelle, LXVII. (1867), an 
interesting analytical theory; (iii) Humbert, Liouville, 4th Series, ix. (1893), 
p. 99 (Hudson, Kummer's Quartic Surface, in particular, pp. 157, 198); 
(iv) Kummer, Weierstrass and Schroter, Berlin. Akad. 1863, reproduced in 
Crelle, LXIV. (1865) ; (v) Cremona, Crelle, LXIII. (1864), a geometrical account ; 
(vi) Cayley, P7'oc. Lond. Math. Soc. III. (1872), or Collected Papers, Vol. vii. ; 
(vii) Laguerre, Nouv. Annal. xi. (1872); (viii) Loria, Teor. Geom. 1896, p. 110, 
where a very full bibliography is given. The surface S was discovered by 
Steiner in 1844, and is called Steiner's quartic. 

48. Examples. 1. In the representation of the Steiner quartic surface 
S upon the plane lo^+..., two points upon the line BC, of our diagram 
(p. 142), which are harmonic iu regard to the points P, P', give rise to the 
same point of S; and such points of iS are upon a double line lying on the 
surface ; there are three such double lines meeting in a triple point of S. 
The representation being X : Y : Z : T = Q, : Q^ : Q^ : P4, as before, 
the triple point is X = 0, F=0, Z = 0, and one of the double lines is 

X : Y : Z=e4> : e+4> : I. 

The reciprocal cubic surface C meets the plane at infinity in the three chords 
joining the points xj\ = — yjO — zjff' = 00 , .-r/l = — y/^ = zjc^r = 00 , etc. 

Ex. 2. The sextic curve along which the cubic surface C touches the 
Kummer surface A corresponds to a plane section of the Weddle surface, and 
the set of surfaces C for different values of 4, ^1, 4. h correspond to all the plane 

sections of the Weddle surfaces. Thus any two surfaces ( ,), ( ) touch in 
four points, and the quadric cone (, j is an enveloping cone of both. The 
joining line of any two nodes of (J lies entirely upon the surface, and touches 



the Kummer Surface. 

Ex. 3. The two lines, say OL, OL' , in which the quadric 

a^Qi + 2/Q2 + ^Qs + ^4 = 

cuts the plane ^0^+ ••■ = 0, when {x, y, z) is upon the cubic surface ( ], are 

the double rays of the pencil in involution formed by tangents from to the 
conies touching the four lines PQ', PQ, P'Q', P'Q; they are therefore the 
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tangents at of the two conies which can be drawn to touch this quadri- 
lateral and pass through 0. The lines OL, OL' correspond on the surface S 
to the two conies in which a tangent plane of S cuts the surface. Thus the 
asymptotic lines of S, each defined as being tangent at any point ^ of S to 
one of the two conies in which the surface is cut by the tangent plane at K, 
correspond to the system of conies in the plane lo^+ ... = which touch the 
quadrilateral PQ'P'Q; they are thus unicursal quartic curves in space, all 
touching the parabolic curve, which here breaks up into the four singular 
conies. 



Ex. 4. The tangent lines of the space cubic along which the cubic surface 
,) , is touched by the cone i , ) intersect the surface C again in the 

points of an asymptotic line passing through the vertex of L 1. 

This result is given by Laguerre, Nouv. Annal. XI. (1872), p. 342, who 
defines the surface G .as obtained by equating to zero the cubinvariant 

f'll dl «2 

tti aj a.3 

tta tta a^ 

of the quartic a„P + '^a^t' + Qad" + ^ta^t + at, wherein ao, a^, a,, a^, at, are any 
linear functions of the coordinates. He shews that one asymptotic line is 
given by the vanishing of the quadrin variant Uoa^ — 4aia3 + Sa^^ 

The equations of the asymptotic lines of the surface x^ + y™ + z™ = 1, and 
of its reciprocal, are obtained by integration by Darboux, La Thdorie des 
Surfaces, Partie I. p. 143. This includes the case here, by putting m = ^. 
The method consists in writing 

x'" = A{u-a){v-a), y"" = B{u-b)(v-b), z'"" = C (u - c){v - c). 

For the theory of the Steiner quartic surface and its reciprocal, and their 
asymptotic lines, and for the asymptotic lines of the Kummer surface from 
the point of view of line-geometry, see the following, and the references 
there given. Lie, Geometrie der Beruhrungstransformationen (Leipzig, 1896), 
pp. 352, 341, 475; Darboux, La Theorie des Surfaces, Note viii. Partie iv. 
p. 466; Jessop, Line Complex (1903), p. 225; Segre, Grelle, Xcviii. (1885), 
p. 302; Klein u. Lie, Berlin. Monatsb. 1870, p. 891; Reiehardt, Nova Acta 
Leopoldina, L. 1887, p. 353 ; Hudson, Kummer s Quartic Surface, pp. 60, 111. 

Ex. 5. We have defined the surfaces S, G by means of quadric functions 
Qi, Qs; Qsi P* having six points in common. It is not difficult to see that 
the intersections of these quadrics with an arbitrary plane Zof + ••• = 0, which 
does not pass through any of the six intersections of the quadrics, may 



152 



The Cubic Surface a ruled surface. [chap, v 



be taken to be the intersections with this plane of any four quadric surfaces 
f7i, t/j, JJi„ 11^; and the surface »S is equally capable of being represented by 

X : 7 : Z : T=U, : U, : U,: U,. 
The condition that xUi + yU^ + zU^-\- Ui = should be a cone gives for 
X, y, z a, locus, represented by the vanishing of a symmetric determinant, 
which is a quartic surface with, in general, 10 nodes. 

Ex. 6. When in the preceding theory the plane Z„^ + ... = passes through 
one of the six common points of the quadrics Q,, Q.,. Qs, P., the cubic surface 
C becomes a ruled surface. 

If A- = I All, ^-B = JAjo, etc., where Aj2, ... are the minors (p. 41) of the 
determinant A, we find that 

[0<PA +{e + cj>)B+ CY = ^PeP^Pei. + (^ - 4>)-' i^Po - ^P^)\ 
where 6, (p are any quantities, 

@' = \, + \,e+ ... +4.6", *= = A„ + \,(/) + ... +4^=, 

Pe = y + 0x-0\ Pe^^04>x + {d + cp)y + 2-E,^, 

Ee^ = i(0- <^)-= [Fi$, cf>) - 2e<I>]. 

Thus when the plane i,,^ + ... = contains the common point (0, 0, 0, 1) of 
the quadrics Q^, Q.,, Q,, P^ the surface C is generated by the pairs of straight 
lines given, for different values of m, by 

Pe^ = m, 4mP«P^ + {0 - cf>)-' (@P, - cpp^f = 0. 

Ex. 7. When the plane contain.s three of these intersections, the cubic 
surface G becomes a product of three planes. Namely if @= or/(^) = 0, 
/((/)) = 0, /(->/r) = we have 



— \ , 


h\ 


2z 


-22/, 


04,f 


^\ , 


-(A, + 40) 


1^3 + 22/ 


2x , 


104> 


22 , 


-i-\3 + 22/ 


-i\ + ix) 


2 , 


10 


-22/, 


2x 


2 


, 


1 


0<})f, 


^ect, 


10 


1 , 






= -lti[4>irx + {4> + ^jr)y + z-e^^][0(f>X + {0 + 4>)y + z-ee^] 

X [0ylrx + {0 + ylr)y + z-ee^]. 

Ex. 8. The Kuinmer and Weddle surfaces being given by A = 0, o) = 0, 
where A, co are certain determinants defined, pp. 41, 70, 78, prove that 

where ft = 4(9?T-n, etc., as before (Schottky, Crelle, cv. (1889), p. 241). 

Ex. 9. Let /(0 = X.„ + V+...+4<= = 4P(<)Q(<), 
where P(t) = {t- 0){t- cji), Q{t) = t' + At' + Bt + C. 
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Prove that the result of eliminating i,, 4 between the equations 

[{<i> - e)Q{e)fx = e--e{t,^Q + t,t,, 

L tj — to J 

is a'X' + b' P + c'Z' - 2bc YZ - 2ca ZX -2abXY 

-2[bcX{Y'-Z') + caY{Z'-X^) + abZ{X'-Y') + eXYZ] 
+ {aYZ + bZX+cXYy = 0, 

where 

e = ~^^fSr^[{e + <i>)(2e^-5e<f> + 2cf>^) 

+ A(0'-4!d(l> + <f>')-Bie + ^)-2G], 

where s{'=f(ti), si' =/(«,), and, as before, 

P^ = y + 0x- 0^, Fe^ = e(f>x+(e + 4>)y + z- e,^, 
we have 

U -d)q {e)fx = - p„ [- {<i>-d)Q (0)]^ y = -p„ 
[-Q{e)Q{^)]^z=Ps^, 

and the equation above is that of Kummer's surface referred to a so-called 
Rosenhain tetrahedron. The value of e is capable of the form 

^ ^ _ QiMli) j(^ _ 0). [24 + 3 (0 + ^)] _ Q (^) _ Q (^)J. 

Ex. 10. A Gdpel tetrad of nodes is a set of four nodes of the Kummer 
surface of which the joining planes are not tropes. If the roots of /(i) be 
denoted by Oi, a^, c, c^, c^, such a set of nodes is 

A (oo , - oD c, 00 c'), D(0, 0, 00), 

B(Ci-\-c„, -CiC„, e^c), C{ari + ar,, -a^a^, e^^aj; 

putting ai-c-a^, a^ — c^a^, Cj — c = 7i, 0,-0 = 72, 

Pe = y + dx-e\ P,^ = ecf>x + (d+cf>)y + z-ee^, 

where 6, are any two roots of/(i), we find, utilising the identity 

aids (ci + Ca) - CjC^ (ai + a^) = ea,a, - ec,c, , 

that the planes DGA, DAB, BCD, BAG are respectively 

P, + a,ci, = Q, Pc + 7i72=0, P„,a,--P<-,.,= 0, j,^^Pa,a,- OL,a^Pc,c, = 0; 

using then (0172) to denote Oj - 7.^ = fflj — c^, etc., and o- as a factor of pro- 
portionality, and putting 
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we find C'-^aifflB = o" (ai"!? - t), CP^jcj = o" (7172 1 - t), 

CPa,c, = o- (ai7i^ - %'? + «!?- ■r), C'(ai72)(°'27i) = o" (■^ - D. 

CP„2,2 = o- (a272^ - 72'? + «2?- '^). C'(ai72) (ao7i)Pc = o" (aiO^?- 7172'?)- 

where <? = aiO^a — 7i72; 

we have however the identity 

{Pa.a,Pc,J - {Pa^c.Pa^J + («.72) («27i) (" Pcf = 0. 

Rationalising this we find 
(«i7iK«272)'[^'|V + vV^ + (7=-72?[«ra2=f^P+TT^] + («. - OL.yVl.'li^'r,' + fV] 
- 2S (7?r + ai«2r?)(rT + 7i7.f >?) - 2 (a, + a2)(ai7i)(«272) (^t + l,J.h){vK+ H^) 
+ 2fx^V^r + 2 (71 + 72)(ai7i)(«272)(^rT + 7?f)(«ia2?? + '^t) = 0, 
where 

^ = ^J^^'^S^-J , S = («, + «,) (t,, + y,) - 2 (a,a, + 7,7,), 
(ai7])(.«272) 

M = (ai7i)(«272)(ai72)(«27i ) + «i«2(7i + 72)' + 7i72(«i + ''2)' - 2(aia2 + 717,)=. 
The object of forming this equation was to make the remark that it allows 
the birational transformation 

^ 1 XajOo ^ X7170 aia27i72 

It would be interesting to know* what transformation of the hyperelliptic 
arguments Mj, u^ this corresponds to. 

It is to be remarked that the tetrahedron of reference here taken is 
nugatory for the particular surface called the tetrahedroid, considered below. 

Eos. 11. The surface (cf Ex. 9, above) 

X"-Y'Z' {a'X"- + b'Y"- + c'Z' - 2bcYZ - 2caZX - 2abXr) 
- 2X YZ [bcX ( F= - Z') + caY{Z- - X') + abZ (X"- - Y') + eXYZ] 
+ {aYZ+bZX + cXYf=0, 
is a hyperelliptic surface, only one value of the parameters u^, m„ belonging 
to any point ; prove that its hyperelliptic expression, when a, b, c, e have the 
values of Example 9 above, is 

X=2[-Q {4>)]i ^^ ^-% _^^^g ^ 



Y= 2[Q(^)]*^-— ^ 



^#222 + {6 + 4>) ^221 + fJ211 ' 
^^ ^ 6'^ip222 + (6»+C^)S^-221 + K-'2: 



* A transformation of similar algebraic form for a Weddle surface is obtained by repeated 
projection from two nodes of the surface, and belongs, -we have seen, to a finite group of 32 
self-inverse transformations. Proc. Land. Math. Soc. Ser. 2, Vol. i. (1903), p. 257. 



ART. 48] The plane sections of a lixjperelliptic surface. 155 

Shew also that the section of the surface by a plane Ax + By + Gz = \ is a 
curve of deficiency 9 ; and that for the curve, in homogeneous coordinates 
X, Y, Z, 

X'Y"-Z"-[a'X^ + ...]~2XYZ{hcX {Y' - Z"-) + ...]{AX + BY + CZf 

+ (aYZ+bZX+cXYf{AX + BY+CZy = 0, 
the adjoint quintic is 

= X FZ [uX"- + vY' + wZ' + 2u' YZ + 2v'ZX + 2w'X Y] 

-\-[XYZ(Y-Z) + ^ZX{Z-X) + vXY(X- Y)](AX + BY + CZy- 

+ {PYZ+ QZX + RXY)(AX + BY+ GZf, 

where m, v, w, u', v , w\ P, Q, R are arbitrary, but 

vC + wB' - 2u'BG 
^ {B + C)(Bc + Cb) ' 

while fi, V have similar linear expressions in terms of u, v, w, u, v\ w'. Cf. 
Humbert, Liouville, ix. (1893), p. 439. 

These results have been worked out in view of an application in the 
second part of this volume. 

Another hyperelliptic surface '^ (x, y, ^) = we have met with in the 
text (p. 43) ; it would be interesting to have the form of the integrals of 
the first kind for any plane section of this surface also. 

Ex. 12. It has been remarked that the cubic surface (,) of p. 146, 



becomes a ruled surface when the plane ^o^ + kv + 4? + ^st = passes through 
one common point of the quadrics Qi, Q^, Qj, P4, and breaks into three 
planes when the plane lo^ + ... =0 contains three of these common points ; 
when the plane contains two of these common points the intersection of 
the surface with the Kummer surface also degenerates; in fact, from the 
formula (p. 102) 



-h 


a 


u 


-9 


-b 


h 


V 


-f 


-f 


9 


w 


— c 


— V 


u 


d 


-w, 



where u = + (fi, v= — 6<f>, w = ee,j,, d=l, comparing the result of twice 
differentiating logarithmically the last of the four equations represented by 
it, with the other equations it represents, we shall obtain each of the following 
expressions (wherein Pe^ = 6cj)^\^ («) + (^ + <^) ^.,,1 (u) + ^c^ (_u) - e^*) 

[e<l>f^ (u) + {9 + 4>) f^., (u) + f 2„ (u)f/Pe^, 

[^0jP222 (m) + (^ + </>) &^221 (W) + ^2U (m)] [^#221 («) + (^ + </>) F^" («) + ^^l (^)]/'f «* > 

[^'0^221 (u) + (0 + 4>) ^m (m) + jFin (m)]V-P»*. 
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expressed as an integral polynomial in ^.^ (m), ^•'s, (m), ^„ (m), their respective 
values being 

(9(^^2222 (it) + (^ + <^) IP222, (W) + ^4)2211 (m) 

+ 2 [ - AJJ25 («) + apai (w) + M^u (m) - £r] - 2gj22 (m) • -P«* . 

61(^^^2221 (m) + (^ + </>) g'2211 (m) + g?2m («) 

+ 2 [ - &^22 (W.) + %2i (m) + viffn (u) -/] - 2^,, (m) . Pe,;,, 

^#2211 (m) + (6' + (^) JJ2111 (m) + ^1111 (w) 

+ 2 [ - A-22 (m) + S'fPsi (m) + Wfn (m) - c] - 2^n (w) • P«^. 

Thus, with X arbiti'ary, the cubic surface 

[\e<j)'f^ {u) + (xe + \^ + e4>) ^j^ («) + (\ + ^ + ^) ^jju («) + ^m («)]' = 0, 

contains the singular conic upon P^^ = 0. 

Notice also, from this formula, if a; = {J^ (u), y = ^21 (iO> ^ — ^n (^)' 
X = jp22 (M ; 6^), y = ^21 (u ; 6^), z = ^Ju (u ; 6'(^), that 

[ — ■««' + uy + di:' — w] [ — wa' + %hy + dz — w] 

= M,, {M{xyzl)\ + ilf42 {M {xyzl)\ + M„ [M {xyzl}], + M^ [M {xyzl)l 

= (M^M,, + M^M^ + M,,M,, + M^M^) x+... 

= (if %^ + {M%,y + {M%,z + {M%,. 

Now ■M'' = — ,^^ f.„ ; thus the product is equal to the constant { ^^ j] ■ 
{a — <pf \0 — <p/ 

This formula is analogous to the formula of the theory of elliptic functions 
[jj (m) - e] [jj {u + &)) - e] = (e - e') (e - e"). 

Ex. 13. T/ie tetrahedroid. When the roots of the fundamental sextic are 
in involution, so that ao , c ; a^, a^; Ci, Cj are conjugate pairs, and therefore 

(C - C,) (C - C2) = (C - Oi) (C - ftj), 

or say ajOj = 7172, where Oi = ftj — c, a^ = aa — c, 71 = Cj — c, 72 = C2 — c, write 



a: 



vV7.-v^y^ b=(^5j, ^=v«-;^=v^; 

VV71 + V72/ VVai + va2^ 



then, with T = i — c, «=( ^1 , we find that 

\T+pJ 

■' 2 [t (t - aO (T - aa) (t - 7,) (r - 72)]* 
is equal to 



1 /(l-a)(l-b) f 
4V p JV(1 



dx 



V(l -x){&-x)(b-x)' 
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and, with y = ( S] = - , 

"^ \T-pl x' 

u. + {p-o)y., =f ^l±Pl^ ,, 

J 2 [t (T - aO (r - a,) (r - 7O (r - 7,)]* 

^_1 / (a-'-l)(b-^ r dy 

4 V p i V(y - 1) (y - a-0 (y - b"') ' 

There are, thus, two everywhere finite integrals (of ambiguous sign) each of 
which is elliptic and possesses only two linearly independent periods. 

If we put fi' = oil + aj - 71 — 72 and 

5 7 , ■n-'t^aiai — C-i'hii, i = -t aia^, + ^i^i-tl — -tl I 7 

where, 0, <f) being roots of the fundamental quintic, 

Pe = y + ex- e\ Pe^ =. ecf>x + (6 + (f)) y + z-ee^, 

it is easy to verify that each of the planes ^=0, 77 = 0, ^=0, t=0 contains 
four of the sixteen nodes, the three summits of the quadrangle formed by the 
four nodes in any plane being the angular points in that plane of the tetra- 
hedron ^rj^r; namely 

^ = contains the nodes ( co ), (c), {a^, a^), (cj, Cj), 

V = „ „ „ (ai), (as), (c, tti). (c, ^a). 

^=0 „ „ „ (Cj), (C2), (c, Ci), (c, C2), 

T = „ „ „ (Ci, tti). (Ci, ^2), (Ca, fli), (C2, Oj), 

where ( 00 ) denotes the node (0, 0, 00 ), (6) denotes the node 

and (0, (p) denotes the node (6 + ^, —6<p, e^^); through each corner of the 
tetrahedron ^tj^t pass four tropes. We have previously (Ex. 9, p. 153) 
given the relation connecting the quantities Pa,, Pa^, Pa^a.^, under the form 
of the equation referred to a Rosenhain tetrahedron. From this the equation 
referred to the tetrahedron ^r]t,T can be calculated. But in fact this equation 
can be solved in terms of two arbitrary parameters x, y in the form 

(a-a;)(2/-a-) = il/|, {h-x){y -h-^) = M^j„_, {l - x){y ~ l) = M''-, 

where il/= 16aiaj/(ai- 02)2(7,-72)'^; 

thus the curves x = constant, y = constant lie on quadrics ; in particular 
each of the planes ^ = 0, ^ = 0, f=0, t = cuts the surface in two conies, 
intersecting in four nodes of the surface. This expression in terms of two 
parameters should be capable of derivation from the expression of the 
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Kummer surface in general, by use of the elliptic forms* of the integrals of 
the first kind. At full length the equation is 

DB'H'^' + B'^* + H't' + D7]* + 2 (AH - B') (r,'^' + H'^'r') 

+ 2HiA- H) (7?^T» + B'-^^-) - 2HA (?»t^ + D^'v') = 0, 
where A=a, + a^, B = a,-a„, H=cl, + a^-y,- j^, D= H^ + B' -2AH; 
and the surface is a form of the wave surface. We may put 

^ = sn' {V, h), ^ = - cn= (V, h), ^ = - dn» (v, h), h^ = \^, 

a^l = «"= ('"' ^■)> l^i = - ^^' ^'"' ^•)' F^' = - ^^' ^'"' ^^' ^^ = B^J ' 
and so have 

^ = («! - ou) en V en w, i = (71 - 72) dn v dn w, 5 = («] - Oj) sn v sn w. 

? f 6 

The asymptotic lines, which are capable of derivation as a particular 
case of those previously obtained for the general Kummer surface, and the 
lines of curvature, are considered by Hudson, Kummer's Quartic Surface, 
Chapter X. and by Darboux, Theor. Gen. des Surf. Note viii. Partie IV. p. 466. 

Ex. 14. Consider the degenerescence of the Kummer surface when two of 
the six roots of the fundamental sextic become equal ; as has been explained, 
we may, making a linear transformation, suppose, without loss of generality, 
that they both become infinite. For this, taking the equation for j!g-A on 
p. 41, we may render it isobarically of weight 12, when x, y, z are reckoned 
of weights 4, 3, 2 and Xj of weight i, by supplying in each term a proper 
power of \k^; the equation will then correspond to the form 

of the fundamental sextic ; putting then X5 = the equation reduces to 
a surface having a; = 0, t/ = as a double line, which, putting 

- = — W, Xo + '^l" + ^2'^" + ^3^^ + ^4^^ =f{u). 



is satisfied by 



^-|+*^'!-*^^£=^' 



«'= — -k^i+j7—\, y = I'^ii' - :rr~\ > z=v + l{\,sU + \iU?) 



* By drawing variable planes through 2 nodes, any Kummer surface is expressible by elliptic 
functions of variable modulus. This modulus, I believe, is not constant so long as the six roots 
are distinct. 
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Now if in the equation 



X,(i 



A^ A; 



-<r -^ + -, + - + \,^ \,Oi = 0, 



cf a" o" a 
we make a = oo , X-, = 0, we have X^a = - X4 ; hence, with 

= - {Oi - e^y [X, + X3 (Oi + Oj) + x^iOi + e^y + x, {0i + Oj) (0e+ etej+ef)], 

we have the following correspondences : 



KdMMER SURrACE. 



Nodes : 

(0,0, CO), -=-^ = _ = oo,- 
L -a a'^ 1 

Six nodes : 



z 









" 4(a-5i)2- 



Four nodes : 

Four tropes : 

y+di-v = i'K5Si\ beside y + a.r = iX5a2, 
and plane at infinity. 



New Surface (a = oD). 
Nodes : (0, 0, qo ) twice ; four given by 

Nodes : three on axis of z, each of the 
form 

0, 0, -i[\,+\,(6,+ei}+\i{ei+djn 

the third coordinate being - JX4 (did, + 6],6i); 
at each of these the two tangent planes of 
the surface coincide. 

Four nodes : 

-1X4, iX45i, ia^^i + XiV). 

Four tropes: )/ + 5; :!; = 0, beside .r:= -^X4 
and plane at infinity. 

Along y-{-diX = section of surface is 
two coincident straight lines, constituting a 
so-called torsal line. 



Four tropes : 

Xa6i+y{a + 6^) + z-- 



F{a, e,) 



Six tropes : 

xei6j+y{ei+ej)+z-- 



F(d„ ej) 



Foui- tropes : y + 6iX = 0. 

Thus as 8 nodes of original surface 
coincide in pairs in 4 new points, so 
8 tropes coincide in pairs in 4 new planes. 

Six tropes : 

These intersect in pairs on planes 

which is the single tangent plane at the 
singular point 

0, 0, ~lMSi6i+ekei). 

Thus the double line x = Q, y = 0, contains four singular points ; through 
the double line pass four singular planes y + dix = 0, each touching the 
surface along a torsal line ; and each of these torsal lines contains two 
singular points, one being at infinity, the four finite ones lying on the 
plane x + |Xj = 0. 
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Substituting in terms of the parameters u, v we find 

putting similarly Y = X6361 + etc., Z = xd^di + etc., 

so that X = 0, Y=0, Z=0 is the singular point 

-i\, ixA> i(^3^4 + xA0. 

we thus find 

(6, - e,) ^~x{y+e,x) + (e, - e,) 'JYlyVe^x) + {e, - e,) ^z{y + e,x) = o, 

which is the same as 

S V(6', -e3)X{l' + mZ-n Y), 

where I, m, n, V, m', n' are respectively 1, 1, 1, \'Xi{di — di){6^— 6^), 
JX4 {6i — 62) (^3 — ^1), ^Xj (^4 — ^3) {61 — O2), and are the coordinates of a line 
(the axis x = 0, y = 0); thus the surface is Pliicker's complex surface. See 
Hudson, Kummer's Quartic Surface, Chapter VI. The irrational equation is 
the degenerescence of such forms as those on pp. 108, 110 here. 

Now it can be shewn by actual substitution that the doubly-periodic 
function 

(f> (u) = p[^{u-a,)-^u- Os)], 

satisfies the equation 

^V = X„ + X,<f, + X^^^ + X3(/>=' + X4</>\ 

provided the invariants of the elliptic functions be 

5*2 ~ ^0^4 ~ iXjXj + j-^X-i", gs = ^XqXjXj + 4^X1X2X3 — ■j'gXoXg'' — T^^-gXJ, 
and p=X4 = 1, iJ (fli - a.,) = (8X3= - 8X2X4)/48X4; 

and that these give 

? (oi - 02) = ^pXs, ^' (ffli - 0(2) = (I X^XjXj - XiX4= - ■|X30/4pX4^ 
and also 

Further the differential equations ^^22-22 — Qf~,- = etc., of p. 48, when we 

render them isobaric (reckoning ^22. P21, Pn, Xi as of weight 4, 3, 2, i) by 

supplying proper powers of \X^, and then put X,, = 0, can be integrated 

(as in Camh. Phil. Proc. Xii. (1903), p. 230), and give for the corresponding 

o--fimction, essentially, 

— m2 
[e™"' a (Ml - tts) + e-"*"^ o- (iti - ai)] e^* , 
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where m = -^Vx^ = \p, say ; putting 

(7 (Wi - a„) = 0-2, o-(Mi-ai) = o-i, ?0^-«2) = ^2, etc., 
and A = e™'^o-o+e-™«^o-i, this leads to 

_ 4?nVjO-2 W^(fi-f2) 

« - 1 2-^ - ^i- . 2/ = Fa = ^-2 > 

^-Fn- 12+ A A^ ■ 

and hence, with the relations above, 

, _ ^' + '\ ^ - AX ^' - A fr o ^ ^""'^'^^ - ^~™"'<^i 

^ ^ + ^^^ ^ i^4 -2 - - i (i. 1 - F.) gwr^--^ g^„ -^ . 

while p^(,.-,,,= (gy=/(^)=/(_| 

so that we have the same relation connecting x, y, z as before. 
The functions x, y, z are rationally expressible by the three ' 



,2™„, '^(^l-«2) 



'(WlX f'(«i). 



<7 (Wi - tti) ' 

which are a set of three functions with three pairs of periods 



Ml 



0, 2&) , 2a)' 

TTt t; (Oi - Hj) 77' (a, - Hs) 



mm m 

but the reverse expression is not rational. 

Other particular cases when the roots of the fundamental sextic become 
equal can be similarly dealt with. 

Ex. 15. The relations 

^ , ^ /•'"■■ "') ^22 (m) c^M2 + 2^,1 (m) du^ , ^ r(«'-«^) 2c;m2-F22(«)<^Wi 

Jo \/'^^^ (u) + 4JJ21 (m) ' Jo V^22' («)+%,(«)' 

have been shewn (p. 117) to give j;/22 (i*') = ^2-2 (") 5 F21 ("') = ^21 («)■ I* is 
found that for small values of u^, v^, the function cr*(u)[f22' (u) + 4!^^(u)], 
on expansion, has for its lowest terms 

/(Mj, Mi) = 4m2^Mi + XiU^Hij' + \U.^U^ + X^U^U^ + XiMjM/ + X„M,', 

so that, to the first approximation, the relations are, if i; = Mj/mi, 

dt 



KWf(t,i) Joo^ 



V/(i, 1)' J ooV/ (<,!)• 

* These functions occur in a paper of PainleT^'s, Acta Math, xxvii. (1903), p. 40, as a case of 
the degenerescenoe of Abelian fuuotious of two variables. 

B. 11 



I 
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Ex. 16. The most general linear homogeneous transformation which 
gives xz — 'f = x„Zo — y„^ is that used in the text, 

{x, y, z) = I )x^ , 2/A2/ii , /ii" Ya;„, y^, z^), 

X^^ , 2X2X1 , Xi^ 

where Xj, fi^, X.,, fj.^ are arbitrary quantities for which Xj^^ — Xj/xj = 1. 

Ex. 17. If in the equation 
<t{u + v)<t(ii-v) = <t= (m) 0-= (v) [ij\, («.) (,.'„, (y) - fc>22 (^') (p2i (m) + JAi («) - ^11 (w)]. 
we expand both sides in powers of v^ and v.2, and put 

we infer that the coefficients of the various powers of Vi, V2 in the expression 

(8 - 8')'" o- (m) o- {u'), 
where, after differentiation, «/, U2' are to be replaced by Uj, lu, are all linear 
functions of the four quantities 

<T\u)f^{u), O-^ (m) ^21 («)■ CTHw)Pn(M), <7H«)- 

Ex. 18. If 5PT be a chord of the Weddle surface through the node B, 
and RP'S the chord of the space cubic through P', the plane RB8 touches 
the quadric cone whose vertex is P which contains the six nodes. 

Ex. 19. If 6 be a root of the fundamental quintic f{x), the so-called 
principal asymptotic curve of the Kummer surface expressed by 

6= - 6^20 (2w) - g)2i (2m) = 
is such (§ 37, p. 114) that the satellite points, for all the roots, of any point 
(w) of it, are obtained by the addition of half-periods u'' *, one of these being 
zero. Thus the corresponding curve of the Weddle surface is the curve of 
contact of the enveloping cone from the node {h); and (cf. Ex. 12, p. 156) 
the curve on the Kummer surface A = lies upon 



[y-¥hx- 6^ 



dx dy dz 



^lf<'0' 



(cf Ex. 18, and p. 123), and is an octavic curve. Applied to any point of 
this, the usual birational group of 32 transformations reduces to 16, all linear. 

Ex. 20. Prove (see §§ 32, 35, 43) that the square root of 

is expressible in a form 

-^ {Hp' + q2-ry) + 7i {q' +rx- pz) + f (r +py - qx)], 

where 3I=yr)—x^-T; and hence as the quotient of two polynomials 
rational in w, y, z, where *'=jJ22(w). ?=^222(w)> ^tc. 



APPENDIX TO PART I. 
NOTE I. 

SOME ALGEBRAICAL EESULTS IN CONNEXION AVITH THE THEORY 
OF LINEAR COMPLEXES. 

1. If {x, y, z, t), («', y', z , t') be the coordinates of two points upon 
a straight line, the quantities 

l = tx — t'x, m = ty' — t'y, n = tz' — t'z, 

I' = yz' — y'z, m' = zx' — z'x, n — xy — x'y, 

which satisfy the identity 

W + nim + nn = 0, 

have ratios independent of the position upon the line of the two points, these 
being, if 

aX + hY+cZ+dT=Q, a'X + h'Y+c'Z+d'T=0 

be any two planes through the line, the same as the ratios of the quantities 

he — b'c, ca' — c'a, ah' — a'h, da — d'a, db' — d'b, dc — d'c. 

The condition that any point (XYZT) should be upon the line consists of any 
two of the four equations 

(i) l'T+mZ-nY=0, m'T+nX -IZ=0, n'T + IY -7nX =0, 

I'X + m'Y+n'Z=0, 
and the condition that any plane 

AX + BY+CZ + BT=0 

should pass through the line consists of any two of the four equations 

(ii) W + m'C- 11 B = 0, ml) + n'A - I'C = 0, nD + I'B - m'A = 0, 

lA+mB + nG = Q. 
If I, m, n, I', m, n' be any quantities satisfying the identity 

II ' + mm + nn = 0, 
then two points {x, y, z, t), (x, y', z', t') cnn be found such that the quantities 

tx — t'x, ... , yz — y'z, ... , 
have the ratios of I, m, n, I', m', n ; namely these are any two points on the 
line whose equations are given by (i). 

11—2 
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2. Denote by Wi, v^ respectively the two matrices 

v,= , , 
«i' , 

-Wli', 

- ^1 , -mi, -fti, 
where ^i, ?n,, n-,, I,', mi, v( are any quantities satisfying the identity 
Ai = ^i^i' + ?«imi' + JiiMi' = ; 

then the determinant of Wi, and of every first minor of wi, is zero, and 
the matrix satisfies the equation 

Q)i (tuf + P + m^ + ri' + l'^ + m"' + n'^) = 0, 
and a similar statement holds for v^ ; while also 

CBl l\ = = Wi Wi . 

Denote similar matrices by w^, v^, supposing likewise that A, = ; assume 
also that 

Ai2=lil-2 + niimi + ihih' + h'l-i +inim^_ + nin^= 0; 

we have at once by multiplication 
(OiV2= /-nin^—niimj—li'lz, m-yl^ — iihl^ , n^l^'—njj' , m^n^—m^ni 

liTn^—hm-l , —iir^n^—lil^—Tninii, n-^in^ — m^ni , nil^—n^li 

l^n^—l^n-i , mini—mini , —mimi—lik'—ni'ni, limi—lifrii 

-min^+m/ni' , —nil^+n^li , —li'nii+k'mi , -Z/^u— m/ma— rii'ns' 
and hence, in virtue of Ai2=0, 

cojV^ + ojjVi = ; 
similarly Via)2 + v„a)i = 0, 

and thus {q)iV2)- = 0, {viCO2)- = 0. 

3. It is difficult to avoid references to the following algebraical theorem*, 
part of which we utilise below : let a be any square matrix, say of n rows and 
columns ; let 6 be any root of the determinantal equation \a— p\ = 0, of 
multiplicity I ; let the highest common factor in regard to p, of the first 
minors of the determinant \a — p |, divide by (p — 6f', the highest common 
factor of the minors of (n— 2) rows and columns divide by {p — 6f\ and so 
on, the minors of {n — r) rows and columns not vanishing for p = 6, so that 
lr = 0; put 6i = Z — Zi, €2 = ^1—^2, ... , e,. — l,-i, so that 

(p-ey=(p-ey^(p-ey^...(p-ey'-; 

the factors (p — Oy^ , {p — dy^, . . . are called the first, second, . . . invariant factors 
of the matrix a — p, or of the matrix a, for the root 6; the exponents 

* See, for one proof, Jordan, Cours d' Analyse, in. (1896), p. 173; another is given Proc. 
Cnmb. Phil. Soc. xii. (1903), p. 6S. 
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ex, €2, ...,€r are known to satisfy the inequalities £1 g £2 > fs > • • • er > 0. Let 
e/, 62', . . . , e,", 62", ... be these series for the other roots 6', 6", . . . of | a — p j = 0, 
then the matrix a satisfies an equation 

(a - ey^ (a - ey^' (a - e'y . . . = 0, 

and no other equation of the same or lower order. Further, denoting a set of 
n numbers by a single letter, such as x-^, or x^, ... or y^, ... or z^, or z^, ... , 
I sets, linearly independent of one another, can be found to satisfy the 
equations 

{a — 0)xx = O, {a — d)x2 = x^, ..., {a — 6)x^^ = x,^_-i, 

(a-e)y, = 0, {a-6)y2 = yi, ..., (a-0)y,.^ = y,^-x, 



{a-e)zx = 0, (a-e)z^ = Zx, ..., {a - 6) z,^^ z,^_x, 
where (a — 6) x^ denotes n equations for the n elements of x^ , and similarly 
(a — d)x^ = Xj denotes n equations for the n elements of X2, and so on ; and 
then the most general solution of the n linear equations for the n elements of 
X which are represented by (a—0)x = is a linear function of the sets 
fl"i, 7/1, ..., 5], the most general solution of the equations {a—6)"x=0 is 
a linear function of the sets «,, y^, ..., z^, x^, y^, ...,^2, and so on. Further, if 
V be the multiplicity of the root 6\ similar I' sets of n quantities can be 
chosen to satisfy the corresponding sets of linear equations for the root 9' , 
and similar sets for the remaining roots 6", ... , and the whole number 
n =1 + r + 1" + ... such sets can be chosen to be linearly independent of one 
another. Conversely, when we have independent knowledge of the equations 

(a — d)xi=0,... (a— 6) x,^ = x^^^^, 



(a- 0)z, = 0, ... (a - 6) z,^ = z,^_„ 

for all the roots, the sets x^, x,, ... being linearly independent, we can infer 
the values of the exponents of the various invariant factors. 

4. Thus the equation (0)11)2)" =0 of § 2 shews that the equation 
I (O1V2 — p I = has no root but p = 0, occurring therefore with multiplicity 4, 
and with multiplicity 2 in the minors of | (Bi«2 — p | of three rows and columns, 
the exponent of the first invariant factor being 2 ; it can be verified, in virtue 
of Ai = 0, ^2 = 0, Ai2 = 0, that every minor of cCiV^ of two rows and columns 
also vanishes, so that the second and third invariant factors of tOiV^ — p are 
both linear, and there exist linearly independent sets 

(Ui, Vi, W,, pi), (u<,, V2, W2, P2), (lis, V-i, Ws, P3), (U^, V^, IV„ pt), 

such that 

Wi«'2 (Ui, Vi, Wi, pi) = 0, (UiVs (M4, Vt, W4, p^) = (Ui, v,, Wi, pi), 
cOiV^ (U2, V2,W2, Pi) = 0, 6)1 V2 (M3, fa , Ws, Pz) = ^; 

now we have a)i?;2a)2=0, WxV2(i>i = —(o^Vimi^O; the equations coxV^a^^O 
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express that the elements of any row of m^v^ are proportional to the homo- 
geneous coordinates of a point lying on the line {l^, m^, n^, l^', m/, n^'), or coa ; 
similarly (U]y2Wi=0 express that the line co^ contains the point whose 
coordinates are the elements of any row of (o^v^ ; in virtue of Ajj = the lines 
CO], 0)2 have one point in common; this is then given by the elements of 
every row of w-iV^, the ratios of these elements being the same whatever the 
row; since a>it)2= v„coi = DoWi = — ■Wiiua, it follows similarly from the equations 
^1(1)2^1 = 0, Vi(O2Vr, = 0, that the coefficients in the plane containing coj, Wj are 
proportional to the elements of any column of (OiV^; the equations 
&)]W2(m, V, w, p) = express that the plane (u, v, w, p) contains the point 
whose coordinates are proportional to the elements of any row of (OiV.^; thus 
(ui, V,, W), jOi), {u2, ''2. W2, Pi), (ih, Vs, W3, Pa) above are any three independent 
planes drawn through the point (at^, 0)5) ; and, denoting the plane and point 
(q),, 0)5) respectively by (a, b, c, d) and (x, y, z, t), we may write 

(OiVz= I ax, ay, az, at 
hx, by, bz, bt 
ex, cy, cz, ct 
dx, dy, dz, dt 
where if t be assigned, d must have an appropriate value ; putting 

H= , I 1 1 1 V , ^ = 
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this is the same as ojiV^ = a.H^. 

5. If now we have three matrices oji, cmi„, tuj such that Aj = 0, A2 = 0, 
A3 = 0, and A23 = 0, A31 = 0, A]2 = 0, the associated lines have either a common 
point or a common plane, but, in the absence of further conditions, not both. 
When they have a common point we may write 

and thence, if we denote by M, momentarily, the matrix 

M = ai&)i + aaWa + ^sWa, 

we have Mi\ = aj (0) + a^ (- cl^H^) + a.^ (a^H^), 

or, since the diagonal matrices Wj, a., are commutable, Mvi = ; similarly 
Mv„ = and Mv3 = 0; thus the elements of any row of i/ are the coefficients 
of a plane containing all the lines w,, 0)2, cos; as they have no plane in 
common we infer that 

ajQ)] + a^co^ + Oscos = 0, 

which is equivalent to a^ai + 0)20(2 + fUs^s = 0. 
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Similarly when a^, m^, Ws have a plane, but not a point, in common, 

or Vifi + 1)212 +"3^3 = 0. 

Also, when toi, a.j, ws meet in a point, 

Wi^jtos = a^H^d), = a3aj~'(02^3&>3 = 0, 
and this is the same as 

WiV^cOs = = — tB2^i'"3 = + aJ2''3'^i — ~ Ws^'ai^i = co-3ViCl)2 = — Wi 2)30)2 ; 
and when toi, Wj, 0)3 lie in a plane, we have similarly 

Wl 0)2 2)3 = 0, 
wherein again the suffixes may be taken in any order. 

6. Now consider 
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-n , 


?i. 


i'.' 


ri , 
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-i^i. 


?>' 


-?i. 


i'l. 


0, 


'•1' 
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-?/, 


-r/, 






where A, = j),pi' + ^ig/ + r-^r^ = — 1, so that the determinant | F^ | = 1 and 

Tr^ = / , - r/, q,', p, 

n', , -p,', q, 

-qi, pi, , ri 

-i'l. -?i- -n, 

Take two such matrices Fi, F., and suppose that 

'^12 = P1P2 + ?i ^2' + n »"2' + Pi'p-2 + g'i'?2 + ''i'^2 = ; 
it is then at once verified, as in the case of the matrices o)j , u^, that 

F, Fr^ + F2 Tr' = 0, Fr' f, + Fr' a = o, 

and hence that (F^ T.-J = - 1, (Fr' F^y = - 1. 

Consider the determinantal equation | FjFn"' — p | = ; it follows (§ 3) from 
(F]r2"')^ = — 1 that its roots are i and —i, and that each occurs in the first 
minors of FiFa"' — p with a multiplicity one less than in FiFs"' — /a; hence 
each is a double root of | FiFj""^ — p\ = 0, and the exponents of the invariant 
factors are 1, 1 for each root ; we can therefore find four linearly independent 
sets (X], 2/1, Zi, ti), («2> 2/2, •22. ti), etc., such that 

(F,Fr' - i) («u 2/1, ^1, t,) = 0, (F1F2-' + i) {x„ y„ z., Q = 0, 
{V,Vr' + i) («3, 2/3, ^3, ^3) = 0, (F1F2-' - i) {x„ y„ z„ U) = 0. 
Further | Fj — iV^ | = | Fj Fa"' — i | ] Fj | = 0, and so on ; thus the matrices 
w, = V,-iV„ o)/=F, + iF2, v, = Tr'-iTr\ v^ = T,-' + iVf-\ 
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Six matrices in involution. 
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have each a vanishing determinant ; the pair ai^, v^ are related to one another 
as are the two previously (§ 4) discussed with the same notation, and belong 
to a straight line ; the pair w/, v^ belong to another straight line ; but, as 

o>^v^ + o>^v, = 2 + i {T,T,-^ - r.rrO + 2 + ^ (r,rr' - rjvo = 4, 

these two straight lines do not intersect. 

7. Suppose now we have six matrices, of the form considered here, 

V V V V V V 

for which Ar=-1, ^rs = 0, r, s = 1, 2, ... , 6. 

Take any three of the six, Fj, V^, V^; take the remaining three in any order, 
say Fj, F4, Ts\ we have then six straight lines 

<Ul = F]— iFo, tt)2=F3 — iFj, &J3=F5 — iTu, 

&)/ = F] + tF„ , coo' = Fs + iTi , 0)3' = F5 + iFg ; 
now, if e = i or — i, 

(F, + iv,) ( F3-' + evr) + (r3 + eV,) {Vr''+ ^■F^^) 
= F,r3-' + r3Fr'+ 1 (r.F^-' + t,t,-^) + e (T,Tr+ r,rr')+ie (F,rr'+ f.f^o 

= 0; 

thus, while the straight lines a>i, w/ do not themselves intersect, each of 
them intersects the other four ; similarly for the other couples coj, ojj' and 

0)3, 0)3'. 

D 




Take the point of intersection of toj and to^; call it D; the line 0)3 
intersects both (Uj and tuj and so lies in their plane or passes through their 
intersection ; the same is true of 0)3, which however does not intersect co-^ ; 
thus either 0)3 passes through D, while w./ does not, or the converse ; if we 
suppose the sign of every element in Fg changed, if necessary — which still 
leaves all preceding conventions and results unaltered — we can then suppose 
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0)3 to pass through D, and co^ to intersect as^ and a^, say in A and B ; then 
ft)/ intersects Wj and Wg', but not toi, and so passes through B, and it inter- 
sects 0)3, say iu C; while oj/ intersects a^, 0)3 and 0)3 and so passes through G 
and A, so that we have the figure annexed. 

Let the points A, B, C, D be {x-^, y^, z^, Q, (x^, 1/2. ^2, ^2). ••• > each, for 
clearness sake, being associated with four definite numbers, not with three 
ratios; let the opposite planes be Uiic + biy + CiZ +dit = 0, etc., with the 
conventions a^x^ + h^y-^ + c-^Zi + djii = 1, etc. ; if Or denote the diagonal matrix 
whose elements are a,, h^, Cr, d,., and ^r the diagonal matrix whose elements 
are x^, y^, Zy, <,., the sign of V^ being settled by (see § 5) 

(F,- iT,) iVi-'- iV,-') (r,- iV,) = 0, {Tc'+iT,-') {T,+ iT,) (rr' + tTr") = 0, 

the tetrahedron is determined without ambiguity by the equations following, 
in which a constant factor is omitted in the right side of each, 

a)i < = Ks H^i , 0)2' V3' = a4 iff 1 , C03 z)i = Oj H^j ; 

mjt'i' = a^H^a, &)]'< = atH^s, co^v^ = a^H^s . 

There are manifestly 15 such tetrahedra, according to the pairs (1, 2), 
(3, 4), (5, 6) into which the original matrices F,, F2, F3, ... , T^ are divided. 
Corresponding to the triplets of intersecting lines 

(toi, eB2, W3), (wi', CO2, Ws). (foa', W3', <Ui), (0)3', o)/, 0)2), 
we have now 

tai«2<B3 = 0, (Oi'v^'ios ~ 0, (o^v^'cos = 0, CO1V2CO3 = 0, 
and hence (tOj-ya + m/iis') <"3 = 0, (tfiV + coi'v^) 0)3' = ; 

but 

«,^2 + (O1V2 = (F, - iF2) (Fg-^ - iTrO + (F, + iF2) (F3-' + ^T^') 

= 2(F,F3-i-F2FrO. 
«,< + (0,'v, = (T, - iV,) {Tr + i^r) + (Fi + ir,) {Tr - iT^) 

= 2(F.F3-' + F2FrO> 

so that = J (&)i^2 + «i'»2') Wa + i (Wil'z' + aJi'^a) ("s' 

= F1F3-' (&)3 + 0)3') - F^Fr' {co, - 6)3') 

= 2F,F3-^F,+ 2tT2FrF«, 
or F,F3-F, = -iF2Fr^Fo, 

giving F2-TiF3-'F,Fr'F4=-i, or, as F2-'Fi = -Fr'F2, etc., 

rrT2r3-^r4Fr'F„ = t. 

Similarly by considering the triplets of coplanar lines, changing the sign 
of i throughout and replacing F,. by Vr~^, we have 

F,F2-'F3F-r,Fe-' = -i. 
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8. Assign now definite directions, DA, DB, DC, BC, GA, AB to the 
edges of the tetrahedron, and let the coordinates of a line directed from 
(«!, 2/1, ^1, i]) to (aja, 2/2, Z2, ti) be defined by 

I =tiX^ — t«x-i, m= ^2/2 — ^22/1, n=t-iZi— t^z-i, 
P = y\Z2-y-Zi, q^z^x^-z^Xi, r = x,y.,-x,_y,; 
there will then be six such sets (^1 , . . . , Vi), {I3, ..., r^) for the edges of the tetra- 
hedron, the coordinates occurring in them being those of the corners ; put 
further 
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Pi 
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0, 


-k, 
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llh, 
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Pl> 
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F,= 
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'•l, 


0. 


-Pi> 


llh 


-?1. 


Pi. 


0, 
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-k, 


-Wli, 
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and so on ; we shall have then 

where e, e , /, /', g, g are certain constants ; and as Vi = V~^ — iV^^ is 
obtained by the same rearrangement of the elements in Tf'^, T^T^ as is 
cBi = Fi - iV. of the elements in Fj, F2, we shall also have 

v, = eV„ <=e'TV, v,=fV„ <=/'F/, v, = gV„ v,'=g'V,'; 
and the equations 

F. = 1 (en, + e'n/), Tr' = i(eV, + e' F/), 
give, in virtue of D,iVi = 0, 

l = iee'(n,F/ + fl/F,), 
which, as before, is the same as 

1 = - -Jee' (ihli + giw/ + ri«/ +p,'k + qi'm, + r^'n,) 
,r, 2/4 24 ti j 

'^i yi ^1 n 
^2 2/2 •^s ^2 



= ;^ee' 



2/3 



*3 



so we find 

or, if (1234) = A, 



iee'(4123), say; 
1 = 1#'(4231), 1 = Igg'iiSU), 



ee' = -4A-', j7' = -4A- 



5'5' 



4A- 



Take now 
P = 



2/1, 2/2. 2/3. 2/4 

1 > 2 > " f 4 



Q= / "i, ^. Ci, di 

ttj, 62, C2, (^2 

Os, 63, C3, ds 

a4, ^4) C4, (^4 



so that 



QP=i; 
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The reductio7i to canonical form. 



171 



if n be a matrix formed, as are here flj, ... , in association with a straight 
line, which we suppose drawn from (^, ■;;, ^, t) to (^', ij', f', t'), the sth element 
of the ?'th row of the matrix PD.P is given by 



= fli4 {Xrts -Xstr) + ... + H^ {y,- Z, - y,Zr) + . . . 
^ r) K ■^ 

f-/ t <^t t 

? ■^ t 1" 
^r Vr ^r h- 
^s Vs ^s *s 

we therefore find (PlliP)^g = 0, unless r = 2, s = 3 or ?• = 3, s = 2, while 
{PQ,^P)rs = —{PD-iP)sr, and so for the others, and then 

(PniP)23=(4123) = -A, (Pa/P)„ = (2314) = A, (P^P);,, = (4231) = - A, 

(Pn/P),,= (3i24)=A, {Pn,p\, = -^, (Pn;P)^ = A. 

Now take 

m = y X . , Pm = -Dj, 

/x 

I' 

0/3 

where \, /x, i", /a are to be determined ; thus 

SFiOT = imp (o), + a^') Pm = \m{ePi^-,P + e'Pn.'P) m 

■Jm . e' V m 

-e 

e 

-e 

iA ^ , 0, 

, 0, 

, five, 

— X/ae', , 

CTFaCT = ^ mP (wi — o)]') Pm = — 
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\pe' 
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similar]}' 

5r3'57 = JA / , , \i/, 

, , 0, ^pf 

-\vf, 0,0. 

, - fipf, , 

_ iA / , , \vf, 

2 [ , , , -fipf 

\vf, 0,0, 

O", /Mpf, 0, 

Fr5CT = ^A / , -Xf^g, , 

\p,g, , 0,0 

, , , vpg' 

, , -vpg', 

.Trr-'^/ , -X/^S'- , 

^ i \lj.g, 0,0, 

, , , - i.p5r' 

, , vpg', 

herein take p equal to either of the two quantities given by p' = ^Aefg, 

4 
and X = ^e/p, fj, = ^f/p, v = ^g/p; then, as ee' =ff' =gg' = —-, we have 

JA\pe' = -l, iA/ii/e=l, ■^A/ip/' = - 1, ^Ai/X/= 1, iAz^/3/ = - l,-|AX/i(7 = 1, 
and so 

7i = 5riCT= / 0, 0, 0, -1 \ , 73 = sr3OT= / 0, o, i, o 

0, 0, 0,-1 



•SJJ 



72 



= I*!"! oCT" ^ 
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for each of which the invariant (pp + qq + rr') is — 1 ; and if we take 

^ {X, Y, Z, T) = {x, 2/, z, t), r^ (Z', Y', Z\ T) = (*■', y', /, t'), 
namely 

A' = - {a^x + 6i« + c^z + d-^t), Y =- (a^x + h.nj + c.z + d^t), etc., 

A. ^ 

and put L = TX' - T'X, P=YZ'- Y'Z, etc., 

we shall have, if V, {x, y, z, t) («', y', z, t') and 7, (.Y, F, Z, T) {X' , Y' , Z' , T) 
be respectively denoted by V^xx and 71XA", 

V^xx' = 7,ZZ' = - i + P, V.,xx = 73XZ' = - 71/ + Q, 

V^xx =r^^XX' = -N^R, 
T.xx' = 7,ZX' = t (Z/ + P), r,a;a;' = 7,ZZ' = i (ilf + Q), 

r^a^a;' = ^^XX' = i(N + R). 

9. These forms have various properties. Firstly by putting in — L + P, 

X =-i^, Y =iiv, Z =ii^, T =T, 

X' = -i^', Y'^ii-r,', Z' = ii^', T' = t', 

TX'-TX changes to -i{r^' -t'^), YZ' -Y'Z changes to %(j)\;' -r)\i), 
and so, if X', P' denote the same functions of f, 17, f, r, f ', ?;', f, t' that 
i, P are of Z, F, -^, T, Z', 7', Z', T', we have 

- Z + P = i (X' + P') ; 
in other words 

-I \ 7i / - i \ =7,. 
i^ j [ i^ 
I* ] I t* 

0001/ \oooi 

Similarly by X = r), 1"=?, .2^=^, T=t, we find 0^7,0- = 73 where 

a= / Q 1 

10 

10 

1 

it appears thus that all the six forms 71, 7.2, ... , 76 are capable of being 
written Ji^iH, where fi is suitably chosen in each case. Nextly we find 

7i' = -l. 73^ = -!. 7a' = -l, 

7i73 = - 737i = 75. 7375 = -7573 = 71. 757i = -7i75 = 73. 

7,= =1, 7/=l, 7/=l, 

7274 = - 7472 = *76. 7476 = - 7674 = ^'72. 7672 =- 7^76 = *74. 
while 72n-i 72»n = 72m 721^-1 • 
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Further we have 

2 { [X - P]^ + [^■ {L + P)Y ] = - i^LP = 0, 
and hence 

(T.xxJ + (To^xxJ + (rsa;^')' + (T^xxJ + (F^xxJ + (T.xx'y = 0. 

And lastly, to come to a set of relations of particular importance to us, we 
have, as follows from the identity, 

X+iY, Z +iT \ / X'-iY', -Z'-iT \ 
-Z +iT, X- iY J [ Z' - iT, X' + iY' ) 

E-i(-N+R) , -M + Q-i(-L + P)' 
.(^-M+Q)-i{-L + P), E + i{-N+R) 
where E denotes XX' + YY' + ZZ' + TT', the equation 
E"- + {-L + Pf + (- M+ Qf + (- N + Py 

= (X"'+Y' + Z'+ T') (X'' + Y'' + Z'' + T'-') : 



now 
so that 

thus 



7i73 ^7-5 = 



7i7375 = 



1, 



7,73-Va(X Y, Z, T){X', F, Z', T), or 7173-^75^^', =E- 



(7i^X 

(73^)4 

(75-3^)4 

(7i73~^ 79-^)4 

(Z, Y,Z, T): then if 

) 



(7,zz')^ + (y.xxy + (y.xxy + (y,yr'y,xxy 

= (X- +Y^ + Z' + T-) (Z'2 + F'" + Z'^ + T'O ; 
let, momentarily, a denote the matrix 

a= . {y,X\ , (^,Z), , {y,X), 

(73-^)1 , (73-i')2 , (73-^)3 

(7.X), , {y,X\ , (7,Z)3 

(71 73~' 75-^)1. (7l73~'75-^)2. (7l73~'75-^)3 

where (71 Z)^ denotes the rth of the four quantities 71 1 

(r>'?'. r,T') = a(Z', F'.z'.r; 

we have |'=7iZZ', r^'^y^XX', etc., and so 

|'2 + n'"- + ^'^ + t'^ = (Z= +Y' + Z' + T') {X'' + F'» + Z'' + T'% 
of which the left side is aX' . aX' or aaX'^ ; we thus have 
oa = aa = Z^ + F* + Z'' + T\ 

and the matrix a is orthogonal, in the sense that the sum of the four products 
of corresponding elements in any two rows, or in any two columns, is zero, 
while the sum of the squares of the elements in any row, or in any column, 
is the same for each, being equal to Z^ + F- + Z'+ T\ Again we have 
7274"' 76 = 727476 = *76^ = i, and, as before, 
E' + (L + Py + {M + Qr + {A^ + Rf 

= (Z= +Y' + Z^ + T') (Z'» + Y'' + Z'' + T'% 
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so that, if b denote the matrix, 

6= / i(:y,X'\ i(j,X'), i(y,X'\ X' 

Hj^X'^ iiryiX'X i{ysX% Y' 

* (72-^)3 iili^')} iiyeX'^s Z' 

i{liX')i i{yiX')i i{yeX'\ T' 
we have as before 

bb = bb = X'' 4- Y'' + Z'^ + T\ 

Now, with x = '!sX, that is (x, y, z, t)= ct(-X', 1", Z, T), as in § 8, we have 

lyi^ = 'aV-^'mX = isViX, 
and y^X = 'SV^x, y^X = SFjO;, 

jiys^^yiX = otFiot . c7~' Fs"' ct~' . sFgroX = sF] r3~' T^x ; 

while i72X' = 74~'76X' = ra-~'r4~'5"^ . SFBtn-J" = ra—Tj^^rB*'', 

where ;e'=otX', and similarly iy^X' = T;T~^Tf'^T2x' and i76X' = OT^'Fa^'Fjo;' : 
thus we have 

ab= y (SFi«)i , (SF,a;)2 , (5Fia;)3 , (5Fia:)4 

(5F3a;)i , {^T:,x\ , (5F3a;)3 , (5F3«)4 

(^T,x\ , (SFsajX , {^r,a-% , C^T^x), 

>(5AF3-T,^)„ (5F4F3-T,aj)„ {^T,T,-'T,a:),, {&r,r.rTr,xh 

{^-'TrT^x'),, {^-'r,-'r,x'\, (^-'T,-'T,x'\, (^-'a.'), 

(v,-'T,-^T,x')„ (nT-'TrT,x%, (t^-'T.-'T.x'),, (^-'x'\ 
(^-'rr'T,x%, (^-iFe-^F2«')3, (^-'Tr'T,x%, {^-'x'), 

{■oT-'Tr'T.xX {vy-^r,-'r,x% (r^-^Tr'r,x%, {^-'x'\ 

while 

a6 . ^ = abba = {X' + Y' + Z' + T') (X''^ + Y'-' + ^'= + T'-') ;. 
now 

2 (5 Fia;)^ (ct-1 F4-' Fe*').- = ^^i « '^"' ^4"' F^*'' 

= FsF4->5-i . ^V,xx'=T,Vi-^T^xx, 

and, since (§ 7), FiFs-^F, = - iF,F4-iF, = - tT4Fr'F2, 

2 {^T,Vr'T,x\{^-'Tr'V,x'), = V,TrT,V,-'T,xx' = - iV.xx' ■ 

thus the matrix 

c = ab= / F6F4-'Fi^«', TJ'^-'V.xx , F4Fr'F,,/j/, T,xx 

T,Vr'T,xx', T,T,-^V,xx, F4Fr'F3a;a;', V,xx' 

r,Tr'V,xx', FsFr'F^aja;', F4Fr'F5a;«', T,xx' 

— iV^xx , —ir^xx' , —iTfXx , — iVJ^f'^V^xx' 
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where (x, y, z, t), {x\ y , z' , t') are arbitrary quantities, is shewn to be such 
that cc = cc = a number, which in fact is 

namely, the matrix c is an orthogonal matrix. 

Herein, as will be recalled (§ 7), Fj, Fg, Fj are any three of the original 
six matrices, and Fj, F4, Fg are the remaining three in any order, but of these 
there is one, Fg, of which it may be necessary to change the sign of every 
element. It is at once seen, however, the matrix being written as here, that 
in expressing that the sum of the products of corresponding elements in any 
two rows, or any two columns, is zero, or in expressing that the sum of the 
squares of the elements in any row or column is the same for each, both 
signs for Fg lead to the same result, and indeed any one of the six matrices 
F], F„, ..., Fg in the orthogonal matrix may be changed in sign without 
affecting the result. This caution is therefore unnecessary, and the result 
that the matrix above is orthogonal holds for any decomposition of the 
six matrices into two sets of three, independently of the order of those in 
a set, and independently of a factor — 1 attached, or not attached, to any one 
or more matrix Fj, ..., Fg throughout the matrix c. 



NOTE II. 
INTEODUCTORY PROOF OF ABEL'S THEOREM, AND ITS CONVERSE. 

If 

H {x) = integral polynomial in a; + ^— ^ + . . . + ^^ _ ^^,+, + ^3^ 

+ . . -J h 

^ ^{x-bY+'^' 

be any rational function of x, it is obvious that the coefficient of x"^ in the 
expansion of H{x) in descending powers of a;, which is .4 +5 + ..., is equal to 
the sum of the coefficients, of (x — a)~' in the expansion of H(x) in ascending 
powers of x — a, of (x — 6)~' in the expansion of H{x) in ascending powers 
oi X— b, ..., all the values a, b,... which are roots of the denominator of 
H(x) being taken. 

If A (x) f' + Aj (x) !/"-i +... + An(x) = 

be an irreducible equation in y, the coefficients A (x), Aj.(x), ... , An{x) being 
integral polynomials in x, and a be a finite value of x which is not a root of 
A (x) = 0, we assutne that the values of y which satisfy this equation for 
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values of x near to a, break up into a certain number of cycles, the 
constituents of a cycle which consists of m roots being expressible by power- 
series such as 

wherein t is to be replaced in turn by the m roots of t'^ = x — a; thus when 
the phase of a; — a increases by 27r, the phase of t increases by l-KJm, and 
one of the roots of the cycle changes into another ; for « = a all the roots of 
the cycle give y = 6, and the point x = a, y = b, regarded as the centre of the 
771 expansions is said to constitute one place ; if there be k cycles, consisting 
respectively of mi, . . . , mj; roots, we have 7n^ + ... + mii: = n; the ordinary case 
is when k =n and «ii = m2= ... =mt= 1, and it is only for a finite number of 
values of a that any other case arises ; but we may have k=l and mj = n.. 
The case of a finite value of a for which A(x) = may be dealt with by 
putting yA (x)=7]; for any one of the places which arise the appropriate 
expression for y is thus of the form t~'' f (t), where X is a positive integer and 
g) (t) a power-series in t ; the case of an infinite value of x may be dealt with 
by putting x = f~^ ; the appropriate expressions for any one of the places are 
then of the form x = t~^'"; y = t^>' ^ (J,), where m is a positive integer, \ is an 
integer and ^ (t) a power-series. This general statement has been sufficiently 
illustrated for the hyperelliptic case in the first chapter of this volume ; the 
quantity t, which always vanishes at the place under consideration, and is 
to be chosen so that no point in the immediate neighbourhood of the place arises 
twice over for different values of t, is called the parameter for the place. A 
formal proof of the assumption as to the existence of such C3'cles is given 
below, in the first chapter of Part II. (p. 190). 

The value of any rational function of x and y in the neighbourhood of any 
particular place can clearly then be expressed in a form f^ ^J {t), where ^ (t) 
is a power-series in t not vanishing for i = 0, and fi is an integer. If fi is 
positive, the function is said to vanish ^t times at the place, or to the /ith 
order; if /^ is negative, the function is said to be infinite (— ya) times, or to 
have a pole of the {— fi)ih order at the place; and it can be proved that 
any function of x and y which has about every place a definite expression 
f^ p (t) in which ytt is a finite integer, is a rational function of x and y. The 
sum of the orders of zero of any rational function, for all the places where the 
function vanishes, is clearly finite, these places being obtainable by algebraic 
combination of the fundamental equation and of the condition obtained by 
equating the function to zero ; we proceed to prove a theorem which, as will 
be seen, has as one corollary the theorem that the sum of the orders of the 
existing poles of the rational function is equal to the sum of the orders of its 
zeros ; if for any place the (finite) value of the rational function R (x, y) be A, 
and, in the neighbourhood of the place, R (x, y) — A be of the form f^ ^o (t) 
where |3 (t) is a power-series not vanishing for t = 0, we say that the function 

B. 12 
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is m times equal to A at the place — the general statement is that the total 
sum of the number of times that the function is equal to A at the 
various places is independent of A, and this number is called the order 
of the rational function. 

The theorem in question, for a rational function R {x, y), is expressed by 

= 0, 



i?(«^,2/)J 



the meaning being that in the neighbourhood of every one of the (necessarily 
finite number of) places where either R (x, y) or x is infinite, each of R (x, y) 
and dxjdt is to be expressed by the parameter t, the coefficient of t"^ in the 
product R (x, y) dxjdt is to be taken, and the sum of all such coefficients is 
zero. The result is obvious if the elements of the theory of a Riemann 
surface be assumed, since the vanishing contour integral jR {x, y) dx round 
the period-loops is equal to the sum of the values of the integral round the 
logarithmic infinities of the integral ; cf. p. 4 above ; we can, however, give 
an elementary proof, which has also been previously given for the hyperelliptic 
case (p. 4). Consider a finite place x= a, which is the centre of a cycle of 
m roots 2/i, ...,ym, and having substituted, in R{x, y), the value x = a + P"- 
and the appropriate series for each oi y^, ..., y,n in terms of t, form the sum 

R(^, yi)+ ...+R(x, y^); 
each constituent of this sum is a series of integral powers of t with only a 
finite number of negative powers, and if <u = e^irt/m^ ^^le series are the same in 
the quantities t, cot, wH, . . . ; thus the sum is a series of integral powers of 
t"^ or X — a; and the coefficient of (x — a)~^ or t~™, in this series in x— a is 
equal to the coefficient of t~'^ in 

doc 

R (x, y) mt"" -\ ov R (x, y) -^ . 

Consider next a place arising for an infinite value of x ; putting x = t~^ and 
the appropriate series for y^, ...,yj^m terms of t, and forming the sum 

R{x,y^)+ ... + R {x, yk), 

we similarly obtain a series of integral powers of «"', in which the coefficient 
of x~^, or <*, is equal to the coefficient of ,<~' in 

R {x, y) kt-''-\ or -R {x, y) -£ . 

Now consider, for any value of x, the sum 

H(x) = R{x,y,)+...+R (x, y„), 

where yi,...,yn are all the roots of the fundamental equation; this is a 
rational function of a; only ; for a finite value x — a, the coefficient oi (x — a)~^ 
in H (x) is, as we have seen, equal to the sum of the coefficients of t~^ in 
R {x, y) dxjdt at the various places arising for a; = a ; while for infinite x, the 
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negative coefficient of x-^ in H (x) is equal to the sum of the coefficients of t~^ 
in R (x, y) dxjdt at the various places arising for a; = oo . It follows, therefore, 
by the remark at starting that, in the sense previously explained. 



Ri^>y)% 



t-i 



= 0, 



and this is the theorem. 



Remark. If K(x, y) be any rational function, such that, near any place, 
K {x, y) — A is of the form <™ (p (t), we see at once that, near this place, 



{K{x,y)-A} 



' dx 



\K{x,y)-A] 



dx 



has, for coefficient of t~'^, the integer m. The number of times that K {x, y) 
takes any value A is thus equal to the total number of its poles, as was 
remarked. 

To apply this result to prove Abel's Theorem, let Z denote any rational 
function of x, y, these being connected by the fundamental algebraic 
equation /(a;, y) = 0; the rational function Z — fi, where /a is a constant, will 
then have a definite number, Q, of zeros, this number being independent 
of fj, ; and as fi varies these zeros will vary ; for simplicity of statement we 
shall regard each of the zeros as of the first order, for all the values of //. 
which we consider, though, as will be seen, the result we obtain is unaffected 
by supposing two or more of them to coalesce into a multiple zero. Also let 
R(x, y) be any rational function of {x, y) and I = JR{x, y) dx. Now apply 
the equation 

r 1 dl dx 

\_Z— fJb dx ' dt_ tr-l 

written in the form 



= 0, 



\ \d 






di- 

dt 



1 



<-i 



\Z — fiJdt]t-i \_\dtJZ — fjL_ 

where on the left only those places are considered where Z = fi and dljdt is 
finite, and on the right those where dljdt is infinite (and possibly also Z= fi). 
Let {x^, yi) be one of the places for which Z = fi, and t the parameter for 
the neighbourhood of this place, so that, for a near position {xi + dxi, yi + dyi), 
the value ^ + d^ of ^ is given hy fx,-\-t A + . . . ; the corresponding contribution 
to the sum on the left is then given by 

1 dl dxi _ dl dxi 

A dxi dt ' dxi ' dfi ' 

and the equation leads to 



Z J— aXi = 
i=i dXi 



dl 
dt 



)d\og{Z-,,) 



t-i 



12—2 
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thus if (^i), . . ., (a;^) be the places where Z vanishes, and (aj), . . . , (ag) the places 
where Z is infinite, we have 

fdTs 



<2 f (■^i) 

S , R{x,y)dx = 



%)>^'- 



— lim 



[)log(Z-/.) 



*-l 



if we assume that no one of the places where Z is infinite coincides with a 
place at which the integral I is infinite, we can Avrite, for large values of /t, 

Z Z' 

\og{Z-fj,) = \og{-/j,)---^~-..., 
fj, fj, 



dT 
dt 



= 0. 



i!-i 



«-' 



and hence, in virtue of 
infer the result 

,!./,>"•='>*" [©'°^^; 

which we may regard as a statement of Abel's Theorem. 

Some particular cases may be referred to. 

(i) When I = JR {x, y) dx is an integral of the first kind, the right side 
vanishes, and we have the result that if m^'" be any integral of the first kind, 
and {x-^), ...,{xq) be the zeros, and (aj), ....(ag) the poles of any rational 
function of {x, y), then 

M^""' + ... + M^e'<'i2 =0, 

it being understood that, in the absence of a convention as to the paths of 
integration on the left, there must be added on the right a sum of integral 
multiples of the periods of the integral m^'*. 

(ii) When / is an elementary integral of the third kind, that is, is 
infinite at one place (a) like log t^, where t^ is the parameter for this place, 
and infinite at another place (/3) like — log t^, but not elsewhere, we have, 
whatever Z may be 

Sj^^^^E(.,y)d.= log^, 

where Z{a.), Z(fi) denote the values of Z at these places. 

(iii) If the fundamental algebraic equation be 

y''-{4!x'-g^x-g3) = 0, 

and R {x, y) = xjy, while Z is taken to be {y — mx — c)/(y — m^x — Cq), we have 
Q= 3, and dljdt is infinite only for a; = oo ; putting, for the single place there 
occurring. 



X = t 



we have 



f = i(l-i^.*^--.), 



, y — mx — c _ , 1 + ^mt + \ cP - 
y — nioX — Co 1 



+ |mo< + ^Cot" - 



= ^(m-m„)t+..., 
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and 



S)-^^ 



t-i 



= i (m - m„); 



if then {x^, y^), {x^, y^) and (x^, y^) be the three intersections of the straight 
line y = mx + c with the cubic curve y^ = 4:a^ - g^x - g^, and (ci), (cj), (Cj) be 
arbitrary places, we have 

A^') icd« r^^') a;da; A*=) ajrfa; j^ 2/i - 2/2 _ ^ 

where C is a quantity unaltered by replacing the straight line y = inx + c by 
any other ; putting, as usual 

c^ dx 1 f" r 1 

this is equivalent with 

?(m) +^{v)-^{u + v) + h ^'^* ~ ^'^ = constant, 

for arbitrary values of u and v ; by expansion in powers of xi for small values 
of M we at once find the constant to be zero. 



du, 



Converse of Abel's Theorem. 

Ifp denote the number of existing linearly independent integrals of the 
first kind, and two sets, each of Q places, (arj), ..., {xq) and (oj), ...,(aQ), be 
such that 

Wi^i'"' + ... + w/e.oB = 2il/i&)i_i+ ... 2MpWi,p + 2ilfjV,-,i + ... 2Mp'Q}'i^p, 

{i=l,...,p), 

there being one such equation for each of the integrals, M^, ...,Mp' being 2p 
integers independent of i, and 2a)i, 1, ..., 2co'i^p being the periods belonging to 
the integral m/-"^, then there exists a rational function of (x, y) having 
(xi), ..., (xq) for zeros and (oj), ...,(aQ) for poles, of the first order. The paths 
of integration on the left are supposed to be the same in all the p equations, 
but are arbitrary; a modification of these paths will generally entail a 
modification in the integers Mi, ..., Mp. 

The proof of this result is similar for all cases, and may be explained in 
the hyperelliptic case, p = 2, for which we have given the necessary pre- 
liminary theorems in the text. The equations then lead, for paths on the 
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dissected Riemann surface upon which the normal integrals v^"' *', v^^' " are 
single-valued, to the equations 

vi"" "■ + ...+ v,='B- "s = ilf, + M^'rn + M^'t^ ; 
consider then the function e^ where 



the function IT ' being the normal elementary integral of the third kind ; in 

virtue of the period properties for the integrals the function e^ is at once 
seen to be unaltered across any period-loop, and it is expressible near any 
place by a series of integral powers of the parameter for that place, 
having zeros of the first order at {x-^), ... , (x^) and poles of the first order 
at (fli), ..., (a^). It is thus such a rational function as is required. 
(Cf pp. 7, 29.) 



PAET II. 

THE REDUCTION OF THE THEORY OF MULTIPLY-PERIODIC 
FUNCTIONS TO THE THEORY OF ALGEBRAIC FUNCTIONS. 



CHAPTER VI. 

GENERAL INTRODUCTORY THEOREMS. 

49. If a power-series, in the independent variables x, y, 
ctoo + Clio* + a„i2/ + . . . + a,-„nX^y'^ + • • • , 
converge for x = x^, y — y^, then it converges uniformly and absolutely for 

!''^i<!«o|, l2/i<|2/o|- 

For, convergence for Xf^, y^ requires that any batch of terms taken 
sufficiently far from the beginning of the series, and in particular any single 
term, shall be of arbitrary smallness ; we can thus suppose a,nn*o'"2/i)" less in 
absolute value than an assigned finite real positive quantity M, for every 
value of m and n ; then if ^ = xjx^, r] = y/y„ we have amn^™y'" — ^"*'?"a,„n^o'"2/o", 
and thus, for | ^| < 1, | ?; | < 1, the absolute values of the terms of the series 
are less than those of the series 

-^(1+1 + '? + ^ + ^^;+^=+...), 

which is convergent, having M (1 — ^)~H1 —»?)"' for sum. This enables us at 
once to prove the proposition as stated. 

The given series thus represents a continuous function in the open region 
i ^ I < I ^0 j. I y I < 1 2/o I j it can easily be shewn that this is true also of the series 
formed by differentiating the given series in regard to x or y, so that the 
given series is differentiable in the same region. 

If r < [ a;o I and j a^i [ = r, the series can be rewritten as a power-series in 
x — x-i and y converging certainly for \y\<\y>s\, \x — x-^\<\x!,\—r. If for 
every a;i such that jarj j =?-, the rewritten series converge for ja;— a;i|<|a;„j-f-i) — )', 
then the original series really converges* in the open region |a;j < |a;o| -J- A 
J2/|<|yo|- It may be, however, that there is a point {x , y') upon the 
boundary of the region of convergence of the original series, such that if 

* A formal proof is given Proc. Land. Math. Soc. Vol. xxxiv. (1902), p. 296. 
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(a;/, 2//) be taken aDywhere in its neighbourhood, the rewritten series in 
X — a;/, y — y( converges only {ox\x — x-l\<\x—x(\,\y — y-l\<\y—y-l\\ such 
a point is called a singular point of the function represented by the original 
series. With this definition it is clear, in view of the proposition just stated, 
that the region of convergence of the original scries can be taken to be 
given by \x\< R, \y\< S, with a singular point («', y) where \x"\ = R, 
\y'\^S or \a^\^R, \y'i = S. 

Thus the value adopted for one of the two quantities R, S modifies the 
values possible for the other ; in particular it may happen that R can be 
increased without limit if S be suitably diminished. As this is a point of 
difference between the cases of series of one variable and series of more than 
one variable, it may be desirable to give an example. Consider the power- 
series 

1+x + x^ — xy + af— 2x''y + ^xy'^ + {A) 

obtained by writing the series 

1 + xe-y + x'e-'y + (JS) 

as a power-series in x and y. If the series {A) converge for x = x^, y — y^, it 
will as we have seen converge absolutely, and therefore written in any order, 
for ' x\<'.Xf,^, i 2/ i < 1 2/o I ; 't will therefore converge when written as the 
series (B); if however x = re^, y = se'* = f -|-^T, the series (B) converges only 
for \x:<\e^\ or f>logr. Thus, near the origin, the series (A) converges 
only if r< 1, and taking a particular ro<l, a region of convergence about 
the origin, circular for both x and y, can only be of the form \x\<ro, 

\y\< log — . Conversely s < log - , or re* < 1, ensures the convergence of 



n, 



l+r(l + s + f^+ ..}j+r'(l+2s + ^^^ + ...)-(- (B') 

and so the absolute convergence of the series (B) written in the form 

1 +* (l - 2/+ f, + •••) + ^ (l - 2y + ^ + ...) + ..., 

which can then be rearranged as the series (A). On the whole then a 
region of convergence about the origin for the series (.4) is given by 
! ^ i < ''. \y\<s,r<e-'; thus r is less than unity but can be made as near 
thereto as we wish by taking s small enough ; but on the other hand s may 
be made indefinitely great by taking r small enough. 

50. Suppose that the original series converges uniformly in regard to 
the phases of x and y upon the two circumferences \x\ = r, \y\ = s; and that, 
for these values of x and y, the sum of the series is, in absolute value, less 
than the real positive quantity M. It can then be shewn that, for these 
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values of ,r and i/, o\eiv term of the series is also less than M, in absolute 
value ; so that 

JL 

Denote the sum of the series bv f{.v, y): put e = e'', (u = e*, where 
/(, A- are positive integei-s ; we have then, for .r = re*", y = Sw'', 

(re")-"' (sa)'")-'7\)-t ^, 5a.' ) = a,, „ (re'')-'" (sai' )"" + . . . + a,„, „ + . . . 

+ a,„; „■ {,-€'')'"-"' (SO)-)"-" + ... + H, 

where U represents the remainder of the series beginning with terms of 
dimension p — m — /; + 1 in ,!• and u, after division by x"'y". Taking a- 
ai'bitrai-ily small we suppose p so large that H < a. In this equation 
give to fjL in turn the values 0, 1, ..., ^'— 1, and to v the values 0, 1, ..., v' — 1, 
add the results, and divide by the number of these, namely ^'v' ; we thus 
have 

— : S I {re>')-"\sw')-"r\r€''.scD'') 

/i !' ^=0 ••=0 

equal to 

^ [■ 1 — t "' 1 — to " 

1 1 _-<m-iiiV 1 _ ,,,.n-)ii> -1 

+ _i_„ . ..Jn-mgn-n ^ _J^ ^ _ t '^ + + _ "C H" 

it being undei-stood that h, k are taken so great that no one of the 

deuonunators 

(1 - e-™)(l - &)-") (I - i"'-'")(l -co"-") 

is zero, as can be supposed by choosing h, k after a and p are fixed. If Af^ 
be taken less than M to exceed the greatest modulus of f(.v, i/) for .r| = 7-, 
I (/ ' = jf, the left side of this equation is in absolute value less than r~"'s~"Mi '■ 

on the right side the t^?rm —^ ^H is in absolute value less than a; and the 

other terms, except a,„, „, diminish indefinitely when the arbitrary positive 
integers /x', v' ai-e iudefinitely increased; thus we have 

I "m, » < ^,7^ + '" 
where T is arbitrarilv small, aud hence, as desired. 






CoroUaru. We have 



/\.r, y) 5 a«.,|-| S a,,,,,,.!^";/" 

Hl = l. H = l 
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and, if I a; I = p, I y I = 0-, 



Weierstrass's 
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<^l~. 



-:)"<* 



so that 

\f{x,y)\>\a,,,\-M 

which does not vanish so long as 



1- 



1 - 



-1 



(-r('-r-' 



M 



Herein r, s are arbitrary values such that the series converges for 
! * I = '". I y i = *) and M is any real positive quantity greater, absolutely, than 
f(x, y), when \x\ = r,\y\=s; so long as | a„_o | > 0, we can always take p, u so 
small that the inequality is satisfied. Thus if the origin is not a zero of the 
series it is an interior point of an assignable finite region within which no 
zeros are found. 

51. Consider now the ca.se when the origin is a vanishing point of the 
series. Arranged in powers of y let the series be 

Ao + A,y + A,y'-+..., 

where A,,, A^, A2, ... are power-series in a; ; of these Af, vanishes for a; = 0; 
we assume in the first instance that not all of A^, A^, ... vanish for x — 0; 
let An be the first that does not, so that the series is of the form 

f(x, y) = x{B, + B,y+...+ B„-,f'--') + (C + xB^) 2/" + A,,^,y^+' + ..., 

where 5„, £,, ..., B^-i, B„, A„+i, ... are poAver-series in x, and is a non- 
vanishing constant. 

We shew now that a real positive quantity r can be assigned such that 
for any value of x less than r in absolute value, there are n values of y 
satisfying the equation 

/(*•, y) = 0, 

all diminishing to zero with x, and that these are the roots of an equation 

where J9i,^2, ...,^,i are power-series in x, vanishing for x = 0, and converging 

for I a; ] < r. 

Let f,=f{0,y) = Cy- + Dy-+^+..., 

and /i=/o-/(«>2/). 

so that /i vanishes when x vanishes, identically in regard to y. Choosing cr 
so that /„ does not vanish for < 1 3/ 1 5 cr, and so that f(x, y) converges for 
\y\<a- and sufficiently small x, and choosing o-j so that < o-j < o-, we may 
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choose p so that |/i [ < | /o | for \x\< p and o-, < | y | < tr. Then for a definite 
X, such that | a; | < p, since /=/« [l - j), we have 

jdy f,dy dy>,=-,\\fj f,dy dy ^^-^ mv/.;/. 
where G^ {x) is a power-series in x vanishing for « = 0, 

where G (y) is a power-series in y ; let the number of values of y, less than <r 
in absolute value, which satisfy /(«,'!/)= 0, for the definite value of x, be m, 
and denote these by y^, ..., ym, multiplicity being allowed for by repetition of 
these ; then the difference 

1 df_ _1_ 1_ 

fSy y-yi '" y-ym 

is expressible, for j y | < cr, as a power-series in y, say K(y), and so, for y less 
than <T but greater in absolute value than the greatest of y, , . . . , i/,„ and greater 
than Ui, we have 

y ^ = - + 2^ 2/-"- M^/i" + • • ■ + ym") + A' (2/) ; 

as this must agree with the preceding expression we can infer 

m = n, y/+...+y,n'' = vG.^{x); 
putting then 

(y-yi) ••• (y - yrd^y"" +piy''~' + ■■■ + Pn = '=^, 

we have 

p, + (?_! (x) = 0, 2p, -1-^1 G_a (x) + 2G^ (x) = 0, 

3i>3 + P2 G^-i (x) + 2p, G^_ (x) + S (?_3 ix) = 0, 

and so on, whereby it follows that pi,Pi, ... are power-series in x, vanishing 
for a; = ; also 

l^ = l|? + Z(2/)=i^/+(?(2/)-^ 2 G,{x)y^, 

so that _f = isU, 

where U is of the form 

and \o, Xi, \2) ••• are power-series in x, of which Xp reduces to unity for x=0, 
while A, independent of y, is obtainable by comparing coefficients of y" in 

A„ + A,y + A,f+ ... =A(pn + p^y + ... + p.y'^-' + y''){\ + \y + ->^,f+ ...), 
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and is given by 

so that it is a power-series in x reducing for x = Q to the constant term in 
the power-series A^. For the vahies of x and y for which the series G{y), 

2 G^{x)y'^ converge, the factor U does not vanish, as its exponential form 

shews; these series converge however for all sufficiently small values of x 
and y ; thus all the roots of the equation f(x, y) = 0, for any sufficiently 
small X, which vanish with x, are those of the equation ct = 0. 

If, still supposing /(O, y) not to be identically zero, the terms of lowest 
order in f{x, y) are of the ?ith order, so that A,, vanishes to the nth order, 
A^ to the {n — l)th order, ..., A^-i to the first order, when x = 0, then the 
lowest terms in /, are of aggregate order n in x and y, as are the lowest 
terms in f^ ; thus the lowest terms in G^{x) y'^ are of order zero at least and 
G-y (x) is a power-series whose lowest terms are of order v ; the same is then 
the case for jD„, which vanishes to the i/th order when x = 0. We can if we 
wish, by a substitution, x + fiy for x, in f{x, y), where fi is indeterminate, 
always suppose the case to be as here. 

The case when /(O, y) is identically zero has been excluded from the 
preceding ; putting then x = \^-^ fir), y = X'^ + fit), the value of /(a;, y) when 
^ = is fifJi'i, firj), which is not identically zero in regard to t; if /a and fi be 
chosen with sufficient generality. Thus f{x, y) can be written in the form 

f{x, y) = (t?™ -1- q,n^-^ + . . . + 5^) [7, 

where g'l, ..., g„( are power-series in ^ vanishing for f = 0, and ?7 is a power- 
series in I, 7) not vanishing for ^ = 0, ■»; = 0. Supposing \fi' — X'fi not zero, 
this decomposition replaces that of the preceding case. 

A theorem, and demonstration, exactly analogous to the foregoing applies 
to the case of an equation /(«i, x^, ..., x^, y) = 0, in which the number of 
independent variables is m. 

Corollary. If ^i, ..., <^„ are n convergent power-series in the n + m 
variables x^, ...,a;„_,.m, all vanishing when these n + m variables vanish, the 
linear terms in the series <pi, ..., <^„, say 



being such that the determinant formed by the coefficients of x^, .. 
namely 



.. a. 
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is not zero, then the equations 

^1 = <^«, = 0, 

regarded as equations for a^i, ..., «„, are satisfied by convergent power-seriea in 
x-n+i, ..., Xn+m, these being the only solutions of these equations for Xi, ..., «„, 
within a certain neighbourhood of the origin. 
For put 

^1 = ai_iiz;, + ... +ai„a;,„ ..., ^„ = a„,ia;i+ ... + »„,„«„, 
so that the equations <j}i = 0, ..., <^„ = 0, are 



6n + ^n,n+i*n+i + . . . + O'n.n+m'^n+m + '^n,2 + ^'k,3 + ■ • • — ^> 

where u^^s is a polynomial of dimension s in the ?i + »t variables 

If in the first equation we put ^2 = 0, ..., ^«, = 0, Xn+i = 0, ..., «„+,„ = it 
reduces to a power-series in fj whose first terra is |^i. It follows then, by 
the foregoing, that the only sets of values of ^i, ..., ^„, Xn+i, ..., oon+m, in the 
immediate neighbourhood of the origin, which satisfy the equation (/>, = 0, 
are given bj' ^i + P = 0, where P is a convergent power-series in 

Csj •*•» bTi) ^n+ij ...J ^n+mj 

vanishing when these n+m—1 variables are all zero. If the resulting value 
of fi be substituted in the remaining equations </)2= 0, ...,(/>„ = 0, they reduce 
to convergent power-series in ^j, ..., ^„, Wn+i, ..., ocn+m of the form 

fr + 0'r,n+i^n+i "I" ... H- (tr,n+m^n+m + Vr,2 + ^r,3 + • • • = "i (^ = ■",■•• , W), 

where D^^g is a polynomial of dimension s in the n+ 7ii — l variables. Solving 
the first of these equations similarly for ^ji and substituting, and proceeding 
in this mannei', we eventually obtain ^„ as a power-series in a;„+j, ...,a;„+m, 
only, from which, by retracing the steps, we obtain in turn f„_i, ..., f,, and 
so eventually a;,, ...,a;„, all as power-series in Xn+i, ...,Xn+m- 

52. Consider now what is represented, for sufficiently small values of 
X and y, by the equation 

■7!{x, y) = y-"'+p-,f^ + ... +p„ = 0, 
where pi, p-2, ■■■ are converging power-series in x vanishing with x. 

If the left side be capable of being written as a product of factors of the 

form 

y'^' + PiY'-' + .-. + Pn', 

wherein pi, ...,pn'' are analytical functions single-valued about the origin, 
then jo/ is of the form x~^'qr, where qr is a converging power-series in x, and 
then, as all the roots of any factor are roots of in- {x, y) and therefore vanish 
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at the origin, we must have /i^ = and qr must vanish for « = ; every factor 
must thus be of the same form as OT(a;, y). As we could then deal similarly 
with each factor in turn, there is no loss of generality in assuming that 
■UT {x, y) is incapable of such decomposition. 

This being assumed it can be shewn that the n roots of ■ur (x, y) are 
expressible in the form 

y = ait + a2t'+ ..., 

where the right side represents a converging power-series in which t is to be 

1 
replaced in turn by the n values of «" ; thus the n roots constitute one cycle, 
and belong to a single monogenic function, each root changing into another 
when x makes a circuit about the origin, and so on throughout the cycle, till 
after n circuits the original root reappears. 

We have 

■^y («. yl = 9^ («. y)/9y. = '^y""' + (n- 1)^^12/""' + . . . + pn-i ; 

form the Sylvester y-resultant of ct {x, y) and CTj,' (x, y), which, being a 
rational integral polynomial in p^, ..., pn, is a power-series; this power- 
series cannot vanish identically, or ot (x, y), ■uTy (x, y) would have a common 
factor 

obtainable by the rational method of greatest common divisor; thus 
Pi< ■■•,Pn'' would be rational in p^, ..., p,i, and therefore each of the form 
x~'^'-qr; we have excluded this by hypothesis. The Sylvester y-resultant 
vanishes for « = 0, since both ot {x, y) and ot^' {x, y) vanish for x — 0, y = ; 
but a region can be put about a; = within which no other zeros of this 
resultant are found ; this region, taken circular, we call, momentarily, the 
domain of the origin. Let «„ be a point of this domain other than the origin, 
and yo any one of the corresponding roots of in-(iE„, y) = 0, so that ro-y'(a;„, y^) 
is not zero ; put x = x^ + ^, y = y^ + tj in ts (x, y), so obtaining 

d'U7 (xo,y„) d'STJXo, y„) 
oXf, ' dy„ 

by a particular case of the theorem in the Corollary of the preceding article 
this leads to a seiies 

y = y„ + A,(x- x„) + A,(x- x^f + .... 

expressing, about x^, the only root of ■sr (x, y) = which reduces to 3/0 when 
X = Xn. A precisely similar form, as power-series in a; — «„, is possible for the 
other roots of t^(x, y) = in the neighbourhood of x^. Let r be the least of 
the n radii of convergence of these n series belonging to x„. Putting a small 
circle about the origin, and another circle just within the outer circumference 
of the domain of the origin, and considering the closed annulus so deter- 
mined, and the value of r for each point x^ of this annulus, we desire to shew 
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that a number greater than zero exists such that r is everywhere greater 
than this ; in other words that the lower limit of r for the points a;„ of the 
annulus is greater than zero. 

To prove this we may proceed as follows : let .^o' be a point within the 
circle centre x^ of radius r ; to this point belong n expansions of y in powers 
of a; — a;,,', directly derivable from w («, y) = 0, as before ; let r be the least 
of the radii of convergence of these ; on the other hand, any one of the 
expansions in « — *■„ may be rewritten as a power-series in « — x^, converging 
at least as far as the circle centre x„ of radius r, and in this form must agree 
with one of the series directly derived from ot (a;, y) = for the neighbour- 
hood of Xfl ; we see thus, that r ^r —\x^ — x„\\ but we similarly prove, 
beginning with the expansions about «„', and supposing \xa — x^\< r', that 
r %- r' — \xo' — Xo\, and so have, for sufficiently small \xo — x^' \, 

V \Xq Xq \ <, T "^ V -t ^ X(j Xq [ 

which shews that r varies continuously as x„ varies; a continuous quantity 
over a finite region is known however to reach its lower limit, while r is 
never zero over the annulus considered ; thus its lower limit is not zero. 

Denote this lower limit by p ; let x^ be a point within the closed annulus 
and within the circumference of convergence of the series 

y = yo + A^{x-x^) + A^{x- x^f + ..., 

but at less than p from this circumference ; let y^ be the value represented 
by this series at x^ ; there exists then, when x is near to x^ , one root of 
zr(x, y) = 0, reducing to y^ when x = x^, expressible by a power-series in 
x — Xi converging for \x — Xi\<p, and therefore forming a continuation of the 
series above, beyond its circle of convergence. 

It is thus clear that any root (y^) of ■w {x, y) = can be continued 
completely round the closed annulus back to the neighbourhood of «„ ; it 
may not however, after one circuit, resume its value ; it may change into 
another root. Let it resume its value after fx circuits; put then x = t'^, so 
that the phase of t increases by 27r when the phase of x increases by 2Tr^ ; 
now, as we have considered the equation to- {x, y) = 0, consider the equation 
•S7 {f^, y), and the root of this reducing to y^ for t = <„, where to'^ = a^o ; by the 
reasoning given, this root is a single-valued function of t within the annulus, 
and developable, as a power-series in i - to, about any point to ; thus, by 

Laurent's theorem, it is capable of a representation 2 amt™, valid for the 

m= -co 

whole of the annulus ; if however M be greater than the modulus of this 
series for \t\ = R, we have | a_m | < MR'^ ; as all the roots of to {x, y) = 
vanish for a; = 0, it follows that the negative powers of t, and the zero power, 
are absent from the series. Consider now the fi roots of to (x, y) = 0, given 
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CO 

by the series Sa„j<™ for t = t exp {2Tris/fi), where s = 0, 1, ..., fi- 1 ; denote 

1 
them by 2/i , 2/2, . . . , j/^ ; if A be a positive integer the sum y^'^ + yj^ ■{- ... + y^ 

arises as a convergent power-series in t which is in fact a single-valued 

function of x and is thus a power-series in x, manifestly vanishing for a; = ; 

we infer then that t/i, ...,y^ are tlie roots of an equation 

wherein g,, q^, ... are power-series in x vanishing for x = 0; the factor of 
■nr{x, y) given by the left side must then, by our initial hypothesis, be 
identical with •sr {x, y) and fi = n. And the proposition above stated is so 
proved, namely all the roots of ■ar(a;, y) are given by a power-series in t, and 
constitute a single monogenic function. 

53. Consider now what is represented in the immediate neighbourhood 
of the origin by a simultaneous set of equations 

(tj (Xi, X2, . .. , XjiJ = ^^, ■ . . , 'J'm \ph ) "^2) ■ • ■ ) ^n) — '-'i 

wherein each of (?i, G^, ... denotes a power-series in the n variables vanishing 
for a;i = 0, «2 = 0, ..., «,i = 0, the number of equations being less than, equal 
to, or greater than n. We suppose x-^^, ..., Xn replaced by independent linear 
functions of new variables, y^, ..., yn, with unspecified coefficients, which 
coefficients we regard as implicit constants ; then we may suppose that in 
the new equations in y^, ...,yn there is no specialty of form which gives a 
distinction to any variable above the rest. We now introduce explicit 
constants, replacing y^, ..., yn by '72) ••■, 'On by means of the equations 

'72 = ^2iyi + ,y2, ■V3 = Xdi2/i + ^22/2 + 2/3, ■••, % = V2/i+--. +X„,„_iy„_i-Fy„; 
the power-series then take forms 

^liyi,Vi, ■■■,Vn) = 0, ..., K,n(yi, V2, ■■■, Vn) = 0, 

wherein the constants Xji. ^sd ^2, ••• occur explicitly. We require the 
solutions (2/1, ...,yn) independent of these constants. 

It is possible, as is shewn by an argument precisely like that previously 
given for the case of two variables, to deduce from Kr{y-^, r/^, ..., »7„) = an 
equation 

kr = yr + ^.,12//'-' +...+kr,^, = 0, (r = 1, 2, . . . , m), 

wherein k^^i, ..., kr^^,.^ are power-series in 772, ..., ■»;„ vanishing for 772 = 0, ..., 
7;^ = 0, this equation giving all the solutions of the j/j-equation Kr=0 which 
vanish for 772= 0, ..., ■?7„ = ; as we are considering the equations 6^1 = 0, ..., 
CrOT = for the neighbourhood of the origin it is thus sufficient for our purpose 
to consider only the equations ^i = 0, ..., ^'m = 0. Any one of the m poly- 
nomials in 2/1 denoted by k^, ..., km may be capable of being written as a 
product of factors of the form 
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where h-^, ...,h^ are convergent power series vanishing for ??2 = 0, ..., 77» = 0, 
and any such factor may occur in any polynomial to higher than the first 
power; suppose the decompositions of this form carried out as far as possible, 
and let V denote the product of the different factors of this form which enter 
into the polynomial k^; every set of values oi y^, ij^, ...,7)n which satisfy the 

simultaneous equations k, = ^m = will satisfy the set of equations 

^'i =0, ..., km =0, and conversely; we therefore consider the system ki =0, 
■••, ^m =0, instead of the system ki = 0, ..., km = 0. If k^, ..., km have a 
common factor, a product of irreducible factors of the form which has been 
referred to, denote it by p'"', the exponent denoting the number of variables 
which (presumably, or possibly) enter into it, and let k", ..., km" be the results 
of dividing A:/, ..., km' respectively by ^<"i. Then any point yi,r]2, ■■-, Vn, 
in a certain near neighbourhood of the origin, which satisfies the original 
system of equations Gi = 0, ..., Gm = 0, satisfies either ^'"i = 0, or all the 
equations ki' = 0, . . . , k,n" = ; and any point of this neighbourhood satisfying 
either _p<"' =0, or all the equations k^" = 0, ..., km" = 0, satisfies the original 
system of equations. 

Consider first of all the single equation p'"' =0, and, of this, any factor of 
the same form 

qin)=y^x + r,y,>'-^ + ...+n, 

wherein Vi, ..., T), are converging power series vanishing for 172 =0, ..., ?;,i = 0, 
the factor being chosen so as to be incapable of further decomposition into 
factors of the same form; the points y^, y^, ..., y^, in the neighbourhood of 
the origin, satisfying the equation 5'"' = 0, are first to be divided into two 
categories : those which do not, and those which do, also satisfy the derived 
equation dq^'^^/dyi = 0; the points of the latter category satisfy an equation 
R = 0, where R is the Sylvester resultant in regard to y^ of 5'"' and dq^'^^/dy^, 
which, being a rational integral polynomial in the coefficients r^, ..., r/^ in 
gi"', is a power series in 772, ..., Vn, manifestly vanishing at the origin; thus 
the points satisfying g'"" = are divided into the two categories 



gi") = 



5"" = 
R = 0; 



consider the solutions of jR = in the immediate neighbourhood of the 
origin ; these are given by the vanishing of a certain number of irreducible 
factors of the form 

q(n-i, ^ ^j. + s^^j^-1 + . . . + s^^ 

where Si, ..., s^ are power series in 973, ..., 7?,i vanishing at the origin ; these 

in turn can be divided into two sets : those for which dq^"~^^/dr)2 does not also 

vanish, and those for which it does ; consider a point of the former set ; the 

B. 13 
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arbitrary coefficient Xoi, which, it will be remembered, was introduced in the 
substitution 

■n-i = X212/1 + 2/2, 

enters explicitly in the series s^, ..., s^; it enters also implicitly in rj^: 
differentiating the identity in X21, 

(^,yi + y^y + Si (^=iy. + yy"' + • • • + s^. = o, 

in regard to Xji, we thus have 

9772 8X21 

thereby the solutions of 5"" = are divided into three kinds 






^(n-i) = 
dr]„ 



drj„ 

where it must be understood that there are as many sets of equations of the 
second and third kinds as there are irreducible factors of R. We may now 
proceed similarly with the points of the third kind. By combining the two 
equations g'"~" = 0, dq''^~''*/dr]., = 0, we derive a power series in 773, ..., ?;„, 
vanishing at the origin, and hence a certain number of irreducible factors 
such as 

where ti, ..., i„ are power series in tj^, ...,7jn, vanishing at the origin ; in ^'"-^i 
there enter explicitly the arbitrary coefficients introduced by writing 

Vi = ^3i2/i + Xsayj + 2/3 ; 
considering first the points satisfying ^c-^j—q for which dq^"~''/dr]3 is not 
zero, we obtain, differentiating in regard to Xsi and X32, 

^' ' dn7 + 8X3, - "' ^^ -drj;- + "8x7 ~ ' 8%" * 

while the points for which dq^""-^ /drjs = lead similarly to equations not 
containing rj,. The points, in the neighbourhood of the origin, satisfying 
pW =0 are thus finally distributed into kinds, those of any kind being given 
by a certain (finite) number of sets of equations of the form 

9(7'"-'"' 9a'"-''' 9o'"-''' 

wherein g '"-»■' is of the form 

Ui, ..., u„ denoting power series in %+2, ..., rjn vanishing at the origin, and is 
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incapable of being written as a product of other factors of the same form, 
while Hi, ..., Hr are each of the form 

r+i 

i\, ...,v„ denoting power series in 7]^+^, ...,?;„. The points represented by 
such a set of equations do not form a closed aggregate; the aggregate is 
closed by the points satisfying g'"-'"' = 0, dq^"'-^''/dr]r+i = 0. 

We saw that the points satisfying Gi = 0, ..., G,„ = were given either by 
jij(») = or by the simultaneous equations 

fCi =0, . . . , km = ; 
consider now the points satisfying these simultaneous equations. As the 
yi-polyijomials k^", ..., km" have no common factor of the same form, they 
cannot all be satisfied for arbitrary values of r?2, ..., 97^; our first problem is 
to find all the relations connecting i]2, ■■■iVn which follow from the hypothesis 
that ki" = 0, . . . , km" = have a common solution. Let Mj , . . . , Um and Vi, ..., v,„ 
be arbitrary unassigned quantities ; from the two equations 

U = V^k" + . . . + Umkm" = 0, V= V^kj," + . . . + Vmkn' = 0, 

we can eliminate 3/1, so obtaining an integral polynomial in %, ..., m,„, 
Vi, ..., Vm with coefficients which are integral polynomials in the coefficients 
of the various powers of y^ in k^", ..., km", say 

every one of the coefficients A must then be zero, and we so obtain a system 
of equations 

Si (Vi: ■■■,Vn) = 0, , Hs (%, ■■•,'?») = 

wherein each function if is a power series in 7^2, ...,»?« ; these are all satisfied 
by the common solutions of the equations A;/' = 0, . . . , km' = 0, and in particular 
by the origin 772 = 0, . . . , i?„ = 0. Conversely, to any set of values of 7/2. ■■■, Vn 
satisfying all the equations jET, = 0, ..., Hg = 0, corresponds at least one value 
of 1/1 satisfying both U=0 and F=0, and this whatever values are given to 
Uy, ...,Um,Vi, ...,Vm', such valuc, or values, of 3/] will therefore be independent 
of Ui, ..., u,„., Vj, ..., Vm, as appears also from the equations given below for 
determining them. Now let the equations -ffj = 0, . . . , Hs = be replaced, for 
the neighbourhood of the origin, as before, by a set of equations 

K = v/+Piv/-' + ... + P/ = 0, (<7 = 1, 2, ..., s), 

wherein Pj , . . . , P/ are power series in 7/3 ,...,■);„ , vanishing at the origin ; further 
let ha be written as a product of irreducible factors of the same form, and let 
ha be the product of the dififerent factors; the equations h^' = 0, ..., h/ = 
then give all the points in the neighbourhood of the origin which satisfy the 
equations h^, ..., K = 0; of the 772-polynomials V, •■•. K let ^'"-'i be the 
common factor of the same form, and the results of dividing these polynomials 

13—2 
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by tliis factor be respectively /j/', ..., hg" ; then all the solutions of 
jEfi = 0, . . ., Hs = in the neighbourhood of the origin satisfy either the 
equation ^("-"i=0 or else they satisfy the system of equations h^' = 0, ..., 
/is''=0; and conversely. Consider now first the equation p'"~^'=0, in the 
variables 773, 7^3, ...,?/„; let §''""" be an irreducible factor of the same form; it 
contains the arbitrary parameter X^i explicitly, and, since ri2 = \iyi + Vi^ it 
contains it also implicitly ; separating the solutions of q'-'^'^'i = into those 
for which 8g''"~''/3'72 does not vanish, and their limiting points for which 
ggin-i^g^^ — Q^ we have, in the case of the solutions of the former kind, by 
differentiating the identity in X.,i expressed by g'C'-i' = when 770 = X-ji^/i +y-j, 
the equations 

This is precisely the mode in which we previously dealt with the equation 
gi)i) = ; we can now proceed in the same way as before with the equations 
gi"-i) = 0, agf-DpT^s = 0. Considering then the equations V = 0, . . ., K" = 0, 
we can proceed as before, beginniug by the elimination of %• ^nd this 
mode of procedure can be continued until all the possibilities are exhausted : 
if at any stage we are considering an irreducible factor 

wherein OTj, . . . , ct^ are power series in rjii+n ■■■>Vn, vanishing at the origin, we 
first consider the solutions for which d'sy/drj^ is not zero ; we have then an 
identity in arbitrary coefSficients \^l,i, ■•■, V, »»-i obtained by replacing r)^ 
in sr by 

'?/' = Vi 2/1 + V22/2+ ••• + V,M-i 2/f.-i + 2/M. 

the coefficients X^_i, ..., V, ^-1 entering explicitly in -eti, ..., ot^; thus by 
differentiating this identity ■sr = we have solutions given by •or = 0, 

dTJ!Jd7]i^ + 0, 2/] :^— + 5r — = 0, . . ., 2/^_i 5— + 5- = 0, from which, if desired, 

OTlfj. OA,^, 1 07/x OA-^, ^_i 

172, ..., rji^i can be expressed in terms of 77^, 77^+1, ..., 77,j by means of 

772 = X^l y, + 2/2, ■»?3=X3l2/l + X32 2/2 + 2/3, 

The outcome of the whole investigation is thus as follows : If 
Gi(Xi, ...,Xn), ..., Gm{xi, ..-iXn) be any m power series in Xi, ...,Xn, vanishing 
at the origin, a neighbourhood of the origin, defined by such equations as 
I a;, I < 81, . . ., I a;„ j < S„, can be found such that all the solutions of the equations 
Gi = 0, ..., G,„=0 lying in this neighbourhood are given by a finite number 
of £ets of equations of the form 

i3- = 77/ + «ii7/-i + ... +M^ = I 
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where 7/1, ..., t;^ are independent linear functions of «], ...,Xn, the numbers is 
one of the numbers 1, 2, ..-., (n — 1), the coefficients Mj, ..., w^ are power series 
in '/s+i . '7s+2. • • • 1 '?« vanishing when these are all zero, the function ct is incapable 
of being written as a product of other factors of the same form, the denomi- 
nator w' denotes dur/drjg, the numerators U^, ..., Us-i are each of the form 

where Vo v^_, are power series in rjg+j, tj^^^, ■■-, Vn vanishing when these 

are all zero, and only such values of T/g+i, ..., ?;„ are to be considered that •nr' 
does not vanish simultaneously with ra- ; subject to this condition every 
solution of any one of these sets of equations within the prescribed neigh- 
bourhood of the origin gives rise to a solution of the original system. Herein 
each of the functions fTj, ..., Us-i is such that each of ?7i, ..., rjs-i vanishes 
when T/s+i, ...,7]n all vanish, and every one of the functions Vi, ■■•, '7s-i satisfies 
an equation of the same form as that, w = 0, satisfied by Vs, with coefficients 
depending upon 7?g+i, ..., ■»/„. 

The points satisfying such a set of s equations may be said to constitute 
an irreducible construct of rank n — s or of 2 (n — s) dimensions, or an 
irreducible 2 (n — s)-fold ; it is an open aggregate whose limiting points are 
those for which both -ct = and d-c^/drjs = ; about any point (tj^+j , ..., tj\) of 
it, other than the origin, each of 77,, 7;j_i, ...,7/1 is representable as a power 
series in 7?g+i — Vs+d •••, Vn — ''l''n, as may be proved by an argument already 
applied for the case n — s = 1 ; that all such power series are capable 
of analytical derivation from one of them is a proposition presumably true 
and presumably capable of a proof analogous to that which has been given 
for the case when n — s=l; when this is proved the construct may be 
described as monogenic, it being remembered that we consider its points 
only for the immediate neighbourhood of the origin. 

Two such irreducible constructs, of the same or different dimensions, may 
have points, even in infinite number, in common with one another: but in 
every neighbourhood of such common point there are points not common to 
the two constructs. 

Let OT = y™ -I- («! ^mX^/^'^H- ... +(»i, ...,a;„)m = 0, 

be such an equation as has been considered, the coefficients (x^, ..., Xn)i, ..., 
(xi, ..., Xn)m being power series vanishing at the origin, and the left side 
being incapable of being written as a product of factors of the same form ; 
the points in the neighbourhood of the origin which satisfy to- = are upon a 
certain 2n-fold ; of these the points which also satisfy dTujdy = are upon 
a certain (2n — 2)-fold passing through the origin; in fact by elimination 
of y between b7 = and d^/dy = we obtain a certain necessary relation 
connecting x^, ..., Xn- For the neighbourhood of any point (a„ ..., a„), near 
the origin, which does not satisfy this relation connecting x,, ..., «„, every 
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root 2/ of tn- = can be expressed as a power series vn x-^ — a^, ...,«„ — «„ ; this 
is obvious as in the case n=\. Now let 

be another irreducible 2n-fold ; consider the quotient is\v. We may eliminate 
y between the equations •or = 0, d = 0, and so obtain a relation connecting 
«!, ..., Xn defining, for the neighbourhood of the origin, a (2n — 2)-fold, 
passing through the origin, upon which both ts and v vanish ; the hypothesis 
that this relation vanishes identically is impossible since we have assumed 
that •nr and v are irreducible. For any values a.i , . . . , a„ not satisfying this 
relation, and not satisfying the relation obtained by eliminating y between 
•n- = and dTJTJdy = 0, we can determine m power series in Xi — aj, ..., «„ — »„ 
making ct = but not making ^ = ; there are thus points in every neigh- 
bourhood of the origin at which the quotient -st/d vanishes ; there are similarly 
points at which this quotient is infinite. 

Suppose «i = «!, ..., Xn = a„, y=h to be values for which both ot = and 
t) = 0, in a near neighbourhood of the origin; let H {x^, ...,x^ = be the 
condition that in- = 0, v = should have a common root, and a,, ...,a„ be 
taken within the region of convergence oi H{x-^, ...,«„); putting x-^ = a-^+ ^-,, 
..., Xn = an + ^n, y — ^ + r), and expanding ot = 0, v = in powers of 
^1, •••, ^n,V> it is conceivable that the resulting power series may divide by a 
power series in ^^, ..., ^n,v vanishing when these variables all vanish ; in such 
case, for arbitrary values of x^, ..., Xn in the immediate neighbourhood of 
«i, ..., o„, the equations ct = 0, t) = will be satisfied by the same value of y ; 
the equation H{x„ ...,«„) = will therefore be satisfied for all arbitrary 
values of a;i, ...,«„ in the immediate neighbourhood of Oj, ... , a,i ; this however 
would involve that in H{xi, ..., «„) all the coefiicients were zero, and therefore 
that tiT = 0, v = Q had a common root for all arbitrarily small values of 
x-i,...,Xn, contrary to hypothesis. 

There exists then about the origin a region within which there is nn 
point (ai, . .. , a„, h) such that the series ct = 0, i; = are divisible by the same 
power series m x^- ctr,, ...,Xn- an, y -h vanishing for x^ = a^, ..., Xn^a^, y = h. 
See Weierstrass, Ges. Werke, il. (1895), p. 154. 

Note. In the case of a simultaneous set of rational equations in several 
variables a similar theorem, but with a simpler proof, can be given. This is 
postponed to Chapter IX. below, where various propositions for rational 
functions are considered. In both cases it is necessary to bear in mind that 
we are considering only the solutions in the original variables (here denoted 
by 2/i' •••>yn) which are independent of the parameters (X^i, ^^u •••) intro- 
duced ; the indeterminateness of these is essential to the process as we have 
described it. 



CHAPTEE VII. 

ON THE REDUCTION OF THE THEORY OF A MULTIPLY-PERIODIC 
FUNCTION TO THE THEORY OF ALGEBRAIC FUNCTIONS. 

54. Suppose that a function, (j) (u), of n independent variables, Mj,..., m„, 
is known to exist, its value about any finite point (a^, ...,a„) being unique 
and expressible by a quotient U/V, wherein U and V are power series in 
^l^ — ai,..., Un — an converging in a certain neighbourhood, expressed say 
by j M.1 — «! I < S, . . ., I M„ — a„ I < S, where 8 is not zero. It is understood that 
two expressions U/V and U'/V for the function which belong to the 
neighbourhoods of two points (ai,...,a„) and (a/, ..., a„') agree with one 
another at all points common to their respective regions of validity; and 
it can be shewn that the existence of a definite number S for every point 
(«!,...,«„) involves that the lower limit of B for every finite region is 
other than zero. If F do not vanish at (aj, ...,a„), then 1/V is expressible, 
and so therefore is the function, by a power series in u^ — a^, ...,^ln~ Un, 
converging for a certain neighbourhood of (Oj, ...,a„) ; then (o^, ...,a„) may be 
called an ordinary point of the function. If V vanish at (a; , . . . , a„), but 
U do not vanish, then in whatever way we approach the point (a^, ..., an) the 
value of the function increases indefinitely; such a point may be called 
a pole of the function — it is an ordinary point, and a vanishing point, for the 
inverse of the function. If U and V both vanish at (ctj, ..., a„), let each be 
written, as previously explained, as a product CTiCj-j ... <E>, where, y, ccj, ...,«„_! 
being independent linear functions of Mj — aj, ..., w^ — an.each factor zr^, CTj, ••• 
is of the form 

in which {xi,x^, ...)], etc., denote power series vanishing for j;i = 0, «2 = 0, ..., 
and is incapable of being resolved into other factors of the same form, while 
$ is a power series in w, — aj, ...,m„ — a„ not vanishing at (a^, ..., a„) or for a 
certain neighbourhood of this point ; then, either, every one of the factors ■sr 
occurring in F occurs also in U, and may be removed, in which case (a^, ..., a,i) 
is again an ordinary point of the function, or this may not be the case ; when 
this is not the case there are points of arbitrary nearness to (aj, ...,a„) 
at which V vanishes but U does not vanish, these lying on (2n - 2)-folds 
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given by the vanishing of one of the factors ot of F — these are poles of 
the function ^ (u) — and there are points of arbitrary nearness to (cti, ... , a„) at 
which both U and V vanish, these lying on (2m - 4)-folds given by the 
simultaneous vanishing of one of the factors cr of F and one of the factors sr 

of U — for such points the function assumes the form 0/0, the point (a^ a„) 

being the only such point in the neighbourhood considered when n = 2 : 
it can be shewn that in this case the function (f> («) has no definite value at 
(a-i, ...,an); for let A be an arbitrary quantity; as U and F both vanish 
at («!,... , a,i) it can be shewn that there are points in every neighbourhood of 
(oj, ..., an) at which U- A V vanishes, while F does not vanish ; by approach- 
ing (a, , . . . , a„) by a suitable succession of points the function ^ (u) can thus be 
made to take the value A at (a^, ..., an); we thus call (a^, ..., a,J in this case a 
point of indeterminate value, or sometimes, an unessential singularity of the 
second kind, the name unessential singularity of the first kind being applied 
to poles. When n=2 the points of indetermination are discrete, that is 
about every one can be put a region containing no other such point ; when 
w = 1 they are absent ; and this difference constitutes one of the special 
difficulties of the theory of functions of more than one independent variable. 

55. At the risk of interrupting the general description now being given, 
it may be worth while to examine the preceding in more detail. Assuming 
that in the expression of the function (f) (u) about the point (oj, ..., a„) 

any power series in u^ — a, Un — an vanishing at (Oj , . . . , a^) which divides 

both U and F has been divided out, there is a region about (aj , . . . , a„), which 
we may take to be given by an inequality of the form 

I Ml - tti 1 2 + . . . + I M,i - a„ I = < r^, 

such that if U, Fbe rearranged as power series in Mj — «/,..., w„ — «„' about any 
point (w/, ..., Un) of this region, there is (p. 198), no common factor, a power 
series in u-^ — m/, . . ., «„ — «„', vanishing at m/, . . . , m„'; let this region be momen- 
tarily called the proper region of (aj, . . . , a„); further, let any region be momen- 
tarily called a suitable region when it is wholly contained in the proper region 
of some point within or upon the boundary of itself. Putting «, = ^a,--i + i^2r, 

where fi ^.^ are real, we may speak of (mj, . . ., -m„) as represented by a point 

of real space of 2?i dimensions ; taking then any portion of this space, 
bounded suppose, for definiteness, by 4ft planar (2m — l)-folds expressed 
by equations ^,. = br, ^r = Cr, this may be already a suitable region according 
to the definition given above ; if not, let it be divided by planar (2w — 1)- 
folds expressed by equations of the form ^^ = dr into a certain number, say m, 
of cells equal in all respects ; among these cells fix upon any one, if any 
exist, which is not suitable in the sense explained, and let it be again 
divided into m cells, equal in all respects; and so on indefinitely; we say that 
by a finite number of steps the original region can be divided into sub- 
regions every one of which is suitable according to the definition. For 
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an indefinitely continued sequence of cells, each continued in the preceding 
one of the sequence, and a definite fraction thereof in linear dimen- 
sions, must have a limiting point contained within or upon the boundary 
of the cells of the sequence ; to this limiting point however belongs 
a proper region of assignable radius r, as above, and this proper region 
will contain all the cells of the sequence after a certain stage of the sub- 
division, and all these contained cells are thus suitable regions according to 
the definition. It follows thus that any finite portion of space can be 
divided into a finite number of suitable regions. Denote such a set of 
suitable regions say hy K^, K^, ..., and let («!"■',..., it,i"'') be a point whose 
proper region contains Kr ; suppose Kr, Kg to be two suitable regions with 
a common {2n — l)-fold interface ; the expressions for the function <^ {u), 

say =? and -— , which are valid over the proper regions of (2*1'''', ... , «„"■') and 

(lii '*>,..., «„'*'), will both be valid on this interface, and if (it^', ...,Un') be 
any point of this interface, and we suppose each of Ur, Yr, Ug, Vs rearranged 
as power series in u^ — u^, ..., Un — Un, and in this form denoted by Ur, V/, 
Us, y/: we shall have for the immediate neighbourhood of u(, ..., w„' the 
equality 

VI _ u; 

wherein U/, F/ are not both divisible by any power series in u^ — Vj, ..., Un—u„' 
vanishing at v^', ...,Un', nor f7/, F/ similarly divisible. If now F/ vanish at 
(iti', ...,Un'), which may or may not be the case, then any point in the im- 
mediate neighbourhood of {v^', ... , u„') at which F/ vanishes but UJ does not 
vanish, must be a vanishing point for F/, since otherwise C7/= F/ U/jVs 
would not be finite, and any point in the immediate neighbourhood of 
(m/, . . . , Un) at which F/ vanishes and Us also vanishes, being a point of 
indetermination for the quotient UsjYs', must be a point of indetermination 
also for Ur'/Vr, so that F/ must also vanish (as also f7/). We see then how 
the points within Kr at which <f) (u) is infinite (or indeterminate), if any 
exist, are continued into Kg ; there is what we may call an infinity {2n — 2)- 
fold for the function <f) (u), expressed in any region Kr which contains points 
of it by the equation F, = 0, and then in a contiguous region Ks containing 
points of it by the equation Fj = ; and there is similarly a zero (2n — 2)- 
fold expressed in any region which contains points of it by the vanishing 
of the associated numerator U : over the zero (2n — 2)-fold the function 
<f){u) vanishes, over the infinity (2?i— 2)-fold it has poles, except for points 
common to both these (27i - 2)-folds ; these constitute a (2n - 4)-fold over 
which the function is indeterminate. 

56. Functions with the character which has been explained for <f) (u) are 
the nearest analogue, among functions of more than one independent 
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variable, of the single-valued functions of one variable having for finite values 
of the variable no singularities other than poles, and, as those functions, they 
may be described as behaving like rational functions for all finite values 
of the arguments, or as being meromorphic. Such a function of one variable 
which has no essential singularity at infinity is in fact a rational function; 
and similarly, for the case of n variables, if such a function is expressible, for 
all sufficiently large values of lii,..., w^, as the quotient of power series 
in Mi~^ ..., w„~S and for all values of which m^+i, ...,«„ are sufficiently large 
while M] — 61 , . . . , Ur—hr are suSiciently small, as a quotient of power series in 
M, — 61, ..., Ur—hr, u~^r+i> ■■■> Wn~S and this for all positions of 6,, ..., 6„ and 
for all values ?-=!, 2, ...,(« — !), then the function is actually a rational 
function (Hurwitz, Crelle, xcv. (1883), p. 201). In the case of functions of one 
variable, a single-valued function of meromorphic character can be expressed 
as the quotient of two integral functions ; the same is true of functions 
of any number of variables, and the integral functions can be taken so 
that they vanish respectively only for the zero construct, and the infinity 
construct of the function, and the quotient assumes the form 0/0 only for the 
points common to these where the function is indeterminate. But the proof 
of this result is more difficult than in the case of functions of one variable. 
(See the Bibliographical Notes, at the end of the Volume.) 

57. Leaving these general considerations we introduce now a further 
limitation for the function (f>{u), by assuming it to be periodic, in the sense 
that there exist sets of 71 constants Pj, ..., P„ which added simultaneously 
and respectively to u^, ...,m„, leave the value of the function unaltered, 
so that we have the equation, holding for every set of values of «, , ..., iin for 
which (p (u) is definite, 

<^(M] + Pi, •••, M„ + P„) = (^ (?i, , ..., M„); 
if there be more than 2n such sets, or columns, say (Pi*', ..., P„*') for 
^= I, ..., (2»), (2»i -I- 1), ..., it is manifest that among every 2h + 1 such 
columns there exists a linear relation expressed by n equations 

c, P,,"' + c, P;,'^' + . . . + c,„+i P,,(«»+^' =0, (h=l,...,n), 

in which Ci, ..., c^m+i are real quantities (independent of h); there must then 
be a positive integer r lying between 1 and (2n + 1), such that every existing 
column of periods can be expressed, in terms of r appropriately chosen 
column!?, in the form 

Qn = \ PftW + ...+K P,,"' (A = 1, . . . , n), 

wherein Xj, ...yXr are real constants, independent of A. We assume now that 
<f) (u) is not capable of being regarded as a function of less than n linear 
functions of Wi, ...,m„ — which, clearly enough, would be a special case; 
it can then be proved that the constants \i, ..., X^, are necessarily rational 
numerical fractions, and that r columns of periods can be chosen, in place of 
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P"', ..., ?"■', in terms of which every other column of periods Q can be 
linearly expressed as above hut with rational integers for the coefficients 
Xi, ..., Xr', further we assume that r has its greatest possible value, namely 
2n. Thus we assume that there exist 2?i columns each of n quantities, 
Wi'*', ..., (a„<*', for s= 1, 2, ..., (2?i), such that, for every set of values of 
Ml Un for which <^ (m) is definite, we have 

while every column of constants Q^, ..., Qn which, for all such values of 
M,, ..., Un, give the equation 

<^(Mi + Qi, ■■■,Un+ Qn) = 4>(Ui, ..., W,j), 

is expressible in terms of the 2m columns w"', ..., &>'™> linearly with integral 
coefficients in the form 

Qk = WftWilfi + . . . + a,,.'^"' Jf«„ (h = 1, . . ., n), 

wherein M^, ..., M^ are integers independent of h. The assumption then 
that (J3 (u) is not a function of less than Ji linear functions of Wi, . . . , Un, can be 
shewn* to involve that there exists no column of wholly infinitesimal periods; 

* For the results assumed the reader may consult Weierstrass, Ges. Werke, ii. (1895), p. 55 
(reproduced in abstract in the writer's Abel's Tlieorem, p. 572) ; Riemann, Werke (1876), p. 276; 
Kronecker, Werke, m. i. (1899), p. 31. The argument of Weierstrass is for analytic functions ; 
the following argument, suggested by Kronecker's paper, affords an easy and suggestive view of 
the connexion between the existence of infinitesimal periods and the reduction to less than n 
linear functions of the variables. Put ";, = Ja/i-i + ' tai and regard {u) as a function of the 2n 
real variables |i , . . . , |2n > ^ ^^^ space of these take a finite region throughout which <p (u) is 
continuous ; then if e be of foreagreed smallness, a number r other than zero can be assigned 
such that if (^) be any point within this region, we have [ (p (|') -<f> {^)\ < c for every neighbouring 
point (I') for which S {^'j^ - ^^)^ < )-. Suppose now if possible that («) has infinitesimal periods ; 
then a set of real constants 71 , ... , y^ , each in absolute value less than r/(2n)4, can be found such 
that (^i + 7i, •■• , l2n + 72n) = (fi- ••• . ?2.J ; taking points f^ f^^, such that 

Ii-li'°' _l2-l2'°'_ _ l2.-W" _, ,^^ 
— ... — , —A, bay, 

7i 72 72» 

where (li'"', . . . , ^2^"^) is an arbitrary point within the region considered, and allowing X to increase 
from zero, so long as X is less than unity we have 2 (^j - fi'"')^ < r^ and therefore j (t) - (J°) | -c e, 
while, when X is unity, 0(f) = 0(f''); putting ?j;'°' + 7j:=&''', as X varies from unity to 2, we 
have 2(lit-&P'P<»^, and therefore | (I) -0(f') |<e, that is ] (f)- 0(tW) !<«. while when 
X = 2 we again have 0(^) = 0(|°). It appears then that for all points 'i = &•"' + X71. , we have 
I 0(f)_0(|O)|<f . now e is an arbitrary quantity; this can only mean then that for all these 
points, lying within the region considered, we have 0(f) = 0(|''). But, i{ y.^-i + iy^-^m^^^^^ 
points satisfy !/j=?(^t») + Xfift, (ft=l, ... , n) ; not every one of fij, ... , «„ can be zero, say fij is not 
zero : put then 

«2 = jj^«l-"2. "3 = jj "l-"3> ■■■' ''n=j2-"l-"n. 

BO that when «ft = u,,i'') + Xfift we have 5;2=j^«i"''-«2'''' = ''2™' ^tc, and <p(u) has in general the form 
what we have proved is that, so long a.Bv^, ...,v„ are unchanged, f (st, , Dj, ...,«„) is unchanged, 
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namely, it is not possible to assign a set of n real quantities 61, ... , 6„ each of 
arbitrary smallness and then to find a column of periods Qi, ..., Q« for which 
all the inequalities | ft | < 61, ..., | Qn | < e„ hold; thus the lower limit, for 
all possible integer values of M^, ..., M^, of the sum 

h=l 

is greater than zero. From this it follows, if wa* = a^.i + ion+A,*, for 
A = 1, ..., 71 and A; = 1, ..., (2n), where «/>,* and an+j^^k are real, that the 
determinant of 2n rows and columns | Or, « |, for r, s = 1, ... , (2n), is other than 
zero; for the vanishing of this determinant would imply the existence of 
2n equations 

in 

2X^0^,8 = 0, (s = 1, ... , 2?i), 

r=l 

in which X,, ... , X^ are real, and hence, if, with integer values of Ifj, ..., M^n, 
we put 

2« 

2 «r, s Ms — Ar, 
s=l 

would imply the existence of the single equation 

2n 
r=l 

in this suppose \2»i is a coefficient which is not zero; we know* that it 

is possible to choose the integers Mi M^n so that A^, ...,A^_i shall 

be respectively less in absolute value than any arbitrarily small quantities 
ei, ...,62,i_i previously assigned; this single equation would then make it 
possible at the same time to take A^ arbitrarily small ; we have however 
proved that the function has not infinitesimal periods. 

With such a system of periods ma*', we can then, if «,,...,«„ be any 
complex values, find real quantities E^, ..., E^ such that 

Uk = El tOftW + ...+E^ o)aI«'>, (h=l....,n), 

or, putting E)c= Mic + ek, where M^ is an integer and 0^ e^Kl, 

un - Ml Q,Ani -...-M^n wa'^"' = ei «a'" + ... + e^ ©a'^' {h=\,..., n); 
the points given by the right side with the limitation < e^ < 1 are said to 
be interior to a period cell whose initial point is the origin ; we speak of it as 

even when % changes. For the region under consideration, it is thus possible to write <p {«) so as 
to be a function only of the (n-1) linear functions v^, ... , d„ of aj, u^, ... , w„. It appears then 
that no single-valued function of n variables which is continuous over a limited continuum, and 
not a function of fewer than n variables, can have infinitesimal periods. 

* For this proposition see Jacobi, Ges. Werke, t. 11. p. 27, or Crelle, xiii. (1835), p. 55 ; 
Hermite, Crelle, xl. (1850), p. 310, Crelle, lxxxviii. (1880), p. 10; Clebsch u. Gordan, Abelsche 
Functionen (1866), p. 130, and particularly Kronecker, Werke, in. i. (1899), pp. 49-109. Also 
Biemann, Werke (1876), p. 276; Appell, Liouville, vii. (1891), p. 207. 
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constructed in tlie real space of 2n dimensions wherein the co-ordinates are 
?].•••> ^2n given by ^^h = ^ih-i + i^ih', it is bounded by 2n pairs of opposite 
(2m— l)-folds given by ej; = 0, 6*= 1. The whole of the 2«-fold space may 
be supposed divided into such cells, and any point of this space is congruent 
to one point of the primary cell, the congruence being expressed by the 
equation above. 

It should be remarked at once, however, that not any set of tn' quantities 
coji*\ satisfying the conditions so far imposed, can constitute the 2n period 
columns of a function of n variables ; one main result of the enquiry upon 
which we are now entering is that it is further necessary that, between the 
2)1 periods associated with any one of the arguments Mi,...,tt„ and those 
associated with any other of these arguments, there should exist an identical 
relation linear in the periods associated with each of these arguments ; and 
that also, between the real parts of the periods associated with any one of the 
arguments Ml, ...,'M„ and the imaginary parts of these same periods, there 
should exist a relation expressed by saying that a certain expression linear in 
these real parts and also linear in these imaginary parts must be positive. 

58. Take now n sets of constants (O]"'*, ..., a„""'), for r = l, ...,?i, such 



that 1*1 = Oi 



«•) 



• .J ^n — ^i 



M 



is a regular point for the function ^ («), namely, a 



point about which <^{u) can be expressed by an ordinary power series 

in Mj-ai""' ««-»«"■', and define n functions ^,(m) by means of the 

equations 

^,{u) = </>(«, + ai"-', ..., M„ + a„<'') - 4> (ail'', ...,»„"•'), (r= 1, ...,n), 

so that </)r (0) = 0, 

while the Jacobian 



d(f>n 

du,' 



reduces for zij = 0, - 



, M„ = to 



9(/>(a'") 
aoi"' 






8a„w 



a^_(aW) 
aai"" 



a(^(a"") 
8a„w 



this determinant is not zero for all positions of the n points (a'"), •••, («'"') 
since otherwise there would exist an equation 






••+^" 9a„»' -" 
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holding for all positions of (a'"), wherein A-^,..., An are independent of (a"'). 
and hence (^ (it) would be expressible, over a 2n-fold, by less than n linear 
functions of u^,...,Un. 

We can thus suppose (a'"); ••■. (a'"') chosen so that the origin is an 
ordinary point for each of the functions c^i (m), ...,</>„ (m), and a zero point for 
each, but not a zero point for their Jacobian ; there is thus about the origin a 
finite region not containing any pole or singular point of ^i {u), ..., </>,i(m), or of 
their Jacobian, or any point whereat this Jacobian vanishes, and the functions 
are expressible, for the neighbourhood of the origin, by power series 

<i>h = 0-^,1 Wi + . . . + ah,n Un+ ... (A = 1, . . ., r), 

such that the determinant | a^^^ \, for A, s = 1, 2, ...,n, is not zero. 

Instead now of considering all possible values of Mj, . . ., m„, we apply {n—\) 
restrictive conditions, and so obtain a construct of two (real) dimensions — 
as follows. Suppose <pi{u), ...,(pn{u) to be expressed in terms of the n 
independent functions 

'Vh = Uh, 1 Ml + ... + ak,n Un ', 

let Ck,iX + Cu,-iOi? + ..., (/(,= 1, ...,?! ), 

be 11 convergent power series in a single complex variable x, all vanishing for 
x = Qi; consider the values of Vi,...,Vn obtained by equating the functions 
(f)i,...,(pn to these power series, each to each. These conditions are 
expressed by 

Vr= Cr,i!X: + Cr,2^^ + ••■ +'^r, {''' = 1. •••.w), 

where $, represents the terms of second and higher orders in ^,., with their 
sign changed, and these equations enable us, as we have shewn (p. 189), to 
express each of t)i, ..., z)„ as a convergent power series in x, for sufficiently 
small values of x, these being the only values of Vi,...,Vn satisfying these 
equations when x is sufficiently small. Let these series be represented by 

Vr = kr,-,x + kr,2a? + ...; (r = l,2, ...,n); 

we desire to shew first, that even if the original power series to which the 
functions <^i, ..., j>n are equated reduce to polynomials of order n, so that for 
s > 11, and every value of r, (= 1, . . ., n) we have c,.,8 = 0, we may still, by proper 
choice of the remaining n' coefficients Cr,s, {r, s = 1, ...,n), suppose that neither 
of the determinants of order n denoted by \Cr,s\, l^r.sj vanishes. Denoting 
the terms of order m in v^, . . ., Vn in the series O, by j. . ., Vs, . ■■]r,m, we have in 
fact the identities, 

CO 

kr^lX + kr^^X- + ... =Cr,iX + Cr,^X- + ... 4 S {..., {kg^i X + k^^., x'^ + ...),...],.,,„, 

m = 2 

for ?'= 1, ..., /), and hence, for r = 1, ...,n and i= 2, 3, ..., oc , 

CO 

^»-,( = Cr,« + coefir.a;'in 2 {...,{ks,i x + ... +ks,t-i«:''~^)< ■■■}r,m, 

li!=2 
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where it will be noticed that on the right the second suffixes of the coefficients 
ks^„ that enter are less than t; the elements of the first column of the 
determinant | Cr,s | are thus equal to the corresponding elements of the 
determinant | k^^s \< and the elements of any other column of the determinant 
I Cr,s i are each equal to the corresponding element of the determinant | i^, « I 
augmented by a polynomial in the quantities k^^s occurring in preceding 
columns of |^v,s!. the lowest terms in this polynomial being of the second 
order; suppose then that arbitrary values for which the determinant | k^^s \ is 
not zero are given to the n- quantities kr^s for r, s = 1,2, ...,n, and the v? 
quantities Cr, $ are determined accordingly ; it seems certain that the values 
of k,.^s can be taken so that also the determinant | Cr,s | is not zero ; this being 
so, let all the quantities Cr,s for r = 1, ..., n but s > n, be taken zero ; and then 
the quantities k^^^ for s>n be determined by the equation written above. 
Thus the equations 

(j)r(u) = Cr,ia;+ ... +Cr^n«:'"', ir=l,---,n), 

are such that they do not imply any linear equation 

wherein A^, ...,An are independent of x, and they lead to converging series 

S = l 

not satisfying any equation 

in which B„ ...,5m are independent oi x, and hence to converging series 

00 

s = \ 

wherein also u-^, ...,m„ are connected by no linear homogeneous equation with 
coefficients independent of x. 

For every sufficiently small value of x these equations define a set of 
values for Mj, ..., w„, which, putting, as before, «r = ^ar-i + *?2r, we may 
represent as a real point in space of 2ft dimensions ; the series are presumably 
capable of analytic continuation beyond the neighbourhood of the origin ; the 
whole aggregate of points so obtainable forms a (2h. — 2)-fold, and it is this 
which we now proceed to study in more detail. 

Since the determinant | Cr, g| does not vanish, the equations 
^r = Cr.i X 4- c^,2 a^ + . . . + Cr,„ ;>;" 
may be replaced by equations 

/ 1 — ''' J y 2 ~ ^> " • • > /« ~ '" I 

where /d/j, ...,/m are certain independent linear functions of c^j, ..., ^„ ; 
putting then 
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they may be replaced by 

and it is at once seen that the Jacobians 

d{UF,,...,F„) ^ a (/. ,/.,-,/ .) 

9(Mi, Mo, ...,M„) ' 9 (Ml, 1*2, ...,Un) 

are equal; as the functions /„ ...,/„ are independent linear functions of 
j>i, ..., ^n with constant coefficients, the latter Jacobian is a constant multiple 
of the Jacobian of (p^, ..., (p„, and does not vanish at or in the immediate 
neighbourhood of the origin u^ = 0, ..., ■«„ = ; nor therefore does the former ; 
and thus the determinant 



Ci , 


c, , . 


.., Cn 


dF, 


dF, 


dF, 


dui 


du,' 


"' 3"« 


8^« 


dFn 


dF,, 


du, ' 


da^ ' 


du„ 



does not vanish for M2= 0, ...,u„ = for all values of the constants Cj, ..., Cn- 

59. Consider now the aggregate, 0, of points (tti, ..., m„) determined 
as follows ; first exclude all points at which any one of the functions 
<^i (m), ..., ^„(m), or, what is the same thing, any one of the functions 
/i, i^2, ■•■,Fn, has a pole or a point of indetermination ; from those remaining 
exclude further all points where the Jacobian d{(f)i, ..., <j>n)/S(ui, ■■■, Vn) 
vanishes ; of non-excluded points take then only those for which the (?i— 1) 
equations F2 = 0, ...,F„=0 are satisfied. To this aggregate adjoin now all 
its limiting points, namely all points infinitely near to which are found points 
of ; denote the resulting closed aggregate by C. That there are points 
belonging to the aggregate has been shewn in what precedes ; the origin is 
an ordinary point for the functions <|)i, ..., (^„, and their Jacobian has at the 
origin a value not zero ; there is thus about the origin a finite region every 
point of which is an ordinary point for the functions ^j, ..., (/)m and a non- 
vanishing point for their Jacobian ; by supposing oo sufficiently small, we 
can suppose that the values of Wj, ..., «„ which satisfy the equations 
4>r = Cr,iX+ ... +Cr,n^"' are within this region — and these values satisfy the 
equations i^j = 0, . . ., i^„ = 0. 

Consider a point (aj, ..., a„) of the aggregate ; in its neighbourhood the 
functions F2, ...,Fn are expressible by power series in u^ — a^, ...,Un — a,n, and, 
since the Jacobian of/i, F^, ...,-F,idoes not vanish at (ai, ..., a„), we can choose 
constants Ci, ...,c„ so that the Jacobian of F^, ...,Fn and the linear function 
Ci (mj — Oj) -1- . . . 4- c,j (w„ — a„) does not vanish at (ai, ...,a„). Taking then a 
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parameter t, and restricting ourselves to sufficiently small values of this, we 
can (p. 189), from the n equations 

^2 = 0, . . ., i^„ = 0, d (M] - ffj) + . . . -I- c„ (m„ - a,n) = t, 

obtain converging power series in t for the n quantities Uj-ct^, ...,Un-an, 
expressing all the points of the aggregate which lie in a suitably limited 
neighbourhood of (oi, ..., a„), and only points of this aggregate. 

Consider next a point (Oi, . . . , a„) which is a limiting point of the aggregate 
0. For points in its immediate neighbourhood each of the functions 
Fa, ..., J?'„ is expressible in a form Fr = Nr/I>r where Nr, Dr are converging 
power series in Mj - a^, ..., u„ — «„, not both divisible by a power series in 
Mi-Ki, ..., M„ — a„ vanishing at (oi, ...,a„); of these we may without loss of 
generality suppose that D^ vanishes at Oj, ...,«„, or else is equal to unity. 
Suppose first that D^ vanishes at (ui, ...,a„); there are then also points 
infinitely near to («], ..., «„) at which Dr vanishes, these constituting a certain 
(2n — 2)-fold continuum. These points do not belong to the aggregate : 
for, taking such a point, (a/, ...,a„'). let Dr, Nr be written as power series in 
ztj — Hi', ...,M„ — a,/, becoming D/, iV/ ; then, when (a/,..., a,/) is sufficiently 
near to (a^, ...,an), the series Z)/, N/ are not both divisible by a power series 
in Ml — a/, ...,w„— a„', vanishing at (a/, ...,a„'), (p. 198), and therefore the 
fraction iV//i)/ is either infinite at (a/, ...,«(„') or assumes a form 0/0; in 
either case (a/, ..., a„') does not belong to the aggregate 0. Thus the points 
of this aggi-egate, which, by hypothesis, exist, in infinite number, in the 
immediate neighbourhood of the limiting point (oj, ..., a„), and satisfy the 
equation Fr = (as well as the other equations i^2 = 0, ...,i^„ = 0), do not 
satisfy Z),. = 0, and must satisfy Nr = ; the power series Nr must therefore 
vanish at (aj, ..., a„). This is proved when Dr vanishes at («], ...,a„); when 
Dr=l, the equation Fr=0 involves iVy= 0, and this, holding for points in the 
immediate neighbourhood of (oti, ..., a„), must also be true at (a^, ...,am-). The 
points of the aggregate in the immediate neighbourhood of (hi, ..., «„) are 
thus to be found among the solutions of the equations 

N; = 0,...,Nn=0, 

in each of which the left side is a power series in Mj — aj, . .., «„ — «„ vanishing 
at («!, ..., Om) ; though conversely not all common solutions of these equations 
can be assumed to be points of the aggregate 0. 

All solutions of such a set of equations in which Mj — Oj, ..., m„ — a„ are 
sufficiently small are, however, as has been shewn (p. 196), points of a finite 
number of irreducible constructs each represented by a set of equations 
of the form 

OT (W„) = lUn" + (W„ . . . , W,n\ Wn"'^ + ...+ (Wj, • . ., W„i)^ = 0, 
Wm+1 = ■^in+1 {Wn)l'^'{'Wn), ■ •.,Wn-i = '^n-i {Wn)l'^\Wn), 

u 
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wherein w-^, ..., Wn are independent homogeneous linear functions of 
1*1 — «!, . . ., Un — (Xn, the coefiScients (wj, . . ., Wm)i, ■■■, (Wj, . . ., Wm)^ are convergent 
power series vanishing when w^, w^, ..., Wm all vanish, the symbol to-'(w„) 
represents 8'!!!-(w,j)/3w„, the numerators ■zn'm+i (w„), ..., in-,j_i(w„) are poly- 
nomials in w„ of dimension /^ — 1 whose coefficients are converging power 
series in Wj, ...,Wm, and only those values of Wj, ..., w^ are to be considered 
for which m (Wn) and •sr'(*''K) do not simultaneously vanish ; conversely all 
solutions of any fsuch set of equations in which Wi, ..., w„ are sufficiently small 
are solutions of the original equations N^=0, ..., iV„ = 0. 

Such a set of equations, n — m in number, represents a construct of 2m 
dimensions, there being 7n independent variables Wj, . . ., Wm- If (Wi"", . . ., w,i'°') 
be a point of this construct, in the immediate neighbourhood of 

Wi =0, ..., Wn=0, 

and we substitute iVi'"^ + X,, ..., ?<;„"" + X„ in place of w, Wn, we obtain 

(n - m) equations Hr (Xi, • ■ ., \i) = 0, wherein Hr (Xj, . . ., X^) are power series 
in Xi, . . ., X„ vanishing when these are zero. If m > 1, so that n — ??i + 1 < n, 
we can therefore always find small values of Xj, ..., X„, not all zero, to satisfy 
these equations and at the same time an equation 71X1 + . . . -|- fy^X^ = 0, 
wherein 71, ..., 7„ are arbitrary, and this without satisfying to-Xw,,'"' +X,i) = 0, 



since in-'(w'"')4 ; thus if (Wj" 
values of Ml, . . ., m„ corresponding to {% 



") and (m^m + l„ 



w,. 



'i)and(wi'»>-|-Xi, ... 



+ In) be the 



since the points of the construct satisfy N, = 0, 
taneously satisfy the n equations 



iV"„ = 0, we can simul- 



vhere 



9mi 


I 


1 + ...+ 




du, 


h 


denotes 


a seri 



1,1 = 0, Ci^i + . . . + cJn = 0, 



{h=2,...,n), 



dN, 



when ^1 = 0, ..., Z„ = 0, and 



Ci, ..., Cn are arbitrary; from this it follows that, for all values of d, 
the determinant 

iV = Cj , C2 , . . . , c,i 

dUn 



du,' 


du, ' 


du,' 


dNn 

du,' 



vanishes at (mj'' 



dN„ 

dUn 

''); thus, when m > 1, the point («i'' 



") does 



not belong to the construct ; for, for points of we have N^ = 0, but 
Dji^O, and thus 

dUg Dh dUe Dh' dus JDh dus ' 
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so that the determinant iV is equal to 

3iti' 9«o' ■■■' dun 

du^' du„' ■■■' du,i 

which by hypothesis is not zero for points of 0. The points of the construct 

0, which by definition do actually exist in any arbitrarily near neighbourhood 

of («i «n), are therefore among those solutions of the equations 

N, = 0, ...,Nn=0 
which satisfy one or more sets of equations of the form 

■ST (Wn) CT (U',i) 

in which m = 1. Consider one such set of equations : we have proved 
(p. 190) that, when w,, «;„ are sufficiently small, all solutions of the equation 
^ (w„) = are obtainable by a finite number of pairs of equations of the form 
Wi = i^, Wn = fn(t), where t is an arbitrary parameter, of sufficient smallness, 
and fn (t) a power series in t, vanishing for ^ = 0, its differential coefficient 
not vanishing for i = ; from the symmetrical choice of the variables 
W], ..., Wn, the substitution of these values for w-^ and w^ in the expressions 
for Wj, . . ., Wm_i will lead to associated power series w^ = ^2 (t), ■■■, Wn-i = (^n-i (t) 
also vanishing for t = 0. Thus all the points of the construct 0, in a 
sufficiently near neighbourhood of the point (a^, ..., a„), are among the values 
represented by a finite number of sets of equations of the form 

Wi = ai + Qi(«), ..., Un = an + Qn{t), 

wherein Q^ (t), ..., Qn(t) are power series, vanishing for i = 0, of such character 
as give, for sufficiently small values of the differences Wj — Hj, ..., iin— ol,i, a 
unique value for t. Consider one of these sets of series which gives points of 
the construct arbitrarily near to (mj, ..., On); then when these expressions 
for Ml, ...,u„ are substituted in the power series B^, ..., Dn, no one of the 
resulting power series in t can vanish identically, for we have seen that 
points, in the immediate neighbourhood of (ai, ..., a„), for which one of 
Di, ..., Dn vanishes, do not belong to 0; the power series in t obtained from 

Ni Nn by the same substitution for Mj, ...,««, vanish for t = 0, but, 

elsewhere, in a sufficiently near neighbourhood of < = 0, they do. not vanish, 
unless they vanish identically — which must then be the case, since points of 
lie arbitrarily near to (Kj, ..., a„). Consider now the Jacobian 

in the neighbourhood of (aj, ...,««) it is expressible as the quotient of 

14—2 
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two power series in Mj - ai, . . ., m„ - «« ; substituting Qj {t), ...,Qn{t) for these 
differences the resulting denominator power series in t cannot vanish identi- 
cally or the set of series m^ = a^ + Qh (t) would not furnish any points of the 
construct in the immediate neighbourhood of (a^, ..., a„) ; the resulting 
numerator power series in t may vanish for < = but there exists a region 
about t= wherein no other zeros are found. It appears thus that if the 
series Mi = ttj + Qi(t), ..., u^ = «« + Qn{t) furnish points of the construct in 
every arbitrarily near neighbourhood of (Oi, ..., «„), they represent points of 
this construct for all values of t of sufficient smallness. Taking this result, 
and the simpler result previously found for the neighbourhood of an ordinary 
point («], ..., or,,) of the construct 0, we have the theorem : 

Let (ci, ..., c„) be any point of the construct G defined as above from the 
equations F« = Q, ..., Fn = 0, that is either an ordinary point of the construct 0, 
or a limiting point of this : there exists then a finite number of sets of series 

Ui = Cj + Q, (t), ..., Un=Cn+Qn (t), 

each of which, for all values of t in absolute value less than an assignable 
number, represents points of the construct G in the neighbourhood of (ci, ..., c,,), 
and for t = represents the point (cj, ...,c„); in particular when (Cj, ..., c,,) is 
an ordinary point of G, that is a point of the construct 0, there is only one such 
set of series ; the series being such that all points of the construct which lie in 
the neighbourhood of Cj, ..., c,„ given, say, by \iCi — Ci\ <S, ..., \ Un — Cn \ < 8, 
are obtained, if only 8 be supposed sufficiently small; while, under the same 
limitation, no point is obtained for two different values oft. 

The construct G thus appears to be, in its smallest parts, similar to a 
construct defined by algebraic equations ; this similarity is carried further by 
the three following properties : 

(a) The limiting points of are isolated — about any such point can be 
put a finite neighbourhood containing no other limiting point. For let 
(Ci, ..., c„) be any point of G, and let r be a real quantity as great as possible 
but such that, ior\t\<r,\t' \<r, ..., all points of which lie in a sufficiently 
near neighbourhood of (Ci, ..., c„) are given by one of the sets of series 

Mi = Ci + Qi(0, •■■,Un = Cn-\-Qnit); U, = C, + Q/ (t'), ..-, Un = Cn+ Qn {t') ; 

while every point represented by one of these sets of .series is a point of 0. 
Take (b^, ..., bn) any point in this near neiglibourhood of (Cj, ..., c„), and 
form the sum of the squares of the moduli of the differences 

Ci+Qi{t)-b„ ..., Cn + Qn{t)-bn, 

there being as many such sums as there are sets of series involved. Putting 
t=^ + irj, and considering one of these sums for all values of ^, t] such that 
i'^ + rf 5 r"-, we have a continuous function of the real variables ^, r), and 
there is a particular value of t for which the function is equal to the lower 
limit of its values for the limited range; if this lower limit is zero the point 
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(6i, ..., bn) belongs to the construct 0; if it is greater than zero there is a 
region about (6„ ..., 6„) which contains no point of 0, and in that case 
(K ..., bn) is not a limiting point of 0. In other words, a region can be put 
about (ci, .... c„) such that every point of this other than (Cj, ..., c„) is either 
a point of 0, or is not a limiting point of ; and this proves the result 
stated. 

It follows from this that there cannot be more than a finite number of 
limiting points of in any finite range of values of Wj, ..., it„; for otherwise 
there would be a point (the limiting point or point of condensation of these 
limiting points) having in its immediate neighbourhood an infinite number of 
limiting points of 0, and itself also a limiting point of 0. 

(b) For all not-zero values of t, up to a certain range, a set of series 
■Ml = Ci + Q, (t), ..., Un = Cn + Qn (t) represents points of ; the series may 
converge for larger values of t ; they then represent points of C for these 
larger values, which are not however necessarily points of 0. For suppose 
the series converge for t=to\ consider the points represented by 

Wi = Ci + ft (o-io), . . . , U„ = Cn + Qn (<^Q 

in which o- is real and less than unity : for sufficiently small values of o- 
greater than zero, say for < cr < o-i these series represent points of ; for 
o- = cTi they will then represent a limiting point of — and not a point of 0, 
since otherwise they would also represent points of for values greater than 
0-1, as follows at once by reconsidering the preceding conditions ; if o-j < 1 put 
o- = o-j + /3 and consider the series 

Wi = Ci + Qi ((Tito + pQ, .■.,Un = C„+ Qn(a-ito + pU) 

supposed rewritten as power series in p : then for all sufficiently small 
negative values of p these rewritten series represent points of ; they repre- 
sent therefore points of for all positive and negative values of p less than a 
certain value; the original series thus represent points of for <cr< o-i, 
cr^Kcr < <7i + a.2, say, while for cr = cti, a- = a-i + cr^ they represent limiting 
points of ; if o-j -I- o-j < 1 we can proceed similarly, and so on. Now there 
cannot be more than a finite number of limiting points of in any finite 
range of values for it], ..., w„, and therefore the process must after a finite 
number of steps lead to u = a-i + a-2 + • ■ • = 1 ; the series 

«1 = Ci + Qi (crto), ..., Un = Cn+ Qn {crto) 
thus represent points of G for all values of a up to and including a- = 1 ; and 
thus the series Mi = Cj -f Qi (t), ..-, Un = Cn + Qn(t) represent points of C for all 
values of t for which they converge. 

(c) Hence, having obtained one set of series w^ = c,. -I- Qr (t) representing 
points of C, we can unreservedly use the ordinary method of analytical 
continuation to obtain other points. In order somewhat to emphasize this 
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fact, which is of importance for our purpose, we examine it in further detail. 
Consider a region containing points of 0, but no limiting points of 0. About 
an included point (i/,'"', ..., «„'"') of we have expressions for the points of 
of the form Ur = Wr"" + Prit) in terms of a parameter 

i = Xj (lij _ MjC)) + . . . + X„ (h„ - M„(«l), 

where Xi , ...,\n are to be chosen so that the determinant 

L = \j , . . . , X)i I 

dF, dF, ' 

dui ' " " ' dun 

I 

dK dFn I 

does not vanish at (Mi'"!, ..., m,,"") ; about a neighbouring point («iW, ...,«„"') 
we have similar expressions ; if Xj, . . . , X„ be chosen so that the determinant 
L is other than zero also at (wi"', ..., m^'"). the parameter about (mj'", ..., m„'") 
may be taken to be s = Xj (mi - Mi'") + •••+ 'WiCwn -««'") = <- *i> where 
<i, = Xj(«^») -«!<»')+ ...+X„(it,»»i -«„<»>)> is the value ofiat (mi''', ..., m„™); 
this point being supposed within the region of convergence of the series 
u^ = tir'"' + Pr (t), it follows that the series about it may be obtained by 
rewriting m,. = m^'»' + Pr (ti + s) in the form u,. = m^'" + Q, (s). li /j^, ..., /Xn, 
be any quantities, such that the determinant formed from L by replacing 
Xi, ..., X„ by /ii, ..., fin does not vanish at (Wi'^', ..., w,j"'), the quantity 
cr = fii (mi — iti'"') + . . . + /j.„ (m,i — «(,i'") may be taken as parameter of a set of 
series about (Mj'^', ..., ««"'); we have then (t = H (s) and s = K{a), where 
H (s), K{a) are converging power series each wanting the constant term but 
having the term with the first power of the variable, and t — ti + K {cr) is the 
general form of the substitution for the parameter, by which we pass from 
the series in t about (wi"'', ..., ««'"')) to the series in a about (mj"', ..., w„"') ; 
in virtue of the form oi K{a) this substitution is equivalent to an expression 
cr = H (t — ti), wherein H{t — ti) is a power series vanishing but having a non- 
vanishing differential coefficient for t = ti. So long as we confine ourselves 
to a region containing no limiting points of the construct we can ct)n- 
tinually pass from point to point in this way ; suppose, however, now that 
(M]'", ..., M„'^') is an ordinary point of the construct which is not within the 
region of convergence of the series about (Mi'°', ..., ««'"') represented by 
Ur= «r'°' +Pr{t), but that, nevertheless, the series about (fti"*, ..., ««'"). given 
by the general theorem, which we may write in the form w, = w, '" + Mr (a), 
converge in a region partly overlapping the region of convergence of tlie 
series u,- = u./'^ + Pr (t), so that by a substitution of the form 

t-t' = ki{a- a') + k^((T- a'f + Aj (ct - aj + ..., 
in which k-^ is not zero, the two sets of series give the same values of 
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Ml, ..., M„ for all values of t sufficiently near to t' ; the series in a are then 
also an analytical continuation of the series in t. This derived view of the 
process of continuation may be employed when we consider an extended 
portion of the construct G containing in addition to ordinary points of also 
a limiting point {a^, ..., «„), or several such points : we cannot then assume 
that the parameter of any one of the existing sets of series giving points of 
in the immediate neighbourhood of the limiting point (a„ ..., a„), is capable 
of expression in a form \ (j^j _ a^) + . . . + x„ {un - oin) ; and if we take a 
sequence of ordinary points of 0, say (MiI"', . ., w„<»i), (wj"), ..., m„w), ..., 
converging to (a^, ..., On), it may happen that the radii of convergence of the 
sequence of sets of series, about these points in turn, tend to zero : consider 
the matter however in a converse order : we have proved that the limiting 
points of the construct are isolated points: let ttr=a, 4-Pr(0 be a set of 
series representing points of in the immediate neighbourhood of the 
limiting point («! «„) ; if Xj, ..., X„ be constants, the quantity 

V = X,jtti + . . . + X,iM,i 

is then expressible in the form a + P (t), and dvjdt, = P'(t), is zero, in the 
immediate neighbourhood of (si, ..., a„), other than at this point itself, only 
for particular values of ^ ; if Xj , . . . , X„ be so chosen that for the value t = t^ 
this differential coefficient is not zero, and we put t = to + p, and rearrange 
the series v = a + P(to + p) in the form v = v^"'' + Q{p), the series Q{p) will 
contain the first power of p — so that, if we put 

T = y - d(»i = Xi (w, - M,i»i )+... + X„ (w„ - M„'»'), 
we have p equal to a power series in t, beginning with the first power, and 
we have n equations u^ = m^'"' + Qr (p), equivalent to equations of the form 
Ur = Mr"" + -Rj- (t)- In this way then the set of series about the ordinary 
point (t<i"", ..., M»'°') of the construct is an analytical continuation of one 
of the sets of series about the limiting point (ki, ..., a„), and conversely. 

The points obtainable, starting from a particular set of series, by the 
process of analytical continuation above explained, are said, after Weierstrass, 
to constitute a monogenic construct ; we see that the construct G breaks up 
into a certain number of monogenic portions, each having the property that 
it is possible to pass from the neighbourhood of any point of it to the neigh- 
bourhood of any other point by a succession of analytical continuations in 
which the parameter is changed by a formula t' = ko + kit + k^t^ + ..., in 
which ki does not vanish, while it is impossible to pass from one monogenic 
portion to any other by such continuation. As to the number of such 
monogenic portions constituting the whole construct G no statement can be 
made at the present stage, though as we shall shew immediately, the number 
of such having points in any assigned finite portion of space is necessarily 
finite ■ but in regard to any one portion it can be proved that, if we consider 
a finite region of space, and the part of the monogenic portion under 
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consideration which is included in this finite region, a number r can be 
assigned such that if (a,, ..., a„) be any point of tMs portion other than a 
limiting point, the series v.^ = a^ + Pr (t), giving points about (a^, ..., a„), 
converges certainly for | i j ^ r. As regards the former statement, that there 
cannot be an infinite number of monogenic portions of the construct G having 
points in any assigned finite portion of space, we reason as follows : associate 
with every such portion a point of itself; if the number of monogenic 
portions within the region be infinite, these points can be chosen so as to be 
infinite in number; they will therefore have a point of condensation or 
limiting point, within or upon the boundary of the region, in the infinitely 
near neighbourhood of which will be found points lying upon an infinite 
number of monogenic portions of G; this however is contrary to the result 
arrived at above that all the points of G, in the immediate neighbourhood of 
any point, lie upon a finite number of constructs expressed by equations 
of the form 

Wn^H- (Wi)i W7i''"^+ ■•• +(Wi)f> = 0, W2=..., Wn-i=.... 

The second statement may be founded upon the fact that the radius of 
convergence of the series Ur = «/ + Qr (i), which express the points of the 
construct about any ordinary point (m/, ... , zt,/), is a continuous function of 
the position of (m/, ..., w„') upon 0; and this follows from the possibility of 
continuation sketched above. 

60. In what follows we shall be primarily concerned with the con- 
sideration of a particular one, arbitrarily chosen, of the monogenic portions of 
the construct G; to save constant repetition of words we shall call this the 
Gonstruct T. Recalling the assumed periodic character of the function <f), and 
the consequent periodicity of the functions F^, ..., Fn, imagine the whole of 
finite space divided, as explained before (p. 204), into congruent period cells. 
Save for exceptional constructs, the construct G consists of the whole locus 
represented by the equations i^2=0, ..., i^„ = 0, and must therefore be 
periodic ; it does not follow however that any one of the monogenic portions 
of C is periodic with the same periods. Fix attention upon one of the period 
cells, calling it the primary cell ; to the part of the monogenic construct F 
which lies in any cell other than the primary cell, there will be a congruent 
part of G lying in the primary cell ; this may or may not itself be part of F ; 
since however, as we have shewn, only a finite number of different monogenic 
portions of G can have points in the primary cell, it follows that the parts of 
F lying in the various period cells must be congruent to only a finite number 
of parts ; thus F consists of the repetition, by addition of periods, of only a 
finite number of parts; it is therefore also periodic, but its periods are, 
possibly, certain sums of integral multiples of the fundamental periods. 

Consider now the values which the function /i (p. 207) takes upon F; it is 
to be shewn that/, takes every assignable complex value; and, points which 



ART. 59] Values of a function upon this. 21 7 

are coDgruent to one another in regard to the original periods being counted 
as equivalent, that it takes each value the same finite number of times. For 
convenience we shall for a time denote /i simply by /. 

The first point is to prove that / actually assumes every value. In the 
neighbourhood of an ordinary point (Oj, ..., a„) of F, the function / is 
expressible as a power series in u^ — a^, ..., m„ — a„ ; it is hence expressible 
by a power series in t — and this does not vanish identically, since otherwise 
the Jacobian d(fi,fr,, ...,/n)/3(Mi, ..., m„) would vanish for all points of F in 
a certain neighbourhood of (a^, ...,a„), contrary to the fact that this Jacobian 
vanishes only at the limiting points. In the neighbourhood of a singular 
point («! , . . . , a„), the function / is expressible as a quotient of power series in 
»i — Oj, ..., Un — On, and hence as a quotient of power series in i ; we have seen 
(p. 209) that at near points of the construct F the denominator power series in 

Ui 01], ..., M„ On 

does not vanish, and hence the denominator power series in t does not vanish 
identically ; thus also the numerator power series in t does not vanish identi- 
cally, since otherwise the point would be a limiting point of points at which 
the Jacobian 8 (/i, /a, •••./n)/9 0*i. •••,«„) was zero; thus about a limiting point 
of F the function/is expressible in the form t''' (Ad + A^t + ...), wherein \ is 
an integer which may be zero or negative. The poles of the function / upon 
F are thus among the limiting points of F. If a small region of F be put 
about such a pole, the values of f at all points of this region are large, and 
the region can be chosen so small that at all interior points the value of / is 
in absolute value greater than an assigned real positive quantity M; there 
cannot be an infinite number of such poles in any finite portion of space 
(u, , . . . , M„) ; we can thus suppose every pole enclosed in such a circumpolar 
region, corresponding to the assigned number M ; then for points of F within 
a finite portion of space (Mj, ..., m,,), not included in any circumpolar region, 
the function /is everywhere finite, and therefore has an upper limit which is 
finite and assignable. For, to say that there were points of F at which /had 
a value greater than any assignable number would be to say that there was 
an infinite number of points of F at which / had a value greater than an 
assigned number ; these would have a limiting point ; this limiting point 
would be either an ordinary or limiting point of F, and thus a point of F ; by 
hypothesis it would not be a pole of /, and hence about it / would be 
expressible by a power series in t involving no negative powers, and would 
thus be incapable of values beyond every Hmit. As now we have previously 
seen that F is a repetition of a finite number of portions, the repetition being 
effected by addition of periods, and / is periodic, all the values of which / is 

capable occur for points in the finite part of the space (mj m„). We can 

thus assume, taking the circumpolar regions suitably, that M is the upper 
limit of the absolute value of / outside the polar regions, while for all points 
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in circumpolar regions \f\>M; we do not thereby mean to assume the 
existence of any poles. Consider the points of T outside the circumpolar 
regions; let (it"") be such a point and /'»' the corresponding value of/; for 
surrounding points we have /-/™ = c^t + c^f + ..., and points can be found 
in the neighbourhood of «'»' for which f-f^"^ has any arbitrary value which 
is sufficiently small ; mark the value /'"' upon a plane and the contiguous 
values of./ obtainable for the neighbourhood of m'"', taking no account of the 
possibility that the same value of/-/"" may arise for two or more points 
near to w'"' ; these points near /■'»' will lie within a circle upon the /-plane, 
with centre at /™, and every point within this circle will be mentally associable 
with one or more points (u^, ..., m„) near to (Mj'"', ..., «„"")• Let («/, ..., m„') 
be a point of F near to (v^, ..., m„) associated with the value /' of/ repre- 
sented by a point within this circle ; for all values of / sufficiently near to /' 
points near to (u/, ..., m„') can be found; we can thus, on the /-plane, put 
about/' another circle giving values of/ actually arising on T. Let this 
process be carried out for all points (tti', ..., w„') near to (m'°')> ^°^ then 
repeated ; and let r^ be the largest radius about /"' so obtainable such that 
all values /=/ -I- pe^^, for any value of p < r„, and any value of 6, actually 
arise ; it is understood that, if necessary, r^ is limited by the condition that 
I /o -1- pe'^ 1 < M. This value of r„ will be called the variability of/ about (w'°'). 
Similarly every other point (m''') wil) have a vaiiability, say r'". It is now 
to be proved that this variability has, for all positions of (u) upon T outside 
the circumpolar regions, a lower limit greater than zero. When (it™) is 
sufficiently near to (it'"'), the variability circle of (m'") upon the plane of/ has 
its centre /'^' within the variability circle of («'"'), and extends at least as far 
as the circumference of this, so that r'" g r'"' — |/'" — /'"' [ ; also, ia the same 
case, the centre of the circle for/*"' is within that for /'" and 

^(0) = j.(l) _ I /(I) _ /(O) j • 

thus r'»' - l/t" -/I"' 1 5 r'" 5 r<»' + |/<" -/«" | ; 

by taking (it'^') sufficiently near to («'"') we can however make |/™ — /'"' j as 
small as we may desire ; it follows then that the variability is a continuous 
function of (wi, ..., «„) for points lying on T outside the circumpolar regions ; 
as it is never zero it follows that its lower limit is not zero for points 
{ill, •■•, Mji) on r lying in any finite part of space, and therefore, in virtue of 
the periodicity of T, that its lower limit is not zero for points (ui, ..., m„) 
anywhere on T, outside the circumpolar regions. Let this lower limit be r. 
If then /'"' be the value of / at any point («'"') of F, there exist points, 
outside the circumpolar regions, at which / takes any of the values /'"' + pe**, 
where p <r and 6 is arbitrary. This however does not at once preclude 
the possibility that as f is made to pass through any range of values from 
/"' to/"" -H pe*, the corresponding point (u) may pass to infinity on F. 
This possibility may be illustrated by attempting to prove in a similar way, 



ART. 60] upon a monogenic construct. 219 

on the plane of a variable u, that the function /=e" takes the value zero; 
over any finite part of the plane the variability of the function /= e" has 
a lower limit other than zero ; starting from the value /"" for «"", the 
point m'i' for any other value /''' is given by «"' —m"" = log (/"'//'"') J i^ 
/HI = ^/(»i we have then it'" = t(t»i - log 2 ; if next /'« = -|/<" we have again 
^(2) _ ^(1) _ iQg 2 = m(o) _ 2 log 2 ; and as we thus approach to the value for 
/, while at every stage there is a definite position for m, yet these positions 
pass to infinity. Suppose then, returning to the case now under discussion, 
that the positions of (m) corresponding to values of /of the form/'"' + pV*, 
where p denotes a series of values having p as their limit, are a series 
passing ofif to infinity ; choose a set of portions sucli that V is made up of 
repetitions of these, by additions of periods ; these portions lie entirely iu a 
finite number of period cells; denote the aggregate of these cells as the 
fundamental volume ; a series of points (w) upon V passing off to infinity may 
then be represented, so far as the values of/ are concerned, by an indefinitely 
continued sequence of points in the fundamental volume ; and, in the case 
supposed, there will then be an infinite number of such points, in the funda- 
mental volume, and upon F, at which / takes values /'"' + p'e'^ for which p is 
arbitrarily near to p. There is then a point, which will be upon F, in any 
arbitrarily near neighbourhood of which are found points for which / has 
values /<"' + p'e** in which p is arbitrarily near to p ; in virtue of the con- 
tinuity of/, it follows that at this point / takes actually the value /'"' + pe*. 
It appears thus that the neighbourhood of a point (m"") at which / takes a 
value /"" + pe^, with p <r, may always be supposed to lie entirely in the 
finite region of space. Take now any point (m"") of F and let ^'"' be the value 
of / there ; take any other value ^ for which \^\< M. The finite series of 
intermediate points f ', ^'^', ..., for which the differences 

are all of the same phase and all of absolute value < r, determines a finite 
series of points («'")> ("'^0> •■• upon F at which / has in turn the values 
f"', ?'^', •••; and these lead then in a finite number of steps to a definite 
finite point at which /= f. 

It appears thus, as M is arbitrarily great, that / takes every assignable 
value, and becomes infinite at a pole, somewhere upon F. 

61. Having proved that the function / assumes upon F every complex 
value, we can prove that it takes any definite value only at a finite number 
of points, points for which the arguments (mj, ..., m„) differ by a column of 
periods being counted as equivalent, and that it takes every complex value 
the same number of times. 

For consider an irreducible set of portions of F, lying in a finite number 
of period cells, so chosen that any other point of F is reducible to a point 
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included in this set, by additions of periods. The aggregate of these portions 
may be spoken of as the fundamental region of V. If / were capable of 
the same value for an infinite number of incongruent points, it would be 
capable of the same value for an infinite number of points of the fundamental 
region ; and there would then, as this region is entirely contained in a finite 
portion of space, be a limiting point, itself therefore a point of V, in any 
neighbourhood of which, however small, / would take this value an infinite 
number of times. All the values of / in the neighbourhood of any point of 
r are however given by a finite number of expressions of the form 

t-\A + A^t-Y...), 

and an equation of the form ^ = t~'' {A + A^t+ ...) is not satisfied by an 
infinite number of small values of t ; thus / cannot have the value ^ at an 
infinite number of points arbitrarily near to any point of V. 

Next, an equation /= t''^{A + A{t-\- ...), where X is positive and greater 
than zero, means that the point about which it holds is a pole, and we may 
say that / there becomes infinite \ times : similarly an equation 

f - f, = t^ {A +A,t +...), 
wherein X is positive and greater than zero, may be expressed by saying that 
at the point about which it holds /takes \ times the value/o ; consider such 
a point as this last, the pole being included by the convention that for a pole 
/— /„ shall be replaced by Ijf. For values of / near to/o, the equation 

f-f. = t^{A+A,t+...) 

gives X small values of t, and hence X places on V near to the point, at which 
/ has any assigned value near toy,,; in other words the number of places 
where / has this near value is equal to the number of those where /=/o ; 
this identity in the number of places where/ has its various values continues 
therefore for large variations of value. Considering then all the points of the 
fundamental region of V at which / takes any particular value, and supposing 
/ to change continuously, each of these points is the beginning of a path upon 
r, and every one of these paths may be supposed to persist even through a 
point where one or more of them intersect ; if one of these paths pass over 
the boundary of the fundamental region, then, since / has the periods which 
are fundamental for V, there enters at the same instant, at another point of 
the boundary, a path which may be taken as continuing, upon the funda- 
mental region, the path which has passed out. The total number of times f 
takes any value within the fundamental region is thus the same whatever 
the value*. This number is the sum of the numbers for a certain finite 

* We have already epoken of the {In - 2)-fold, in the real space of 2n dimensions, upon which 
the function / vanishes, and of the infinity (2n-2)-fold upon which 1// vanishes. There exists 
similarly a (27i - 2)-fold upon which / is equal to any assigned complex quantity |. What we have 
proved is that the number of its intersections with the 2-fold r, incongruent to one another in 
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number of period cells, chosen so that the portions of T which they contain 
are incongruent, and is thus the total number of incongruent positions 
for which / has the value. 

62. Now denote by x the value of / upon the construct V, and, taking 
unassigned constants Xj, ..., X„, put 

M = XlMi + ... +X„M„, 

and consider the function dujdx, regarded as depending upon x. We have 
shewn that upon the fundamental region of T every value of x arises the 
same finite number of times ; with every complex value of x, not excluding the 
infinite value, may thus be associated a definite number of values of dujdx, 
the same for each value oi x; it is easy to shew also that about every 
value x„ of x the associated values of dujdx are expressible by series of 
integral powers of a root of x - x„, the number of negative powers, if any, 
being finite, there being only a finite number of values «„ for which negative 
powers enter ; it being understood that for x,, infinite the quantity x - x„ 
means x-\ When this is shewn it will follow that dujdx satisfies an algebraic 
equation whose coefficients are rational in x, the order of the equation being 
the number of values of dujdx associated with any value of x. To shew this, 
we remark that, first, about any ordinary point («"") of T, for which x = x^, 
we have u - w"" and x — x^ each expressible by a single power series in a 
parameter t, and hence dujdx expressible by power series in a certain root of 
x — Xo, while, second, about a limiting point {u"") of F, for which x = x„ 
(including x^ infinite), we have u - w'"' expressible by a finite number of 
power series in a parameter, and, corresponding to each of these, x — x„ 
expressible by a single power series in the same parameter. If 

{dujdx\, (dujdx%, ... 

be the values of dujdx corresponding to any value of x, the algebraic equation 
is F {y, X, Xj, ..., Xn) = where, with unassigned a, the function 

F(a,x,\i, ...,\„) 
is the product 

fdu\ 



\dxj^_ 

and is a rational polynomial in \i, ..., X„. 

If now F{y,x,\, ... , X„) is capable of being written as a product of factors 
each rational in x and y, let f{y, x,Xi, ..., X„) be such a factor, itself 
irreducible in this sense. The equation f{y, «, Xi, ..., \n) = thus defines a 

regard to the periods, is finite and independent of |. It appears that a closed one-fold (or curve) 
can be put about the (2)j-2)-fold /=|, and that the increment of log (/-|) along this closed 
one-fold is independent of J ; but this requires explanations into which we cannot now enter. 
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monogenic algebraic construct ; to each value of x this construct associates 
values of Ml, ..., m„, expressed, since differentiation in regard to X^ gives 

dx dy d\s 
by the equations 



..-/ 



a/yax. 



dx\ 



these are therefore integrals of the first kind upon the algebraic construct ; 
each is expressible for the neighbourhood of any value of a; by a power series 
in a parameter t, and this parameter may be taken to be that employed 
upon the construct F; all the power series expressing Ug upon the algebraic 
construct may be regarded as analytic continuations of one of them, this being 
a known property for a monogenic algebraic construct. The construct F is 
however monogenic, all the power series for u^ upon F being similarly 
analytic continuations of one of them ; it follows therefore that the values 
of Ug arising for the algebraic construct are the same as those arising for F, 
and hence that the algebraic function F{y, x, \, ...,\„), if not irreducible, 
is a power of the irreducible function f{y,x,\,...,X^. In the latter case, 
if F(y, x,Xi, ..., >in) be the kth power of f{y,x,\,...,Xn), there would 
correspond to every point of the fundamental region of F one point of the 
algebraic construct, but to every point of the algebraic construct would 
correspond k places of the fundamental region of F, the values of y or du/dx 
being the same at these k places. 

This however, holding for an arbitrary value of x and undetermined 
values of Xj, ...,X„, would involve the existence of k sets of n constants, 
<^i,h,---,°'n,h, for h=l,2, ... , k, not necessarily different sets, such that if 
(Mj, ...,m„) be a point of the fundamental region of F, so also is 

while as a; is the same at the k places, also 

/(Mi + «],*, •••, l«>i+a«,A)=/(Wi,...,Mn); 

the original n functions <^i, ...,<^„ (p. 205) would therefore have the periods 

0-1, h,--- ,a-n,h, and therefore so would the original function (mj m„). We 

have however assumed at the outset that in speaking of the periods we were 
speaking of primitive periods of this function (p. 203). Thus a^^h , ■ ■ ■ , a.n,h 
would be sums of integral multiples of the original periods ; this however is 
contrary to the definition of the fundamental region of F, which is so con- 
structed that no portion of it is a repetition, obtained by addition of the 
periods, of any other portion. It follows then that the function 

F{y,x,X^, ...,\n) 
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is irreducible, and there is a definite one to one correspondence of the points 
of the algebraic construct with the points of the fundamental region of T. 

63.. To investigate this correspondence in more detail, we proceed as 
follows. Let the class of the algebraic construct f{y,x,\, ...,X„)=0 hep; 
we have seen (p. 207) that upon V the integrals u„...,Un are not connected 
by any equation CiMj + . . . + c„if„ = 0, in which c,,...,c„are constants; they 
are therefore linearly independent upon the algebraic construct, and p 5 n. 
Denoting normal integrals of the fiirst kind upon the algebraic construct 
/(y. ■'^,\, ■■■, X„) = by Fi, . . . , Fp, we thus have equations 

Ur=Cr,i V,+ ...+Cr,pVj,, (r = 1, . .. , Tl); 

now without alteration of a; and y we can assign to Fj, ...,Fp values obtained 
by adding to them the respective elements of any one of 2p systems of 
constants, namely the periods; for F„ these constants belonging to the 
2p systems are 

(l)al, (l)a2>---, (l)aj,, Tai,...,T„p, (a=l,...,p), 

where (l).p = unless a = /3, while (1)»„ = 1; let n^,„, n',,„ bo the corre- 
sponding system of increments for Ur, so that 

^r,a. = Cr,a, fi'r,a= C^,]T],„ + ... -t-Cr,|, Ty,„, (r = 1, ...,?!■ ; «=!,... ,p), 

and we have 

these equations we shall denote by 

where fl, H' denote matrices of type (n, p), and t the symmetrical matrix, of 
type {p,p), belonging to the periods of the normal integrals Fj, ... , Vp on the 
algebraic construct f{y,x, Xj, ... ,X„). (Cf p. 12 preceding.) If then flo. "'"o: 
flo' denote the matrices whose elements are the conjugate complexes of those 
of n, T, VI', and, as before, O denotes the matrix obtained from H by transposing 
rows and columns, etc., we have 

n'=Tn, nn'=OTn = ii'n, n'fi„-fino' = n(T-T„)n„; 

thus D.SI' is a symmetrical matrix, or 

= n'S - ftfi' = (xi, n') /o, -i\ f^\ = iie^'n, 

U, oj Inv 

where O denotes the matrix of type (m, 2/») represented by (fl, fl'), and 
62^ is a matrix of type (2p, 2p) whose elements are all zero except the 
elements of position (a,a + p), for a = l,2,...,p, each of which is -1, and 
the elements (a+^, a), each of which is +1. Also, if x, or («'", ...,«<"'), 
be a row of n arbitrary quantities, and x^ the row of n conjugate complex 



224 Period relations. [chap, vn 

quantities, and z = D,x, so that, as fl is of type {p, n), the row 2 is of ^ 
quantities, such as 

and z^ is a period for x^ii-i + . . . + UnU,,., and if we put t = p + icr, To = p — icr, then 

— ille.2pllo«!o0: = — i{D.'il,) — HHJ) x^x =^ — iD,(T — To)Ho^o* 
= — I (t - T„) z„2 = —i {2ia) z^z = taZi^z ; 

we know however (p. 7) that if n^, ..., n^ be any real quantities the real 
part of iTV?, namely — crv?-, is necessarily negative and greater than zero. 
Hence, for an arbitrary row « of n quantities, not all zero, we have, beside 
the identity Heap 11 = 0, obtained above, the inequality 

— in6n2po«o^>o- 

Since the acquisition by Mj m„ respectively of the increments 

corresponds to a circuit by («, y) on the algebraic construct, it will corre- 
spond to a path on r of a kind that leads again to the same values of x and y 
as at the starting point, and this for values of x which are arbitrary. We 
have shewn above that the end point of such a path is obtained from the 
initial point by addition of a set of periods to the arguments m,, ...,w„. If 
then the original periods associated with «,. (p. 204) be denoted by ot^^s, for 
r=\,...,n and s = 1, ..., (2/1), we have equations of the form 

nr,a = /'i,a-!n-r,i+ ... +/iai,a'!n-r,2n, r = 1, . . . , M ; a=l,...,(2p) 

wherein /ig,„ is an integer, the general element of a matrix of type (2?i, 2p) 
which we shall denote by A; the equation may then be written in the form 

n = Wi. 

We then have 

= 1162^11 = -srhsyih^ = ■stMS, 

where M, =he^h, is a skew symmetrical matrix of integers of type (2n, 2m); 
and 

< - iWei^Ylx^x = — i'srhe^ph^XoX — — its Mm^XaX. 

If each of the 2n quantities Sa; be written in the form r}s + i^s, where j;,, ^j 
are real, so that we may write 5* = 7} + i^, the last inequality is 

< - iM(i, - il;){i) + i^) = - iM{vv + ??- i^v + ivO> 

where, since M is skew symmetrical, Mtjt] = = J/ff, and M^rj = - i/7?f ; 
thus we have 

and it is impossible to choose the n arbitrai-y quantities x so that the 2?i 
quantities Mt] arc all zero, except of course by taking x = 0; if tn = a + i/3, so 
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that a is the matrix whose elements are the real parts of the elements of 
the matrix in-, and /3 the matrix constituted by the imaginary parts, while 
X = y + iz, so that y is the set formed by the n real parts of the elements x, 
and z that formed by the imaginary parts, we have 

7? + zf = 5a; = (a + i^) {y + iz), 7, = ay-'^z = (a, '^){y, - z); 
it is thus impossible to choose the 2n quantities y, z so that 

il/(fi,y8)(2/,-^) = 0; 

hence the matrices M and (a, /9) have each a determinant which does not 

vanish. The latter determinant is that of the matrix ("] and, therefore, 



that of the determinant rV\; thus in ct not every determinant of n rows 

and columns can be zero (cf p. 204 above); the matrix M is he^ph, where h is 
of type (2n, 2p), and ?i5p; the determinant of M is thus expressible as 
a sum of products of determinants of type (2m, 2n) formed from h; we thus 
infer that in h not every determinant of type (2?i, 2?i) can be zero. 

Now take matrices of integers, g of type (2w, 2n) and m of type {2p, 2p), 
each of determinant unity (see Appendix to Part II. Note I.), such that the 
matrix, of type (2n, 2p), ghm, has the form 

ghm= / Ci, 0, 0, . . \ , = c, say; 
0, C2, 0, . 
0, 0, c„ . 

this equation enables us to express any determinant of type (2m, 2w) from 
the matrix A as a sum of products of determinants from g~^, c and mr^; if any 
one of Ci, Ca, C3,...,Cm were zero, every determinant of c of type (2n, 2?i) 
would be zero and hence every determinant of h of this type, contrary to 
what is proved above. Now define the matrix •nr' of type {n, 2m) by means 
of z7 = zT'g, so that II, which is equal to srh, is equal to i!r'cm,~^; as the last 
2^ — 2n columns of c consist of zeros, so also do the last 2p — 2n columns of 
■st'c, and therefore the last 2p— 2n rows of the square matrix m~' do not 
come into con.sideration here ; let •57/ denote the first 2n columns of ct'c ; 
thus Wi' is of type (n, 2n) and consists of the columns of w' multiplied 
respectively by Ci, c^, C3, ...,c^; further let the matrix of type {2n, 2p) con- 
stituted by the first 2n rows of m~^ be called k; it is unitary in the sense 
that its determinants of type (2n, 2m) have unity for their highest common 
factor; then we have 

n = ct'cWI"' = (l!Ti', 0) /^\ = ■STi'k. 

When h is itself unitary we have ghm = (1, 0) and gh = k, g = 1, k = h. 



B. 
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Also, if/ be any matrix of type (2?i, 2m), we have 

n»?i = (ct/, 0), hm = {l^n, 0), fhn = (/, 0), 
where l^ denotes a matrix of type (2?i, 2?i) having unities in the diagonal, 
the other elements being zero, and 0, in the first equation denotes a matrix 
of type (?(, 2p- 2n) with zero elements, in the last two equations denotes a 
matrix of tvpe (2??,, 2p - 2n) with zero elements. Thus fk cannot consist 
of integers unless / do so. 

Now consider more particularly the correspondence between the construct 
r and the algebraic construct defined by the equation /(?/, a;, \i, ..., X„) = 0. 
Any two points (u), (u') of V for which 

U^ -Ur = '^r,l'^\ + ... + OT^,OT-A^2», {r=l, ...,«)> 

wherein N^, ..., N.,n are integers independent of r, correspond, in virtue of the 
equations a:=f{u), ij = \duii'dx + ... +\ndunldx, to the same point of the 
algebraic construct; a path on T from (u) to (m') corresponds to a closed 
circuit on the Riemann surface representing the algebraic construct ; thus 

where t^, ... ,t^p is & row of integers independent of r ; denoting this by 

u'-u = Ht 

we have, in virtue of 11 =-!s--^'k, the equation u —u=u^kt or saj^ m' — m = to-i' cr, 
where a = kt is a row of 2n integers; this is the same as 

{A) w/ — Mr= Ci'53-'r,iO-i+ ... +c,„i!7V,2?iO'2». {r = l,...,n). 

The periods ot', equal to TO-gf"', where |5f|=l,are equivalent with the periods tjt, 
the angular points of the period cells associated with them as on p. 204 being 
the same, save for order, as the angular points of the cells associated with the 
periods •sr; the period cells associated with the periods cti' have not the 
same angular points, but only some of them, the first column of these periods 
being c, times the first column of the periods ot', and so on. If («,) be a 
point of the construct V, and we consider the points of space 

(Mr), (Wv + ^'r,l), (W,+ 2ot',.,i), (Ur + 3otV, j), . . . , 

the formula {A) above shews that the first of these after (m,.) which can lie on 
r is (wr + CiB7V,i)>and similarly for the periods cr'^^s, ■nrV.s,---, •=^'r,2n; conversely, 
as is shewn by the formula Ilm = (ot/, 0), obtained above, the periods ct/ 
necessarily correspond to circuits on the Riemann surface. In other words 
the construct V is not periodic with the periods ot or ■nr', but only with the 
periods ■ct/, of which the s-th column is obtained by multiplying the s-th 
column of Ts-'byCg; and the algebraic construct given hy f{y,x,X-^, ...,X„) = 
corresponds to a part of the construct V extending within c-^Ci ... c^n of the 
period cells associated with the periods ■ra-'. The extent of V may thus be 
divided into regions, each lying within as many of these cells, each region 
having a one to one correspondence with the algebraic construct : if {x) be 
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a place of the algebraic construct, there is no place {x) of it for which the 
equations 

M/> = i\^,CTV,i+... + iV»i!rV,,„, (r=l,...,n), 

are all satisfied, «,.*> denoting the difference of the values of Ur at {x) and 
(*•'), and Ni, ..., iV^^ denoting integers independent of r, unless these integers 
are respectively integer multiples of the integers c,, c^, ■■-,0^. 

Now (as in Appendix to Part II. Note II.) let a matrix of integers / of 
type {2n, 2n), be taken so that 

where, if (!),„, denote the unit matrix of order »i, 

'^■^-1(1)^, ;• '^"-1(1),., 
k is the matrix of integers previously used, of type (2;i, 2p), and r is 
a positive integer, taken as small as possible; then, defining two matrices 
(/x, fi), each of type {n, n), by the equation ■nr/ = (/i, p!)f, we have (p. 224) 

= n62p n = TJT^ke^k 5i' = (/i, fi')fk€y,k/( — ] = r (/x, /a') 62,1 ( — 

and similarly, x being a row of n arbitrary quantities, 

< — iUey, XIoiTo* = - iV (/".'/!„ — /iflo')xoX = — ir {fl'x . fl„x„ — fix . /io'*'o). 

An incidental consequence of the last inequality is that the determinant of 
the matrix /a is not zero, since otherwise we could choose x to make both 
"jlx and /io^o vanish*. 

We can then put 

a = /x->', 

and obtain, if 3/ = jlx, = j; + if, say, and cr = cT] + ifr^ , 

= r/i (cr — a) ji, giving cr = ct, 

so that the matrix a-, of type {n,n), is symmetrical, together with 

Q<-ir {ayy^ - (7„y,y) = 2ro-2 {rf + };% 

•V, 

* More generally if J, of the form f a § \-', be any matrix of integers of type (2n, 2n), such 

\o.' §' ) 
that Ji^J=£^^, namely the matrix of a so-called linear transformation of order n, and we put 
Jj=J / c \ , where c is any constant, the equation 
\0\) 

fke.,pkf=rc2^ 

involves Jifke^p^Ni = '^''^211 ' 

and we can, in the text, use J J instead of /; putting then ■Wi=(v, v')JJ, or (m, m') = (''. ''')J-i, 
where ;-, v' are each matrices of type (n, n), it follows that [cj is not zero ; this is the same as that 
Ma + c/iV I is not zero. In particular, by J-' = e,„, the determinant of fx' is not zero. 

15—2 
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which shews that if gi, ....gn be any n real quantities, the real part of the 
quadratic form to-j^ is necessarily negative. We can hence define a theta 
function 

(t), 0-) = 2 exp. (^irivn + iiran^). 

n= — oo 

Consider the change of the function @(fi~^u,a-) when the arguments 
Wi,..., M„ are respectively increased by the n quantities expressed by Tit, 
where t denotes a row of 2p integers : these are the increments corresponding 
to any closed circuit on the Riemann surface associated with the equation 

f(y,x,Xi,...,\n) = 0. 

Since 11 = ct/^ ={fi,fi')fk, the arguments fi~^u will be increased respectively 
by the elements expressed by 

/i-i (/i, ti')fkt = (1, cr)fkt = (1, 0-) {I, l') = l + a-l', 

where (I, l'),=fkt, is a set of 2n integers; the function ®(fi.~^u,a) will 
thus be multiplied by 

exp. [- 2-rril' {pr^u + h<yl')'\- 
It is thus possible, with this theta function, to form single valued functions 
of Ml, ... , Un, of meromorphic character, which are unaltered by any circuit on 
the Riemann surface associated with the equation f {y, x,\, ..., \„) = 0, and 
are therefore, since Wj , . . . , m„ are integrals of the first kind on this surface, 
expressible as rational functions of x and y. These functions, which we may 
denote by yjr (u, 11), have not the periods ct' ; but then, neither has the 
construct F: to a point (mj, ...,Mr) of F correspond CiC2...c,n points of 
space congruent thereto in regard to the periods ot', namely those for 
which Ur is replaced by 

where 71 = 0, 1, ..., Ci - 1 ; 72= 0, 1, ..., C2 - 1 ; ... ; 7^=0, 1, ....c^n - 1, and 
of these, as we have shewn, only one, namely (mj, ...,w„), lies on the construct 
F; since the complete construct C has the periods ra-' these dc^.-.c^ places 
are upon as many monogenic portions of C. The functions yjr {u, U) have the 
periods properly belonging to the construct F : it is our aim in what follows 
clearly to establish that the function </> (m), and in general all single valued 
functions of meromorphic character with the periods ot, can be rationally 
expressed in terms of a finite number of functions yjr{u, 11). 



CHAPTER VIII. 



DEFECTIVE INTEGRALS. 



64. In the preceding chapter it has been shewn that the most general 
periodic function, of meroniorphic character, leads to the consideration of a 
Riemann surface upon which, among the existing p linearly independent 
integrals of the first kind, are found n integrals, with n less than p or equal 
to p, whose 2p periods are expressible linearly in terms of only 27i quantities. 
With a view to throwing some light on the general question vve consider in 
this chapter some general theorems for such a case, and some particular 
examples ; it will be found that the result arrived at in the last chapter 
offers some peculiarities. 

Suppose then u^, ..., m„ to be linearly independent integrals of the first 
kind upon a Riemann surface, upon which there are in all p such integrals, 
and n^ p; let the 2p periods, or additive constants of indeterminateness, 
for Ur, upon the Riemann surface, be denoted by !!,.,„, for r = 1, ..., n and 
a = 1, ..., (2p), and the matrix of type (w, 2^) formed by these quantities 
be called 11 ; suppose that we have equations 

wherein hg^^ are integers, and ot^, , are other. constants; so that if •ar denote 
the matrix of type (n, 2n) formed by the quantities xr^^g and h denote the 
matrix of integers of type (2n, 2p) whose elements are hs^ „, we may write 

It can then be proved, just as in the last chapter (p. 224), that wMS = and 
— iwMSoaJoa; > 0, where x is any set of n quantities not all zero, and M, = he^ph, 
is a skew symmetrical matrix of integers of type {2n, 2m). And thence as 
before that not every determinant of type (2n, 2n) in h is zero. 

We may then, also as before, find two square matrices of integers g, m, each 
of determinant unity, the former of type {2n,2n), the latter of type {2p, 2p), such 
that ghm, of type (2n, 2p), consists of zeros save in the places (1, 1) (2, 2), ... , 
(2n, 2n) where are found positive integers Ci, C2, . . . , Cjn, no one of which is zero ; 
putting then or' = ^g~^, so that tsr' is a set of quantities equivalent with ct, in 
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the sense that either is linearly expressible by the other with integer 
coefficients, we have Ylm = ot'c = (a, 0), where a is a matrix of type {n, 2?i) — 
replacing what was denoted in the last chapter by ct/ — and denotes a 
matrix of type (?i, 2p — 2n) of which each element is zero ; thence we have 

n = ale, 

where A; is a matrix of integers of type (2?i, 2^), in which the common 
divisor of determinants of type (2h, 2«) is unity, this being obtained in fact 
from m~i by omitting the last (2jD — 2n) rows. Thus, in terms of the periods a, 
not only are the periods 11 expressible with integer coefficients, but con- 
versely, the formulae being 11 = ak, (a, 0) = 11??*. We caa then find a matrix 
of integers k, of type (2?i, 2?i) such that 

where r is a positive integer, which we take as small as possible ; then 
defining the matrix (^, jx) of type (?i, 2«) by means of (^, /x') = a/~' we can 
form a theta function of n variables ® (/"■"'«, o-), where a = /i~V: it being 
a consequence of preceding formulae that the determinant of /i is not zero ; 
and wheu m,, ..., ii^ are increased hy increments expressed by Tit, where t 
is a row of 2n integers, the arguments ^~^u of the theta function are increased 
by the n quantities I + aV, where the integers I, I' are defined by (1,1) =fkt. 
We can thus construct single valued meromorphic functions of n variables 
Wi, ..., w„ which have the periods a, or, what is the same thing, the periods 11 ; 
denote such a function in general by \/f (w, a). Replacing w,, ..., w„ by the 
integrals u^, ..., i/„, regarded as functions of a place {x) on the Riemann 
surface, such a function, being single valued on the undissected Riemann sur- 
face, is a rational function of {x) ; but we may more generally substitute 

Wr = M/-"' + ...+ M^^™.^", (r = l, ..., n), 

m being arbitrary, and the function -ifr (w, a) is then a rational function of 
the 2m places {x^), ..., (x^), (z,), ..., {z^). 

In the case arrived at in the last chapter the equation /(^^ 3/, Xj, ...,X„) = 0, 
associated with the Riemann surface, is satisfied by x=f{vS), y = %(w) 
where f{w), %(w) are single valued meromorphic functions of n variables 
Wi, ..., w„, these variables being connected by (n - 1) relations of the form 
-f* (w) = 0, where F^^ (w) aie also single valued meromorphic functions. All 
these meromorphic functions have 2n sets of simultaneous periods, namely those 
denoted above by to-', the periods of any one of these sets, say the s-th, being 

I — jth of the elements of the s-th set of periods a. Such a function may be 

denoted by i/r {w, ts') ; it manifestly has the periods 11, or the periods a, and if 
Wi, ...,Wn be replaced by the values at the point (x) of the Riemann surface 
of the integrals of the first kind Mj, ..., w„, the function becomes a rational 
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function on the Rieraann surface ; and we saw that if u^, ..., ^t„ be the values 
iit a point (x) of the integrals of the first kind, the arguments 

N N N 

^1 = ^1 + —a,, s, W2 = M,2 + — ttj^j, ..., Wn = Un + —an,g, 
Os Cg Cs 

wherein iV is an integer, for which the function i|r (w, ct') has the same value 

as for W] = Ui i<;„ = m„, do not arise on the Riemann surface unless iV' is an 

integral multiple of Cg. 

In general for a Riemann surface having p integrals of the first kind, of 
which n integrals form a defective system, if, with the notation explained 
above, yfr(w, a) be a single valued meromorphic function, and Mj, .... w„ be 
the defective integrals regarded as functions of the place (x) of the surface, 
the function ■\|r(u, a) is a rational function, as remarked. Taking two such 
rational functions f = -v/^i (w, a), r] = sjr^ (u, a), it may be possible to choose 
these so that at the places where ^ has some one value, the coiresponding 
values of t) are all different : in that case x and y are expressible as rational 
functions of ^ and rj, which are themselves connected by a rational equation ; 
the values u^, ..., Un, being functions of one place (x), are connected by 
(v — 1) relations, and, subject to these, the equation associated with the 
Riemann surface can be solved by single valued meromorphic functions of n 
variables. Or it may be that i/ti, a^, cannot be so chosen: then the values 
of r] corresponding to a given value of f are each repeated a certain number 
say X times, and the rational algebraic equation giving all the values of t) 
corresponding to any value of ^ reiluces to the A,-th power of an irreducible 
equation ; then each of x and y satisfies an algebraic equation of order X, the 
coefficients of which are rational in ^ and 77 and are thus single valued 
meromorphic functions. This latter case always arises when n = l, p >1, 
that is when there is a single integral of the first kind whose periods are 
expressible by only two quantities ; for every algebraic equation connecting 
single valued meromorphic doubly periodic functions has p = 1 : thus, if for 
an algebraic equation / (x, y) = there be an integral of the first kind whose 
periods reduce to two, both x and y are roots of algebraic equations whose 
coefficients are rational in two quantities ^, •?? connected by an equation of 
the form 17^ = 4p — ^Tj^ — 5^3 ; the defective integral can then be algebraically 
transformed to have the form, Jd^/v, of an elliptic integral. In the general 
case of ?i > 1 and p > n, it is not to be assumed that the defective integrals 
Wi, ..., iin are algebraically transformable to the forms appropriate for 
integrals of the first kind upon any single Riemann surface of class 
(deficiency) n : when x and y are rationally expressible by ? = 1/^1 (m), 
rj = -\lr2{u), the rational relation connecting ^ and rj has, it is well known, 
the same number of linearly independent integrals of the first kind as 
the original algebraic relation connecting x and y, and when x and y 
are merely algebraic functions of ^ and 7), it is by no means obvious that 
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the algebraic relation connecting f and i? is capable of only n integrals 
of the first kind. 

65. In the general case of n defective integrals of the first kind upon a 
Riemann surface possessing p integrals of the first kind we shall define two 
numbers, which arise in stating following general theorems : 

(a) The Index r, which has already occurred in the formula 

this number being given its smallest positive value. As follows from 
Appendix to Part II., Note II., below, r is the first invariant factor of the 
skew symmetrical matrix N of type (2?i, 2n) defined by iV^ = kejc, namely is 
the determinant of N divided by the highest common factor of all deter- 
minants of N of type (2n — 1, 2?z — 1). It is easy to prove that if the matrix 11 
be reduced in any way to the form a'k' , where k' is a matrix of integers of 
type (2n, 2p) whose determinants of type (2?!, 2m) have unity for their 
highest common factor, then tiie corresponding value of the index r', namely 
the first invariant factor of the matrix N' = k'e«Jc', is equal to r. For first, 
we have, as on p. 224, not only aNa = 0, but also — iaNdoX^ > ; from the 
latter we can infer as before that the determinant |iV| is not zero and that 
the determinant of type (2n, 2n) formed by the real and imaginary parts of a 
is not zero. Similarly for iV^' and a'. It is a well known fact (proved in 
the Appendix, as above) that k, k' may be regarded as the first 2n rows 
of unitary matrices of integers of type {2p, 2p); thence the equation 
Jl = ak= a'k' gives (a, 0)H = (a', 0) H', where denotes a matrix of zeros 
of type (2w, 2p — 2n), and H, H' are such unitary matrices. Thus we have 
(a, 0) = {a, 0)H'H~^, and thus a = a'G, where G is a matrix of integers of 
type (2ji, 2w); similarly a' = aG' : thus a = aG'G; hence if .4 be the matrix 
of type (2ri, 2?i) formed by the real and imaginary parts of a, we have 
A (G'G —1) = 0, and therefore, as | -4 | is not zero, G'G = 1. This shews that 
each of G, G' is a unitary matrix. Then ak = a'k' = aG'k' similarly gives 
k=G'k' and therefore N=G'N'G'; the invariant factors of G'N'G' are however 
the same as those of N'. 

(b) If for every n places («,), ..., («„) upon the Riemann surface there 
be o- — 1 other sets each of n places, («/), . . . , (a;„'), not entirely coinciding 
with the set (w^), ..., (a;„), such that the n equations 

y^x/, X, ^ ^^x,', a:j ^ _ _ + y^x„', a^ = 0, (mod. 11) (r = 1, . . . , n) 

are all satisfied, we call a the Multiplicity. It is understood that permutation 
of the places of a set among themselves is not counted as altering the set. 

66. Consider now the theta function @ (fj'~''w, a), where 11 = ak, the 
matrix k of type (2n, 2p) being unitary in the sense that its minor deter- 
minants of type (2»i, 2n) are coprime, fkejif= re^, we put a = (/a, /m')/ and 
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(7 = /i,-y, and Wi denotes u-i — ei, the integrals Mj m„ being regarded as 

functions of the place («) of the Riemann surface and e^, ..., e„ being constants. 
We proceed to prove that this function has nr zeros upon the Riemann 
surface. When the arguments u are increased by I\t, where t denotes a set 
of 2p integers, the arguments v = iir^u are increased by Z + (jV where 
I, I' each denotes a set of n integers given by {l,l') = fkt, and the function 
log @ is increased by — 2-nil' (v + ^crl'). Upon the Riemann surface dissected 
along the 2p canonical period loops (a^), (a^) the function © is single 
valued and capable of expansion about every point as a power series in 
the parameter for this point ; the number of its zeros is thus given by the 
integral 

A../,ioge 

taken once positively round the edges of the period loops. In passing from 

the right to the left side of the period loop («^), the increments Tit of the 

functions u are given by taking every element of t zero except tf, = l; similarly 

for the passage over (a'^) we have every element of t zero save tp+^ = 1 ; 

we put 

fk=fH K 



(R K 
\H' K' 



wherein each of H, K, H', K' is a matrix of integers of type (?i, p) ; then for 
the passage across (n^) the increments of the arguments jjr^w are I + aV 
where 

and the corresponding values for the period loop (a'p) are 

the contribution to the integral above arising from the two sides of the loop 
(a^) is thus 

- 2 I H'i^ ^ {fjr\ 4ui + ■ • • + H-~\ ndu„) 

i J 

taken once along the positive side of (a^), namely is 

- 2fi"'i, ^ (fi~\ iTIi, p+^ + . . . H- f^~\ n^n, p+^), 

i 

which, as fi'^U = (1, a)fk = {H + aH'. K + aK'), is the same as 

i 

or -iH-{K + aK')\^; 

the contribution from the two sides of the loop (a'p) will similarly be 

+ ^K'-i, 3 {^-\ jii, 3 + ... + 1^-\ «n„, p), 

or ' [K'{H + aH')]^,^; 
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thus, as (H'aK%^ 3 = (K'aH')^^ ^ = (K'aH\^ ^, the whole integral is 

/3 = 1 

which is is {K\ pHi, 3 - H\ s>Ki^ ^), 

or i {K'H - H'K\ ,■ ; 

i = ] 

we have however fH K\ e.,p /H H'\= re^n, 

[h' K'j \K K'l 

or (KH-HK_ KH' - HK^\^ r fO - 1\, 

\K'H-H'K K'H'-H'K'I \l o) 

so that K'H-KH = r. 

Hence the number of places {x) on the Riemann surface for which the 
function © [/a~' {u — e), a] vanishes, is nr. 

In ease n —p v/e have k = \, f= 1, r = 1 and the number of zeros is p ; 
the above is a very obvious geneialisation of the method, due to Riemann, 
whereby this number p is found in the ordinary case. We proceed to 
employ Riemann's method fiirilier to find a relation connecting the values of 
the integrals u at the rn zeros, wliich generalises the corresponding ordinary 
relation. 

Use the same notation as before, W; = «; — Bi, Vi = (/ur'^w)i, let (x^), ... , {os„i) 
be the 111 zeros of (v, a), and let U be any integral of the first kind. 
Suppose the function log @ rendered single valued by means of a series of 
loops round the zeros, these being connected with the period loops. Round 
the zero-loops the integral 



^•/l°g® 



is equal to — S U^J' ", 

where (c)is the initial point of all these loops — which we suppose* to be also 
upon all the period loops ; this value is equal to the value of the integral 
taken round all the period loops. For the period loop (a^) the inci'ement of 

- — . log @ is 

Jf^ - vl' - laV-, 
where M^ is a certain integer and 

I'i = H i^^, 

and the contribution to tlie integral arising from the two sides of (a^) is 



/< 



{M^-vl'-\al'"-)dV, • 

A diagram of such a dissection is given for example in the author's AbeVs Theorem, p. 395. 
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taken once along the positive side of (a^) ; this may be regarded as the sum 
of three parts 

f M^d U, j el'd U, - I ifi-' u.r + yV d U, 

where e = ^~'e ; if £1^, fl'p are the periods of U for the period loops (a^), (a'^), 
the second part, containing e, , ..., e„ explicitl}^ is equal to 

■i=i 

similarly for the loop (a'p) we have a part containing g], ..., e„ explicitly, 

which is equal to 

« 

1=1 
If in particular U is the integral Ug, then (O, O') consists of the ^'-th row 
(if n, or ak, = (fi, fJ.')fk, = (fiH + n'H', fxK + fi.'K') ; then the part containing 
«] e„ explicitly, from the whole integral round the 2p-period loops, is 

7=1 (3 = 1 

or h; [{fiK + /A'O^" - (m^ + f^'H'}K\ i, 

i = l 

or I [m ( A'5^' - HK') + / (A"//' - H'K')] e], ; 

we have however 

KH' - HK' = - r, K'H' - H'K" = 0, 

so that this reduces to 

- r ifie)g, = - reg. 

The parts such as JM^dU give altogether 

If we take another set of values for ei, ..., en, the remaining parts of the 
whole integral, built up from contributions of the form 



-j{fi-'u.l' + ^al")dU, 



will be unaffected. On the whole then we can infer that if (nij), for 
j = l, •.., (''«). ^^ */'^ zeros of tlte function 

{/Ji-V' ™, 0-) 

where (m) is an arbitrary place of the Rieviann surface, and (xj) the zeros of 

the function 

[fj,-' (w^' >" - e), a], 

rn 

then S w/J- ™^ = re, , (5 = 1,2,..., n), 

■; = 1 
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where the sign h indicates the omission of a linear aggregate of periods of 
the function Wg^-™ with integral coefficients which are the same for all 
values of q. 

For the case n=p, giving r=l, this becomes a well known equation; 
in that case the congruences 

suffice to determine the set (xj) without ambiguity, and we can infer that the 

function 

@ [fi-^ (w*'™ - M^"™' - ... - M^f"'), a} 

has the places (ajj), ..., (Xp) for zeros. But when n<p we may have n 
equations of the form 

Mg^'-^l +M/^*'+ ... +«/"•*» SO, 

as will be seen. Thus, though the rn zeros are, of course, determined by 
6), ..., e„, the n equations 

rn 

1 Ug'^- ■^ = reg 

3 = 1 

are not, by themselves, sufficient to determine these zeros. 

67. The question naturally arises of the relation of the theta function 
of n variables just discussed to the theta function, &(V,t), of p variables, 
associated with the Riemann surface. We proceed to shew that there is a 
theta function of p variables, obtained by a transformation of order r, which 
contains as a factor the theta function of n variables. 

The most general set of periods for a normal integral F^ being of 
the form 

ax,,. +n,,a'i_^+ Tx,2a'2,(<+ ••• +^^,^0^,^, (/l4= 1,2, ...,(2^)), 

wherein a>,,^, a\^^ are integers, consider a matrix of periods for the normal 
integrals F,, ..., F^, of type {p, 2p), given by 

(a + ra', /3 + t^'), 
or say (1, t) A, 

where A = / a , /3 



(a, /3\ 
U', /3'y 



is a matrix of integers ; take, correspondingly, such a set of linear functions 
TT], ..., Wp of Fi, ..., Vp that for W^, ..., Wp, which are also integrals of the 
first kind, the period scheme reduces to the form (1,t'); that is, take 

TT = (a + ra')-' F, (a + to!) t =0 + t^'; 

in taking these it is provisionally assumed that the matrix a + to' is of non- 
vanishing determinant. The matrix t is symmetrical, so that we have 

(1, T)e,p/'l^^ = 0; 



'Q 
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in order that t' may be symmetrical we must similarly have 

(l,T')6,p/l\ = 0; 

now if P = a + ra', Q = ^ + t/3', we have (1 , t') = P-^ (1, t) A ; thus we require 

(l,T)Ae^Am=0. 

We assume then that the matrix A satisfies the equation 

where r is a positive integer ; we can then at once prove that the determi- 
nant of a + to' is not zero, that t' is symmetrical and not of zero determinant, 
and that the real part of the quadratic form ir'k'', where ifc is a row of p real 
quantities not all zero, is necessarily negative. The relation AejpA = re^p is 

equivalent with A~^e^A~^ = - e^ and therefore with Aej^A = rejy 

For let 3/ be a row of p quantities, not all zero, y, the row of conjugate 
complex quantities, _ _ 

P = a+ra', Q = /8 + t^' and ^ = /P\ y = {Py, Qy). 

a set of 2p quantities ; we have, since r is positive, (cf. p. 224) 

0<-ir(T-To)y,y 
= - ir{l, T)e^ /I \ 2/„2/ = - i{l. t) Ae,^ A / 1 \ 2/„y 

= - i(P, Q)ey, fPA y,y = - ie^z.z = - iey,(P,yo, Q,y,)(Py, Qy) 
_\QJ_ 

= - i (Poyo -Qy-Py- QoVo) ; 

this shews that the set y cannot be chosen, other than all zero, to make 
Py = 0, Poyo] thus the determinant of P is not zero; nor, similarly, is the 
determinant of Q, and the equation Pt' = Q determines t', and jr'l ^ 0. 

Further (l.^)e.Q = 

gives at once, since (1, r') = P"K1> ''") ^> 

(l,T')e^m = 0, 

so that t' is symmetrical; and similarly from 

-i(l,T)ey,n\yoy>0, 

since 
- i (1, t')6^ / n 2/„2/ = - iP-' (1. t) ^62i>^ / 1 A ^o~'2/oy = - *>(1. t) e^p ( 1 yo<, 
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where t = P~^y, we see that the real part of ir'k'' is negative, and not zero, 
for all real values oi ki, ...,kp for which these are not all zero. 

Now it is a known property that a matrix of integers A satisfying the 
relation ^e2p^ = renp can be constructed when the first n columns, and the 
(p + l)th to the (^+n)th columns only are given, provided that, of the 
relations expressed by Ae^^A = rfop, all which contain only the elements of 
the given 2?i columns are satisfied. (Frobenius, Crelle, Lxxxix. (1880), p. 40, 
or the author's Abel's Theorem, p. 676.) 

Consider then a matrix in which the first n columns and the (p + l)th to 
the {p + n)th columns are given respectively by 

(_|,)and(-f), 

where H, K etc. are the matrices of integers occurring in the previous article 
(p. 233), and 

n = (an') = (M,M')/^, k\, 

\H', K'J 
so that we may write 

/«, /3\ = / K, ..., -K, ...y, 
W, /3V \-H', ..., H, ...J 

the equation A€y,i^ = r€yi is equivalent with 

fia' - «'« = 0, ;8/3' - /8'/3 = 0, a^' -a'/3 = ^'a- /3a' = r, 

and of these, the relations containing only the elements of the first n and 
the {p+ l)th to (p + n)th columns of A are 

K'E'-H'K' = 0, KS-HK=0, K'H-H'K=HK'-KH' = r, 

which we know to be satisfied (p. 234) ; the matrix A can then be constructed 
as prescribed. 

If Fi, ..., Fpbe the normal integrals on the Riemann surface, we have, as 
before, (p. 223) 

and hence, with a = n~^fx , 

K + aK'={H + aH')T, 

or {K'-TH')a=-K + TH; 

now the first n columns of the matrix a+ ra' form the matrix K' — tH', and 
the first n columns of the matrix ;8 + t/3' form the matrix —K+tH; thus 
if we write 

a + Ta={K'-TH',R), ^ + t0' = {- K + rS, S), t' = /t/, t/ 
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where R, S are of type (p, p — >i) and t/ of type {n,n), the comparison of the 
first 11 columns of the matrices on the two sides of the equation 

(a + Ta')T' = /3 + T/8', 

leads to {K' - tH'W -\- Rt^= - K + tH ; 

thus, as (K' — rH')a = - K + tH, we infer t/ = a, t,' = 0, and the matrix r' 

has the form t = /a 0^ 

VO p. 

Therefore, if k denote a row of p integers, the quadratic form r'k^ is a sum of 
two quadratic forms respectively in ^•^, ..., k^ and kn+i, ■■.,kj,, say 

r'k^ = at^ + pi-, 

and the theta function associated with the Riemann surface, 

@{U,t')= i ex^.2-7Ti{kU+\T'k% 

is a product of two theta functions respectively of ?t variables and p — n 
variables, namely 

i exp. 2m {tU^» 4 ^crt'), S exp. 2-7ri {t' f/"'^' + \pt'^), 

where C7™ denotes the set U^, ..., Un and ?7'-' the set Un+i, ..., Up. 

And if F], ... , Fj, be the normal integrals of the first kind, and Mj, ..., m„ 
the defective integrals, we have 

fi-'u = {E+aH'}V; 
now the p integrals (a + Ta')~^F are the same as -(/3' — tS') F; the first 

n rows of JS' constitute the matrix H, the first n rows of a' constitute the 
matrix — H' ; thus, as the first n rows of t' are (o-, 0), the first n rows of 
yS'-r'a' form the matrix H+aH'; therefore, putting 

F=(a+Ta')-iF = i(/8'-T'a')F, 

the arguments fjr^u are rW^, rW^, ...,rWn. Thus the function of n variables 

© {pr^u, a) 
previously considered, is a factor of the function of p variables 

@(rlF, t'); 

' herein W denotes a set of linearly independent integrals of the first kind, 
havin<^ a period matrix (1,t'); this period matrix does not correspond how- 
ever to a canonical dissection of the Riemann surface, but to such a set of 
2p loops as gives for the normal integrals F a period matrix (a+ra, ^+t/3'); 
it is only when r = 1 that a new system of canonical loops can be drawn for 
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which the period matrix, for the integrals F, is (a + ra, /3 + t/3'). (See for 
example the author's Abel's Theorem, Chaps, xviii. and xx.) The theorem that 

@ [(^' - t'S') V. T']l@[(H+crH')V, a] 

is an integral function of F,, ..., Fj,, is manifestly proved when F,,..., F^are 
p arbitrary arguments. 

It follows at once from the preceding equations that beside the system of 
n defective integrals of the first kind, there is upon the Riemann surface, 
another system oi p —n defective integrals. 

For introduce names for the remaining columns of the matrix A, writing 

(a, /3\ = / (f, Q'), -{K, 0)\, 
U, 0) \-{H\ P'l (H, P)) 
leading to _ _ 

\Q) 

each of the matrices P, Q, P' , Q' being of type (p-n,p). Then the p 
integrals rW, given by _ 

r-F = (/9'-T'fi')F, 

are {(H\ + fa 0\ fH'\\ V, = /H + aH'\ F, 

\[PJ [O p)\P'J\ [P+pP') 

and consist of the n integrals (H-i- crH')V and the (p—n) integrals (P + pP') V. 
The period scheme of the integrals rTT is thus 

/H+aH', (H+(rH')T^ 

\P + pP', {P + pP')T 

we have however r {a + oV) = j8 + /9't, 

(o ')|(f')~(?')1^'(Qy \pj 

that is <t(K'-H't)=-K + Ht, p(Q' -P't) = -Q+ Pt, 

or {H+aH')r = K + <TK\ {P + pP')r = Q + pQ' , 

and the period scheme of the integrals rW is thus 

(H+aH', K+aK'\, 

\P + pP', Q + pQ' ) 
shewing that the period scheme of the integrals (P + pP) F is 

(P + pP', Q + pQ'), 
namely that the periods of these integrals are sums of integral multiples 
of the 2{p-n) quantities {I, p). The integrals {P + pP')V thus form a 
second defective system ; this we may fairly speak of as complementary to 
the former. 



0' 
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{H,P), iB',P')\=re,y, 
,{K,Q), (K',Q')/ 



'KH -HK , KP - HQ\ , (KH' - HK' , KP' - HQ' 
\QH_ - PK_ , QP_ - PqJ [qH'_ - PK^ , QP' - PQ' 
(K'H-H'K, K'P-H'Q\, (K'H'-H'K', K'P'-H'Q' 



We have further 






/(?)• 






I©- 




the left side is 


found to be 




KQ'H-P'K, Q'P-PQJ \Q'H' -P'K , Q'F -P'Q' 
and we can thus infer, beside 

H' K'J \K K'J 
that also fP Q\ €y, fP P'\ = re^p^^, 



P' Q'J \Q Q' 



and fH K\e,p fP P'\ = 0. 



)' 



H' K'J \Q Q 

The complementary system of defective integrals is thus, like the original 
system, of index r*. 

68. We can prove that the function of p variables 
@ (rW, t'), = [(;8'- t'«')F, t'] , 
regarded as a function of the place (x) of the Riemann surface, has rp zeros. 
We have from (a + ra) t'= /S + t/S' the equation 
(/8'-T'a')T = -y8 + T'a, 

* It is shewn in the Appendix to Part II., Note I., that we can write the matrix" ^ P Q "^ in 
the form 



\P' Q'J 

( P Q \=fk', 

\P' Q' I 



where / ' is of type (2p - 2», 2y - 2m), and ft' is of type (2p - 2n, 2p) and has unity for the greatest 
common divisor of its determinants of order 2_p - 2n, and that the most general forms of/', k' are 
fa, ar'^h', where a is a unitary matrix of type (2^ - 2», 2/3 - 2n). And, in Note II., that a matrix 
/" can be found such that 

/ k e^pkf = se^p_2n , 

where s is the first invariant factor of k'e^p^'. It follows from Appendix, Note II., that s divides 
r, and it appears probable that s = r, but this is not proved here. In the case of the matrix 
/ H K \ the number r was introduced as the first invariant factor ; but in the applications that 

[h'K'J 

have been given of the index it was the equation 

f H K W2p/5 S'\=re^ 

\H' K' J \K K' I 
that was utilised. 

B. 16 
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and hence when the normal integrals V increase by I + tV the arguments 
(y8' - To!)V increase by 

{fi'-T'0L)l + {-^ + T'a)l', 

or y97-^r+T'(-S7 + aO, 

or, say k + t'M, 

where (k,k')= ( W -^\(l,l') = rL-'{l,l'),= (M N\ (1,1'), say, 
[-a' a) \M' N'l 

and the function is multiplied by 

exp[-27ri(rFA;'+iTT0]. 

Thus, considering the integral 

1 



„ .:d\og®{rW.r') 

round the sides of the 2p canonical period loops for the integrals V, the con- 
tribution from the two sides of the loop (a^) is 



-{d{rWk'), 



taken once along the positive side of the loop, namely is the value, for ^,3=1 
and {I, V) otherwise zero, of 

or -iM',^{N+T'NX^, 

or -[M'{N+t'N')]^,^, 

and the contribution from the two sides of the loop {a^') is 



-ld{rWk'), 



taken once positively along (a^'), namely is the value, for l'^ = 1, and {I, V) 
otherwise zero, of 

Sfc;(/8'-T'a'),,^ = l N\ ^{M + t'M'), ^ = [N'{M+r'M')]^ ^ = [(M+M't)N'}^ p. 
The number of zeros is thus 

I {MN' - M'N)^ ^ = I (/3'a - a'y8)p ^, 
^=1 ;3=i 

which is rp. Of these rp zeros we have shewn that rn belong to the factor 
© iii'^u, a). 

The preceding result becomes easy to understand from another point of 
view. We proceed- to prove that the function oi p variables ®(rTF, t') is, 
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save for an exponential factor, a polynomial of order r in 2^ functions 
®{V,T\q). 

Let A denote the matrix 

^ = (/3'-aV)5'; 

the relation Ae^^A = re^^ is the same as 



ViS'a-a'y8 ^'a'-a'/3') [l o) 



so that J. is a symmetrical matrix ; let y denote the p integers forming the 
diagonal of the matrix /3S, and 7' the p integers forming the diagonal of /S'a; 
let V denote any p arguments ; put 

<^(F, t) = 6'"^^^' @ [(^'-T'a)V, t']. 

We have then, if I, I' be rows oi p arbitrary integers, 

(/. (F+ Z + tV, t) 1 4, {V, t) = exp [- 27riH] , 

where H=i^'- r'a') Vk' + ^ r'k'^ + ^^A[{V+l + tIJ - V] , 

the integers k, k' being, as before, given by 

(k,k')^/ ^', -^\(^,r); 
\-a, a) 

we proceed to shew that save for integers, the addition of which will not 
affect the value of e"^'"-^, we have 

H=r(Vr + ^Tr') + ^yl'-yi; 

for in H the terms containing V are 

(^'-T'a')Vk'+A{l + Tr)V, 

or [(/3' - aV) (- a'l + al') + {/3' - a'r') a (l + rl')] V, 

or {^'-aT'){d + aT)l'V, 

or, since (a + ra') t' = /3 + t/3', t' (S + oV) = /S + /S't, 

they are [y8'(a + «'t) - a'(y9 + ^SV)] I'V, 

or H'V; 

and the terms in H, of dimension 2 in I, I', are 

or Jt'(- «7 + aO (- a'l + aZ') + i (/3' - aV) a'(l + tI'Y, 

or - i-aV(- 67 + aO Z + iaT'(- a7 + a?') V 

+ |(^' _ a'r') a7^ + t (;8' - aV) 57^' + ^t (/S' - aV) a'T^'^ 

or \^'aP + [iar a + i(- /3 + ar') aV] Z'^ 

+ [- lar'a! - ^ar a' + (- /3 + ar') a'] IV, 

16—2 
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that is \^'aP - /Sfi'Zr + [^ar'ia + a t) - J;S (oV + 5) + ^l3a] l'^ 

or, omitting integers, \^'o.'P + (^rr + ^/8o) l'^, 

which, since l^ = k (mod. 2), is equivalent, save for integers, with 

On the whole then, as stated, 

^ (7+ I + rl\ r) = exp [- 27n>(Fr + \tI'^) - tti 7^' + 7ri7'i] <^ (V, t). 

If for a moment we put 



have 



■^{U+1 + tI',t) ^ ^,y (J _^ ^j') _ 2nr (VI' + 1 tV) - riyV + viy'l 



and the function ■v|r([7) is a particular case of that discussed p. 20 of Part I. ; 

we thus have 

Ih/r' 



(/.(F, T) = 2 5fte-T"F@ 



•V+^{y + Ty'),rT\ ^ 



which, in virtue of the formula (p. 23, Part I.) 



P 



®\v + q + rq, t 

is the same as 

<^(F,T) = 2 0ft@ 



q'{v + lTq')-2Tiqq'-'2ripq' @(^ ^\P "^ *! ] 

V I p + qJ 



rV, rr 



{h + ^y')/r 



where Ch is independent of V, and the summation extends to r^ terms, 
the symbol h denoting a row of p integers, each one of the set 0, 1, 2,..., 
r-1. 

The function (^(V, t) is manifestly an even function of V; this is not the 

{h + W)lr- 



case for the single term 



rV, rr 



occurring on the right ; 



there arises then another term on the right corresponding with this one, 
and the expression on the right can be expressed in terms of less than rP 
functions (Abel's Theorem, § 287). It can thence be shewn (ibid., Chap. XX.) 
that (p{V, t) is expressible as a polynomial of the rth degree in 2*" theta 
functions of the form 



@{V,T 



hf^ 



differing from one another only in their half-integer characteristics ^( j. 

The function of n variables @ (/J.~hi, a), whose arguments are linear 
functions of the p variables Fj,..., Vp, is then a factor of this polynomial in 
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the functions © 



F, 






, in the sense that the quotient of these 
functions is an integral function of Fj,..., F^, for arbitrary values of these. 
When F is regarded as the set of normal integrals of the first kind on 



-.*(:) 



the Riemann surface, each of these last theta functions, @ F, t ; _ 

regarded as depending upon the place {x), is known to have p zeros; it is 
then to be expected that the polynonual of r-th degree in these functions, to 
which </)(F, t) is equal, should have rp zeros — as was previously proved. 

69. If m denote the diagonal matrix of type (p, p) having all elements 
zero save those in the diagonal, the first n of which are each - 1, the last 
p — n of which are each +1, it is at once seen that the matrix, of type 
i^p, 2p), 

(m 0\, 
\0 m) 

belongs to a linear transformation ; and that this transformation, applied to 
the period matrix 

t' = I a- 0\ , 
\0 pi 
leaves this unaltered. And hence that, when 

A = /a /3 ' 

is the matrix, belonging to a transformation of order r, of p. 238, the matrix 

A /m 0\rA-S=/a ^\(m 0\ / /8' -B\, 
VO m) U /8'AO mj\-a' a) 

is that of a transformation of order r', which, applied to the original period 
matrix t, leaves this unaltered. The Riemann surface is therefore such that 
there is a complex multiplication, or principal transformation, of order r'. If 
the compound matrix belonging to this be written 

{/' g'J \0 m) 

we at once find 

/+ t/" = r (a + Ttt) m (a + ra')"' ; 

the general inference, that [(/+ t/")F, t] is expressible as an integral 
polynomial of order r' in 2^ functions ®{V,T\q), is easily seen to be contained 
in the results already given. 

70. The preceding investigations have sufficiently shewn the importance 
of the number r, the Index. Consider now* the equations 

«/'"'■ + ... + M^*"''^"= Ur, (r= 1,..., n), 

* Wirtinger, Vntersuchungen iiber Thetafunctioneii (Leipzig, Teubner, 1895), p. 61 ; Wirtinger, 
"Zur Theorie der 2H-faoh periodischen Functiouen," Monatsh. f. Mathematik u. Physik, vii. 
Jahrg. (1896). 
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where (Ci), ••■, (O are arbitrary places upon the Riemann surface, U-,,..., Tin 
are arbitrary values, and we enquire as to the existence of places {x^,..., {xn) 
to satisfy these equations. 

With the function ©{/jT^U, a) we can form, as has been remarked, single 
valued functions of U^,..., ?7„, with no singularities for finite values of 
U^,..., Un other than poles, having 2n systems of simultaneous periods, whose 
matrix is {fi, ft). Let -v/r ( U) denote such a function. We can then take n 
systems of constants (ajW,..., a„W), for r =l,...,?i, such that the Jacobian 
of the n functions yjrr (U) = ■^jr {U ■\- d''^) does not vanish for all values of 
[/,,..., Un- The function 

is then a rational function of the places («j),..., («„) upon the Riemann 
surface. For when one place, say (x^), makes a circuit upon the Riemann 
surface, the arguments are increased by quantities lit, where < is a row of 
2p integers, while 

U = ak = ifi, ,x')fk = (^, /i') /H K\={,iH + ti'H', ixK + ^l'K'), 

\H' K'j 

where H, H', K, K' are matrices of integers ; the function is thus single 
valued upon the Riemann surface in regard to each of {x^), ..., [x^) ; and for 
undetermined positions of {x^), ... ,{x,i) it is, as a function of (xy), capable of 
expression about any place as a series of integral powers of the parameter 
involving only a finite number of negative powers. Put then 

l|rr(Mi^"''' + ... + Ml^"^ ) = Hr(x„...,Xn); 

the Jacobian of the n functions «/■■ ■-■> + ... + m/-" "" in regard to Xi,..., Xn is 
not in general zero; in fact, if rfw/" '■'«/rf«s = %r(^s), this is onlj' so when a 
linear function A^'x^i (x) + ... +AnXn (x), chosen so as to vanish at (xj), ..., (Xn-i), 
also of itself vanishes at {x,i). The n rational functions H^,..., H^ are thus in 
general independent, and a certain definite limited number of positions of 
(«]),..., (ic„), depending upon the form of these rational functions, can be 
chosen so that the equations 

II 1 \X^ , . . • , *'») = Oi , , Un \X\ , ■ . . , Xn) = 0„ 

are satisfied, for arbitrary assigned values of C'],...,C,j. This number is 
independent of Cj,..., C„. There are positions of (a;i),..., {x^) for which one or 
more of the rational functions Hi,..., H^ become indeterminate ; for positions 
of (iTi), ..., (Xn) in the immediate neighbourhood of but not constituting such a 
set of positions the functions have definite values. Now when f/j,..., Un have 
definite values the functions y^riU) have definite values in general. We infer 
therefore that the equations 

■m/" •'' + ... + M^^' "»= C/"^ (mod. 11), (r = l,...,n), 

have, for assigned arbitrary finite values of Ui,...,Un, a definite finite 
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number of sets of solutions (ajj), ..., (a;„), this number being independent of 
Uj,...,Un — there being exception to this result for values of Ui,...,Un 
belonging to certain continua of less than n (complex) dimensions, upon 
which the functions ■\lri{U ),..., i^n{U) become indeterminate. 

The preceding reasoning is given only as provisional, the cases of exception 
not being examined completely ; it may suffice for the present chapter, which 
is confessedly incomplete and only illustrative in its purpose. 

With the assumption of the definiteness of the number of sets of solutions 
of the equations we can now determine this number. 

Put 

«r = ^.r-i + i^2r, Ur =V^^, + iV^, w/> = v^^^^ + iil^], (r, s = 1, 2, ... , n), 

so that each of t)!,*^'_j, "y^f is a function of the two real variables ^2s-i; ^is for all 
values of r ; we then have 2?i equations 

i'y' + V" + + vy"'=F,-, (j=l, 2,...,(2«)); 

we now allow each of («)),...,(«„) to take, independently of the others, all 
possible positions on the Riemann surface, and interpreting Fi,...,F2„ as 
coordinates in a real space of 2ft dimensions, we evaluate the volume 
described in this space by the corresponding point {Vi,...,Vm), this volume 
being expressed by 



or 



//•/ 



9 (|i,- ••,?»») 



d^l C^^2 . . . (if 2, 



Since 



the Jacobian herein contained is 



9^1 

9%«' 



9^2 



9^3 ' 

9^2'^' 



9?4 



3^1 '") 9^1"" 



9f.ai-i ' 

9^2"" 



9^251 

91)2'"' 



9f: ' 9^2 ' 9^3 ' 9f, '■■■9f2«-/ 9^^ 



9««.<" 9i;^„w 9t)2,.''' 9t>2„<^' 9^2,.'"' 



9l'2«"" 



9fx ' 9f, ' 9^3 ' 9^4 '■■■9^2.-1' "9f» 
which, expanded as a sum of products of n binary determinants (see Appendix 
to Part II. Note III.) chosen respectively from the first and second, the third 
and fourth,..., the (2ft - l)th and 2ji-th columns, is equal to 

^ /9t;i,<" 9i;*,"' _ 9V:! ^<1\ fi<l ^<1 - ^1"^ ^'"'^-] 

-\W 9?2 9^1 9^2/1 9^3 9f,- 9^3 'd}J 

wherein ki,h, with ki<k2, are any two of the numbers 1, 2,..., (2n), and 
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k^, ki, with ^3< ki, are also any two of these numbers other than k^, h, and 
so on, and the sign + is upper or lower according to the parity of the order 
ki, k«,..., k^n', if we write 

a^'"-' dv'-r^ 9<i a?;<r' 

the expansion is 

2. + [K], k.2J [A3, ^4] ... [""ai-i, k^j , 

and in any term the only factor involving the two variables ^^--i, ?»■ is 

Now when (a;^) describes the whole Riemann surface, the double integral 

l[k^--i, hrjd^sr-id^ir is equal to the single integral jvk^^ ^ dvk„^ extended along 

the edges of the 2p period loops; if we put n^_ „ = ir2r-i, a + *^2r, o , for 
r = l,...,n and a = l, ..., 2p, the period increments of the function ^a for 
passage of the loops are JTa, » , and we have 

r p 

Iv^dvi, = 2 (j^A, pH^^p + ^- H^^p + ^H^^ p), (X, /.t = 1, 2, . . . , 2n), 
a quantity formed by a familiar rule fi-om the Xth and fith rows 

-"A, Ij • ••> -"A,p> -"A^p + j,... , ilA, 2p 

of the matrix (ITa, „), which we may call the combinant or the splice of these 
rows, and denote by (X,, fi) . We have then 



j%2,_i dvi^ = {k^-,, hr)H 



where, if 11 = M +iN, both M and N being matrices of type (n, 2p) of real 
elements, we have 

a matrix of type {2n, 2p), consisting of real quantities. The original integral 
thus becomes 

•^ i \"'i ! "'ijjj ("-3 ) "'i)i{ • • • (""2«— 1 > "'in)jj ) 

here the number of terms is the same as in the expansion of a determinant of 
type (2n, 2?i) by binary determinants, namely 

a")f»-^)...a)=(».)i.B.5...(2»-i), 

two terms, for instance, differing from one another only in the order of the first 
two of the n factors of a term, occurring separately ; in fact however 

{ki, ki)jj (ks, kt)jj={k3, ki)^{ki, h)^, 
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and so on ; the value of the determinant is thus 

(»i!)2 + (fci, h)j^{k^, h)jj... (k^_„ Jc^)jj, 

where the order of the n factors of any term is indifferent, and this is only the 
expansion in the form of a Pfaffian (see Appendix to Part II., Note III.), 
of the value / i\ / i ir frwi 

Precisely the same deduction may be applied to any number of integrals 
of the first kind, independently of the existence of defective integrals ; for 
instance, u^'" being any integral of the first kind, if we put 

u^'''=V,+iV„ x = ^, + i^^, 

and denote the periods of u'''' for passage of the 2p period loops by 

Hi + iKi, ..., Hp + iKp , Hi + iKi, ..., Hp + iKp, 

we have, as {x) traverses the Riemann surface. 



// 



dV.dV^ = HiK^ - Hi'K, + ... + HpKp' - Hp'Kp, 

the right side denoting the sum of the parallelograms whose perimeters are 
described by C/^=m^'", upon a plane of U, as (x) describes the sides of the 
period loops upon the Riemann surface. 

If now n = 'orh, where «r is any matrix of type (n, 2n), and h a matrix 
of type (2m, 2p) consisting of integers, and 11 = if + iN, ■m = fi-\- iv, we have 
M=fih, N = vh, 

so that He^H= /p.\ he^h (Ji, v), 

and hence jj...jdVidV,...dV„ = in^?i fi {\h€y>h\)i , 



wherein 



denotes the volume of the period cell defined in the real space of 



2n dimensions by the periods ■cr, and the other factor (nl) (\hey,h\p is a 
positive integer. 

This is true when w repi-esents any set of periods in terms of integral 
multiples of which the periods 11 can be expre.ssed ; if in particular we 
take n = ak, where k is the unitary matrix of type (2m, 2p) described earlier 
in this chapter (p. 230), and (a, 0)=nm, then increments of U^, ..., f7„ 
which arise by closed circuits of any one of (x^), ..., (a;„) on the Riemann 
surface, correspond to a change from a point ( U) to a point which is congruent 
thereto in reo-ard to the period cells associated with the periods a, and con- 
versely ; hence, assuming (p. 246) that, as (x^), ..., («„) traverse the Riemann 
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surface, the point {TJ) takes up every position the same number of times, we 
infer the result : The number of different sets of solutions of the congruences 

M/""' + ... + «/•>•"" = Ur{mod. II), (r = 1, 2, ..., 7!.), 

before called the multiplicity, is* 

( I ke^k I )i 

the factor n ! being removed because a set of solutions is not affected by 
permutation of its constituents. 

If (r, s) denote the splice of the rth and sth rows of the matrix k, this 
number of solutions of the congruences is the Pfaffian 

2 + (12)(34)(56)..., 

formed with 2n numbers. If the period loops be differently drawn on the 

Riemann surface, which comes to using periods 11' = IIJ, in place of II, where 

Je2pJ= e^,, the number, becoming ( | kJe^pJk | )i, is unaltered, as should be the 

case. If (Appendix to Part II., Note II.) ^f be a unitary matrix of integers of 

type (2?i, 2n) such that 

gke^kg=/0 -d\, 

\d q) 

where d denotes a diagonal matrix of positive elements c^i, d„, ..., d„, wherein 

djdi, ds/d^, ... dn/dn-i are integers, the multiplicity a is also given by 

o- = dA ... dn. 

We have seen that the index r is equal to the first invariant factor d^ ; 

the two numbers are thus equal when n = 1. When n = p we have ^ = 1, and 

the multiplicity is unity, as is known. 

71. Consider the case when n — 1. We have shewn that we can write 

U=ak, 
where A; is a matrix of integers of type (2, 2p), which is unitary, in the sense 
that its determinants of order 2 have unity for their greatest common divisor. 
We have then 

key,k= /O —R\, 

U oy 

p 
where H = ^ ("?i,o-»2,cr+p "~ k^, a- "^ixr+p), 

is the splice of the two rows of k; according as R is positive or negative 
take now 

and obtain fk€2pkf= re^ = r fO — 1\ , 

U 0) 
where r is a positive integer {R or —R), as in the general case. 
* It follows from preceding work that thiB is not zero (p. 225). 
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Put as before fk= (H, K 

\H', K' 
so that, if h=/k^, k^\, 

\Kj , K.J, / 

we have fk= (h, k,\, or (-h, -k,\, 



A^l ) n-a . 



\ ki, k^. 



and the determinants of order 2 from this have unity for their greatest 
common divisor*. 

It can now be shewn that a matrix J of integers can be chosen, of type 
{2p, 2p), satisfying 

SO that /H, K\J=/r, 0, 0, ... 0; 0, 1, 0, ... 0\ , 

\H', K'J [o, 0, 0, ... 0; 1, 0, 0, ... o) 
where the elements not written are zeros. 

To make this clear consider the character of a matrix J. A linear 
transformation, expressed by a matrix of integers J of type {2p, 2p) which 
satisfies the equivalent equations 

may also be defined by the fact that if, denoting rows of p quantities by x and 
a:', and also by f, ^', y, y', tj, t)', we put 

(x, x) = J(^, ^'), (y, y') = J(r,, r,'), 

the splice (1, 2), = 2 {xiyi - x(yi), of the two rows 

Ix x'\ 

\y y')' 

is equal to the splice of the two rows 

(^ n. 

for we have (x, x'\ = /^, f'\ J, 



/x, x'\^/l ^ 

\y, y'l U, r)', 



and / 0, -{\,2)\ = lx, x'y^ Ix, a^\=^ (t ^\J^^J l^, ^'\ 

V(l, 2), ) \y, y') \y, y) W v'J W v')' 

If /a, a'\ 

U, b'j 

be a unitary matrix of type (2?!., 2p), that is a matrix of integers in which the 
determinants of order n have unity for their common divisor, and 

/a, a'\J=(A, A'\, 
[b, h'j \B, B'J 

* In general the determinants oifk of order in have d^^jd^d, ... d„ as their common divisor. 
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we have (a, a'\ {x, x) = (A, A'\ (f f ) ; 

\h, b'J [B, B'J 

also from /a, a'\ = (A, A'\ J^\ 

[b, b'J [b, B'J 

since J is unitary and any determinant of fa, a\ of order 2n is a sum 

\b, b'J 
of products of determinants from /A, A'\ and J-\ each of order 2m, it 

[b, B'J 
follows that /A, A'\ is unitary. Also, as 
[b, B'J 

fa, a'\ey,/a b\ = /A A'\ey,/A B\ 

[b, b'J \a' b'J [b B'J U' BT 

the splice of any two rows oi fa, a'\ is equal to the splice of the two corre- 

[h. b'J 
spending rows oi fA, A'\ 
\B, B'J- 
Now particular linear transformations are : 

I. That in which x^ and x/ are replaced by linear functions of f,. and ^^ 
with numerical coefficients of determinant unity, the other 2p — 2 quantities 
X, X being unaltered ; fur this evidently replaces avy/ — Xryr by ^r'^r — ^r'Vr> 
and leaves the other binary determinants Xgys — Xg'yg unaltered. It corresponds 
to replacing the rth and {p + r)t\i columns of fa, a'\ , which we may denote by 

[b, b'J 
Cr and c/, by two columns Or, C/ given by 

Cy = XCr + flCr , Cr — pCr + fC/, ^-O" — fip = \. 

A particular case is 0^ = — Cr, C/ = — Cr'. 

II. That in which 

for which x^yr — Xr'y^ + Xgys — x/yg 

= ?r (Vr + Ms') - (?; + ^^/) Vr + i^.- T^^rW " ^s (Vs - Xt?,) 
= ^rVr - ^r'Vr + ^sVs - ^s'Vs, 

the variables other than x^, Xg, jr/, x/ being unaltered. It corresponds to 
a change of the columns of fa, a'\ expressed by 

[b, b'J 

Gr = Cr — XC,, , Cj = Cs, 0/ = C/, Cg = Cg + XCy'. 

III. That in which 

which includes (II.), for /u. = 0, and is equivalent to an interchange of columns 
expressed by 

Cr=Cr- \Cg + /iC/, Cg = Cg, 0/ = c/, Cg = Cg + \Cr'. 
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Suppose now /a, a'\ is of two rows only, or w = 1. By transformations 
U, 67- 
(I) we can first reduce all the first p elements of the second row to zero ; then 
by transformations (II) we can reduce all the second p elements of the second 
row to zero except one of these, which cannot be zero since the determinants 
of /a, a'\ are not all zero ; if this element be denoted by JS/, and r 4= 1, we 

U, b'j 

can, first, by transformations (II), add the (^ + r)th column to the (p + l)th, 
and then subtract the {p+ l)th from the (p + r)th; we may thus suppose 
r = 1 ; and the second row of the transformed matrix now has zero in every 
place except the (p + l)th. After this, leaving the first and (^ + l)th 
columns untouched, we can similarly, by transformations (I) and (II) in turn, 
make the 2nd, 3rd, ... pth elements of the first row all zero, and the (p + 3)th, 
(/) + 4)th, ...,(2p)th elements also all zero. The transformed form of the 
matrix /a, a'\ is now 
[b, b'j 

fQ ..R S ..\; 

U 0.. P ..J 

since this is unitary we have PS = 1 ; if P = - 1 we can change the signs of 
the first and (p + l)th columns ; we may thus take P = 1, *S = 1 ; if further 
the splice of the two rows of /a, a'\ is r, we can then infer Q = r. The 

[b, b'j 
transformed matrix is thus 

/r .. ii 1 .. \ . 
U 0.. 1 0../ 

Lastly apply the transformation (III) in the form 

C^ = c^ + Rc^-rRc,', G, = cu Gi = c^, C,' = c,' - Rc^' ; 

this replaces R by zero in the matrix, but effects no other change. 

The transformation indicated is thus effected, and we have 

UJ = (/x, ,j,')fkJ={fi, /x') /r .. 1 .. \ . 

Vo 0.. 1 0..; 

Now put J = fj B\ and take Ti, a matrix of type (p,p), so that 



(7 + T7') Ti = S + tS' ; 

it can then be proved as in the eariier part of this chapter (p. 237) that, 
(i) the matrix (7 + ry) is of non- vanishing determinant, (ii) Tj is symmetrical, 
(iii), if TCi, ...,Wp be any ja real quantities, the real part of tViJi^ is necessarily 
negative and not zero ; take also a system of p integrals F/, ... , F/ given in 
terms of the original normal integrals Fi, ..., F^ by 

(j + TyVV=V'' =(8'-T,7')F. 
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there will be* a new system of canonical period loops on the Riemann 
surface, for which V are the normal integrals,- having a period matrix 
(1, Ti). And in particular, u being as before the defective integral under 

consideration, the integral - ijT'^u, which from the equation above hasf the 
period system following (where o- = /i~V')> 

l^-'n/ = (l, 0, 0,...; ^,. J,o,...), 

is equal to F/, for there is only one integral having at the new period loops 

(ctp) the periods 1, 0, 0, It follows then that in tj the first row reduces 

to its first two elements, these being ajr and 1/r. From the symmetrical 
form of the matrix Tj it is clear that V^, ..., Vp form a defective system of 
{p — 1) integrals, the second period of F/ being r times the {p + l)th, the 
{p + l)th periods of Fg', ..., F/ being all zero (cf p. 240). 

We have already reached the conclusion that when n=\, the multiplicity 
is equal to the index r (p. 250) ; and from the equations 

|/i = + l, fkJ= /r . . 1 
lo . . 1 

which we have used, we have (Ike^kl)^ = r. This involves the consequence 
that the equation 

W' <■ = U (mod. n) 

is satisfied by r positions upon the Riemann surface. 

We can give another proof of this, independent of the preceding inves- 
tigation of the multiplicity. The periods n are sums of integral multipliers of 
the periods 11/ for the new period loops, and the congruence is equivalent with 

F/= J ^-'M^.- = F(mod. i nr^nA , = V (mod. ^ , ?) 

where F is an arbitrary constant, and F/ is considered as a function of the 
position (x) on the Riemann surface. Now the elliptic theta function 

@ (/i-^M^'", o-) = @ (rV^', d) 
vanishes, as we know, for 

* See the author's Abel's Theorem, p. 559. 

t Another proof of the theorem is given in the author's Abel's Theorem, p. 658. It can be 
shewn in fact that a matrix J such as is required can be constructed with the first, second and 
{p + l)th columns of the form 

/ K' rx + E.. 
\-H'ry-H..^ 

where x, y are such columns of p integers that rx + K, ry-H are 2p integers with unity as common 
factor. (In the proof referred to, p. 659, line 26 and p. 660, line 9 for ' constituents of the first ' 
read ' constituents of the second.') 



?::)■ 
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where M, M' are integers ; the corresponding positions («) are therefore such 

that the values of V,' are congruent for modulus ( - , - J , and it is such 

positions that we wish above to enumerate. It has however been previously 
shewn (p. 234) that the function ©(/x-im*.", a) has r vanishing points on the 
Riemann surface, and the proof was independent of the investigation of the 
multiplicity. The theorem is therefore proved. 

To determine the solutions of the equation 

^•0= Z7(mod, IT) 

when U is given, we may form the two functions 

^ = ^ (fi-Ho^'"; l,<r) = ^ (fi-^U; 1, a), 

which, since fi-^U = {H + a-H', K + crK'), are rational functions of the 
place (x). To each value of ^ belong the 2r solutions of the two congruences 

w^'" = U, u''-'= = - U (mod. n), 

of which however only the first r correspond to a given value of rj. We infer 
therefore that, if {x-^, y^, ..., (Xr, yr) be the solutions of the first congruence, 
there exists an equation 

x'--¥H^x^-^+...+Hr = 0, 

whose roots are Xi, ..., Xr, wherein the coefficients H^, ..., Hr are single 
valued functions* of JJ, rational in ^ and tj. 

The existence of an equation 

implies that x', y are single valued doubly periodic functions of fir'^w'''^, with 
periods 1, o-, and therefore rational in x, y. There is thus a (1, 1) birational 
transformation of the Riemann surface into itself corresponding to every 
such equation ; such a transformation is necessarily periodic, and if h be the 
index of periodicity, the equation can be birationally changed to a form 
(s*, = (Hurwitz, Math,. Annal. xxxii. (1888), p. 291). 

72. Pass now to some examples. 

For the equation f (Kowalevski, Acta Math. IV. (1884.), p. 393) 
[x (ax + hy)f + [y {ex + dy)]^ -\-[\ + ex +fyf = 0, 
or F=[x {ax +by) + y {ex + dy)-{l + ex +fy)f - 4txy {ax + hy) {ex + dy) = 0, 

* Extensions of the reduction of the matrix f H K \ here given for n = l are investigated 



\H' K' ) 



by Poincar^, American Journal, Vol. viii. (1886), p. 301, who gives various other results not 
referred to in the text. t See Note, p. 272. 
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/• 



the general integral of the first kind, 

^{xdy - ydx) {Px + Qy + R) 

dFjdz 

where i ;^ = — [« {ax + hy) + y {ex + dy) — (1 +ex +/y)] [2 + ex +fy\ 
Cz 

reduces forP=l, Q=l,i2 = 2to a constant multiple of 
r xdy — ydx _ f d^ 

J 2 [xy {ax + by) {ex + dy)]^ ' J [4f (a + h^) (c + d^)f ' 

if ^ = yjx ; putting also rf = 4f (a + 6f ) (c + d^) we have 

from which it appears that the index r is 2. And we find at once that if we 
take the self-inverse transformation 



X 



' = - a; (1 + ea; -l-/?/)-\ y' = -y{\ +ex+fy)-^, and ea;o + /2/„ + 2 = 0, 



then U-. '0 = f '''' "' (e« +/y + 2) <^a; _ [(^'. J^') {ex +fy+2)dx 



icco.yo) ^Fjdy ./(;,.,y„) dFjdy 

igruence 



so that the two solutions of the congruence 



are {x, y) and {x', y'). 

According to the theory given in the text the remaining integrals are 
also defective ; it would be interesting to verify this directly. 

73. Another class of surfaces for which defective integrals arise are 
those represented by an equation 

f = {a? - c,') {a? - d) ...{x?- cWi)- 
The first case of importance, where m = 1, was remarked by Legendre 
and Jacobi* ; there are then two defective integrals each reducing to an 
elliptic integral. As sufficiently representing the general case we shall 
take ni = 2, so that the equation, of deficiency 4, is 

y' = («' - c,0 (a^ - c,') {x^ - c,') {x' - c,^) {x? - c/) ; 
by a;^ = ^ each of the integrals 

[xdx fx^dx 

reduces to a hyperelliptic integral of deficiency 2, and, as will appear, these 
two form one system ; the same is true of 

fdx fx^dx 

as is seen by putting x = x{~^. 

* Legendre, Fonctions Elliptiques ; Jacobi, Crelle, viii. (1832), p. 416. 
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Suppose, for definiteness, each of Cj, ..., Cj to be real and positive, aad 
Ci > Cj > Cs > C4 > Cj, and take the period loops in a usual manner, as in the 
figure : — 




The value of y for a real x> Cj, in the lower sheet of the Riemann surface, 
being taken to be real and positive, and using A in general for a real positive 
quantity, the values of y in the lower sheet in the various segments of the 
real axis are indicated by the diagram : — 



-r<S>7T, 



-<^-7^<5H^r^5K7F<3^-r^S^7^<^^^A^ShTA- 



Thus, considering one of the two integrals 

^xdx fa^dx 



fxdx fofidc 

iT"' It 

which we may call u, and denoting by 11^, H/ its period increments, for 
passage from the right to the left sides, respectively of the period loops 
(ar), iar'\ we have, by a well-known rule (p. 32 of this volume), 

n, = -2[ °'du= 21"' du=ni+ns+n.^+iii=iH, 

J -C, J Cj 

n,'-D,^= 2l''du= 2rdu = a,' = -K, 

- fij = 2 l'du = -2 I du = ni = iM, 

o;-fi3'= 2J"'du= 2rdu=n,'-n,' = N, 

- fls = 2 \° du = 0, 



where each of H, K, M, N denotes a real positive quantity ; 



17 
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these equations give 

n, = iH, ^^ = -iM, ^3 = 0, D,, = iM, 

n,' = -2K+2N, n,' = -K + 2N, 

n,' = -K+N, n,: = -K. 

For the two integrals under consideration let the respective quantities H, K, 
M, N be distinguished as Hi, K^, M^, N^ and H2, K^, M^, N,; put, as in 
general, 





n = /ai...a4, ^u'.. 


. n,;\ ; 










then have 


\n^...n^, n,/.. 


■ fij 










^= /iH„ 


ai„ -K„ NA^l 


0, 














\iH,, 


iM„ -K,, Nj - 1 


1, 



















0, 


2 


1 


1 


1 




\0 


0, 


2 


2 


1 






of which the second matrix, having as one of its determinants 

1 i, 
0-100 
Oil 
10 

is itself unitary, and may be denoted by k as before (p. 230), being of type 
(2n, 2p) with n = 2, p = 4< ; the first matrix may then be denoted by a ; the 
splice of the rth and sth rows of k being denoted by (r, s), we find 

(1, 2) = 0, (1,3) = 2, (1,4) = 2, (2,3) = 0, (2, 4) = - 2, (3,4) = 0, 
and hence ke^ik =/0 — 2 —2> 

2 



also if 



we find 



jkeipkf— 





-2 


-1 






1 




I "^^2p^ I — ^ -i 



= 2e 



It appears thus that 



vdx r 

y J 



oe'dx 
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form a defective system of integrals, with index 2 and multiplicity 4 ; the 
four sets of solutions of 

h y Jo y ^ " U 'V'^h ^" " 

are in fact obviously of the form 

K^i.2/i), («2,2/2)}, {{-a;„y,), (x^,y,)}, [(x^y,), (-x„y.,)}, {(-x„y,), (-x^,y^)}. 

To construct the theta function ©{/jl-^u, a) we should put a={fi, fi)f; 
we find then 

\H„ -M, 
a- = fjT'fi' = i {HJU - HJf,)-' /M,N,-M,N, - M,K, + M,K„ M,N, - M,N,\ . 

74. As another example consider the surface associated with the equation 
x^ + y*=l. 

Drawing cross-lines joining x=l to x = i, x = ~ \ to x = i and x = i to 

x = — i, the latter passing through x= cc , and agreeing that on passing the 

first from right to left the sheets 1234 change respectively to 2341, on 

passing the second from right to left the sheets 1234 change respectively 

to 2341, while on passing the last from left to right the sheets 1234 change 

respectively to 2341, as indicated in the figure, and denoting the paths in 

the various sheets by the various kinds of line indicated, we may draw a 

system of canonical period loops as in the figure. The surface is of 

fudiii' \ xu (I ^ 
deficiency 3, and three integrals of the first kind are I ^—— , I ^^ and 

fy'dx 

I ^— J- . Let the increments of any one of these for the left sides respectively 

of the loops (a.i), (0,2), (os), (^), (^2). (h) be called Hi, flj, XI3, O/, H/, 9.^' ; the 
first is obtained by a negative circuit of (61), and the fourth by a positive 
circuit of («]), and so on. Calling the branch places x=l, x= — l, x = i 
respectively by the numbers 1, 2, 3, and a single positive circuit about either 
of these by the same number, the circuits for the six periods are then 
respectively 

31-S 3-n-'2-% 1312, 2-^1, 23-a-i2, 13=2, 

where the symbol 31~' means a circuit resolvable into a positive circuit about 
3 followed by a negative circuit about 1, etc. 

Now let e = i"^, where m is 1, 1 or 2 according as we are considering the 
first, second, or third of the integrals I ^-^ , I '^^—- , I ^—^ , and let P, Q, R 

17—2 



260 



Canonical dissection and 



[chap. VIII 




oo 
Canonical dissection for x^ + y* = l. 



First or lowest sheet, ; second sheet, ; third sheet, ,^,^,^„. ; fourth sheet, -• 

the passages at the cross-lines are given by the rules marked in the diagram 12341, 14321. 



denote the values of any one of these integrals taken in the first sheet from a 
point in the first sheet respectively to the branch places 1, 2 or 3 ; then the 
values obtained by the circuits put down above are respectively, if /^i = 1 — e*, 

n, = E (1 - 6) + e (P - e-'P) = - ;tii (P - i?), 
fl^ = P (1 - 6-0 + e-'P (1 - e->) + e-^Q (1 - e-^, 
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Put 



= m{P - Q) + {fJi,- l^,){P - R), 
n; = Q(l-e->) + e-P(] -e) = -^(P-(3), 
n; = Q (1 _ e) + eiJ (1 _ e-i) + P (1. - e'') + e-'Q (1 - e), 

a,' =P (1 - e) + ei? (1 _ e^) ^ ,3Q (i _ ^)_ 



4 4-'oii(l_i)l 4V7r' 



£ 



so that 



y 

Jon-x')i J2'' ~Jon- 



fi da; 



(1 - x")^ ^2 ' 



^ yda 



r^^-. ri?--. /:-/>»■ /:-/>-• 



then with 



'^dx 



_ 1 f'^ydx _ 1 f^ xydx _ ^ {" 

the lower limit being a; = 0, y = 1, taken to be in the first sheet, we have 

p Q -p D 



. P-Q „ P-E , 

for "2, -^ = 0, ^^^^ = 1 



25 ' 2P 

, P-Q . P-P 

for Ms, arf = 1. 



Ml = 1 - i, ^2 = 2, /is = 1 H- 1, 
= |(l-i), /ii = 2, /i2 = 0, yu,3 = 2, 



20 ~ ' 2C 
and the period scheme for Mj, u^, u^ is accordingly, from the results above, 



Ml 
■Ma 



i, 1, ^; -(!+*■), i 0, 

-(1-i), -(1+i), -(1+i); 0, l-{, -2i, 

- (1 - 0, -(1-i), S-i; - 2, 1 - 1, 2. 



_ , 1 f^da; . ,,, ., ie * C^xdx 

Put ., = ^, = _J^_, ,, = ^«,/(l_^) = __j^_, 



e * pdiT 

^2 ' 



'o r 



0, 


-1, 


0, 


0' 


1, 


-1, 


1, 


0, 


1, 


0, 


0, 


1' 


0, 


0, 


1, 


1, 


2, 


-1, 


1, 


1' 


1, 


-1, 


0, 


1 
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then the periods can be respectively written, 

V,; {hi)/ 0, 1, 

\ 1, 0, 

«,; {l,i)/ 0, 1, 

\-l, 0, 

^s; (1, 0/-1. -1' 
\ 0, 0, 

and, for each integral, are sums of integral multiples of 1 and i, so that each 
integral is an elliptic integral ; in each case 1 and i are actually periods, and 
so the multiplicity, calculated as {\keJi\Y, where k denotes in turn the 
matrices here written of two rows and six columns, is in each case 2, and 
each integral takes any value twice over on the Riemann surface ; in each 

case keji=2i j, and the index, as in all cases of a single integral 

reducing to an elliptic integral (or n = l), is equal to the multiplicity. 

TT .IT 

If we put x = -e *^, y = e * - 

the equation a^ + y = 1 reduces to 'k*+ fi* + v* = 0, and is xmaltered by 
96 linear transformations ; namely we may permute X,, /i, v arbitrarily, and 
may multiply any two of X, ij., v each by a fourth root of unity, giving 
6x4x4 transformations. With these changes the integrals v-^, v^, v^ 
become respectively 



-^jxdo}, v^ = ^jfid(o, Vs=-^jvdQ), 



, , adv — vdfi vd\ — Xdv Xda — udX 
where da = - — = = -. ; 

taking the first form of da it is manifest that dv^ is unaltered by taking 
X' : fjf : v = — \: fj,: V, a transformation changing into itself any one of the 
four points for which X = ; thus if L denote one of these points we have 

Xdw = I Xdco, 

J (L) J (L) 

and the two points for which the integral v^, integrated from any lower limit, 
takes the same value, are {X, /x., v) and (—X, fi, v). Similarly for v^ and v^. 
If we put 

X= = -e"^[8f(p-l)]5, fi = ^ + i, v = -e'*{^-i), 

which give X* + fi'^ + v* = 0, we at once have 

Xdco = f ^'^'i-^ = i V2 L f . 
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an elliptic integral of which the periods are 2A and 2Ai\ both 

•rri iri ni iri 

^ = i(e~'^lJL-v)/{e~* fi+v), and rj = 2^i{^^-l)i = 2*/2e'^X%e~^ /x + vY, 
are rational functions of the point (x, y) of the original surface af^ + y* = l, 

rri _ 

while conversely, x" and if, equal respectively to e * (^ + iy/r]'^2 and 

e* {^ — iy/r)'J2, are rational in (^, rj). A similar transformation to the same 
elliptic integral is possible for Vj and v^. This integral allows complex multi- 
plication, for instance* by ^=(^ — l)/2i^, and there are thus other trans- 
formations of the original integrals to the same elliptic integral. 

The equation x* + y^ = l can be solved by single valued functions of a 
single parameter in the form 

^1 + T\ 



: = el2 



where, with 



f 



See Weber, Elliptische Functionen (1891), p. 8G. See also Dyck, Math. 
Annal, xvil. (1880), p. 510. 

Example. This case furnishes an interesting example of the distinction to 
be made between the algebraic definition of a normal system of periods, 
such namely as satisfies the equations expressed by flefl = 0, and the 
geometrical definition by means of a canonical system of period loops forming 
a complete boundary of the Riemann surface. As is illustrated by a case 
below, it may sometimes be easier to determine algebraically a set of normal 
periods than to make a canonical dissection ; but it is only for a system 
of periods determined by such a dissection that the formula obtained above 
for the multiplicity is proved to have the interpretation attached to it. 

Take the integrals 

(Ml', m/, m/) = /\(\ -i), i(l - i), 1 - i \ («! , «2, -Ws) ; 

, -i(l + i), -\{l-i) 
i , i , 1 + 2i^ 

it is easily seen that their periods, calculated from the above scheme, are 






-{1-i) , 0, ^-i ; -3, 2, 3 

, -i, -2 ■ 1 , 0, -{l+i) 

-{\ + 2i), -1, -l-l-6i; 2-4i, - 1 + 2i -2 + U 



Denoting this scheme by O, we find at once that fiesfl = 0, namely that the 

* Of. the author's AheVs Theorem, p. 637. It is necessary to take r = a'^ + ^^ and to solve the 
congruences afc + (3A;' = 0, -j3ft + a&' = (mod. r) ; the ease r = 2 is that mentioned in the text. 
For this elUptic integral the complex multiplication is considered by Abel, (Euvres, i. (1881), 
p. 352, etc. 
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splice of any two rows is zero, and the periods obey the algebraic conditions 
for a set of normal periods. Putting now 



1 


-1 











-2 








-1 


-2 





-1 


1 


-1 





-1 





-2 


2 


-1 


1 





-1 


-3 


2 








-1 





-3 


,0 





1 


2 


-1 


1 



a matrix whose determinant is easily seen to be unity, the periods given by 

are a set in terms of which the periods D, may conversely be expressed with 
integral coefficients, and they are found to be 

n'= /I i 

1 t 

^00100 2i^ 

we -have then also fl'eefl' = 0, that is D.HeeHn, = 0, but not He^H = e^, 
and the periods fl' are not a set arising from a canonical dissection of the 
Riemann surface ; in fact we find 






4 


1 


-3 


1 


-5 


-4 





-4 


-8 


-7 





-1 


4 





-5 


-1 


-5 


3 


8 


5 





5 


-9 


-1 


7 


1 


-5 





-7 


5 





5 


9 


7 


0, 



The periods of m/ being written, from the scheme O, in the form 
(1, t)/-l 4-3 2 3\, 

\ 1 0-1 0/ 

since the determinants from k have unity as greatest common divisor, the 
multiplicity ( | kegk | )2 is 3 + 3 = 6 ; for u^' we may similarly write the periods 
(1,0/0 0-2 1 -1\ 

\0 -1 -ly 
and obtain the multiplicity 2 ; and for m/, with the periods 

(1, 2t)/-l -1 -1 2 -1 -2\, 
\-l 3-2 1 2/ 

the multiplicity is 2 + 2-1-2 + 6 = 7. Thus the integral < takes each 
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value six times on the Riemann surface, the integral u^ takes each value 
twice, and the integral u^ takes each value seven times. We have 



1- 



- I (X + ^ + 2i/) dm, 
/ (ifi + i;) dw, 

Ms' = n"! I (X. + /A + 21/ — iV) dw ; 

the two places where u^ has the same value are obtainable from the remark 
that the integral is unchanged by putting \ = — i\', fi = v', v = — fj!, a self- 
corresponding point of this transformation being X = 0, v + iix = 0. It is not 
obvious what are the six places where «/ has the same value, or the seven 
places where u^ has the same value. More generally we can find an infinite 
number of integrals of the form Pm, + Qu^ + Ru^, of which the periods are all 
expressible in the form M + Ni, where M and N are integers. 

75. For another example we take the equation 

•jfx + y + iT^ = 0. 

If we put s = — X, t= — y'x, which give x = — s, y = s^/(l — t), we have 

s' = t{l- tf; 

the two equations, so birationally related, are of deficiency 3, the integrals of 
the first kind being 

r sdt r s^dt f s*dt 

jt{i-t)' jt(i-t)' jt(i-ty 

We do not attempt to dissect the Riemann surface associated with the 
equation s''=t(l — ty, but consider the integrals on the plane of t. The 
values of s represented by the equation s^=t{l — ty have cycles at ^ = 0, 
t= l,t= 00 , at each of which all seven values change into one another; 
a closed circuit on the i-plane is equivalent, so far as giving rise to additive 
increments for the integrals, to a certain number of positive circuits of 
the points t = 0, t = l; a closed circuit equivalent to/ circuits positively round 
^ = and g circuits positively round t= \ will lead back to the same value of 

s if /+ 2g = (mod. 7), or ^ = 3/. If e = e ' , where m = 1, 2 or 4 according 
as we are considering the first, second or third of the integrals of the first kind 
written above, it is at once seen that the additive increment for the integral, 
by any closed path which leads back to the same value for s, is, save for 
a constant multiplier appropriate to the integral under consideration, a sum 
of integral multiples of the six quantities fii, fJh, ..., fj-e, where /aa = 1 — e*. 
For consider a path consisting of /i positive circuits of i = 0, followed by 
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g^ circuits of t = \, followed by /j, circuits of i = 0, followed by g^ circuits 
of t=\, and so on; we may denote this by 

{oy^iiy^ioy^iiy- ... {oy-iiy-, 

where, for instance,/) or g^, or both, may be zero ; if the values of the integral 
under consideration, from the initial point of integration with a definite one of 
the seven determinations for s belonging to this value of t, straight to < = 0, be 
called A, and straight to t=l, be called B, the closed circuit indicated above 
gives, for the integral, the value 

A - e-f^A + £/> (B - ^B'B) + ef^+^^iA - ef'A) 

wherein, by hypothesis, 

/,+ ... +fr+2(g,+ ...+gr)=0 (mod. 7); 
it gives then 

(A -B)[l- ef' + e-^'+^Si _ ^f'+f^^+^e^ + ... - €/.+-+/'+2(s',+-+6'r-,)], 
or 

(^ - -6) [m/, - M/1+2S-, + M/,+/,+2^, - ••• +M/,+...+/,+2(3,+...+ff,.,)] ; 
if then the integral under consideration be divided by A —B, and the 
quantities /j. reduced by the rule fih' = /JLh when h' = h (mod. 7), /ij = 1, the 
additive indeterminatenesses of the integral will be expressible by .sums of 
integral multiples, with multipliers the same for all the integrals, of the six 
quantities /^i, ..., /x^. Thus, if 

p_ [^ sdt ^ _ f 1 s'dt fi s'dt 

Jota-t)' ^- Jota-t)- ^ Jota^" 

so that. Fa denoting the gamma function T ( -) , we have 

p = -^sin^r,r,r„ Q=--sin^r,r,r„ i2 = --sin^r,r,r„ 

a scheme of periods for the integrals 



1 [" sdt 
"^ P}ot{l-t)' 


1 p ^dt 
""' QJot{l-ty 


U3-- 


1 r^ s'dt 
RJatii-ty 


is given by 








Ml 


Me, 


M5, Ms; Ml, 


M2, 


M4 


M2 


Ms, 


Ms, Me; M2, 


M4, 


Ml 


Us 


Ms, 


Me, M5 ; M4. 


Ml. 


M2 


2nh 











where fij, = l—e ' , these being the values of the integrals for contours 
respectively il,, XI5, fl^, D.^, D,^, fi^, where fl^ denotes a contour passing 
h times positively round t=0 and Sh times positively round < = 1. 

We proceed to shew how, by taking suitable linear functions of the 
integrals and suitable combinations of the contours, subject to the condition 
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that all period contours shall be integrally expressible by those adopted, the 
period scheme may be reduced* to 

w, 1, 0, 0, T, , 
Ws 0, 1, 0, 0, 2t, 
w^ 0. 0, 1, 0, , 2t 

where t^ = „ (t — 1 ), t = — ^ . 

It follows that each of the integrals w^, w.^, w^ is an elliptic integral. 
Putting 



G = 



and 




that 



it can be shewn that 



G=--{A + Bt)H; 

this can be established by direct calculation ; since 1, 2 and 4 are the 
quadratic residues of 7, being the residues of 3", 3^ and 3^ we have, if 

e = eT (Gauss, Werke, Bd. ii. ; Kronecker, Grelle, cv. (1889), p. 267) 

e + e' + €* = ^i-l+i'J7) = 2t - 1, e' + e' + e« = ^(- 1 - iV7) = - 2t ; 

but perhaps the simplest mode of verification consists in proving that 

Gff= / 7 , 4 - 2t, 3 + 2t\ , H'= /3 + 2r, 2 + 6t, 2 + 6tN 

3 + 2t, 7 , 4 - 2t I I 2 + 6t, 3 + 2t, 2 + 6t 

^4-2t, 3 + 2t, 7 J \2 + 6t, 2 + 6t, 3 + 2t^ 

* No proof is given in the text that this scheme belongs to a canonical dissection of the 
corresponding Eiemann Surface. In the period scheme given by Hurwitz, Math. Annale7i, xxvi. 
(1886), p. 123, the quadratic form corresponding to the matrix of the last three columns 

(T , T-1, -T \ 

T-1, -T , T j 

- T , T , T - 1/ 

is not a definite form, the diagonal elements not being of the same sign. For Hurwitz's form, 
save for an interchange of the last two columns, see also Klein-Fricke, Modulfunctionen, ii. (1892), 
p. 695. 
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and then that GE = {A + Bt)H\ 

the steps being all very easy, the three matrices involved in the last equation 
being symmetrical about the cross-diagonal. The determinant of the matrix 
H is easily found to be 7(2t — 1), which is not zero. 

Having proved that G = {A -{■ Bt)H, consider the integrals w = Pu, or 

(Wi, Ws, W3) = /P„, P12, P,3\ (Mi, Ma, M3) ; 

-^ 2i> -' 22? "is 

^-^ 31> -^ 32) -* 33y 

their scheme of periods is, for w;, 

^il-"n + -''^i2-"21 + -^ 13^31) ••■> -t 11 trjs + -I 12 ^23 T -1 is 1^3! 

namely consists of the two matrices 

PH, PQ; 
take P=/-l, 0, 0\ ^-^ 

1, 1, 

1, 0, 1^ 

the six lines constituting the scheme of periods for w,, Wa, w^ are then formed 
by the juxtaposition of the two matrices 

^-1, 0, 0\, /-I, 0, 0\H-'O; 

1, 1, oj I 1, 1, 

1, 0, 1/ \ 1, 0, 1, 

now we have remarked above that GH~^ = A + Bt, or 

0H-'=/ T, 1-T, -t\, 

T, T, 1 - T 

_ _ J--T, -r, 

so that, from U = H, G = 0, 



H~'G = H-'G = GH~^ = / T, - T, 1 - t\ ; 

1 — T, T, — 

— T, 1 — T, 

hence the scheme of periods for Wi,w^, w^, is 






- 1, 0, 0, - T, T, - 1 + T 

1, 1, 0, 1, 0,1- 2t 
1, 0, 1, 0, 1-2t, 1 

Now take other loops ; the period columns in the scheme just obtained 
correspond respectively to Oc, Hs, Os, Qj, fla, 1X4, where Oa denotes a loop 
going h times positively round < = and 3/i times positively round t = 1, this 
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being a path which brings back s, and the subject of integration in each 
integral, to its initial value ; we take the following loops 

in terms of which conversely the original loops are expressible, namely by 

ne=-ne' + n/ + n3', n,=n; , 03=^3' 

then the period scheme for w^, w^, w^ becomes 



-1, 


0, 


0, 


-T, 


1, 


1, 


0, 


1, 


1, 


0, 


1, 


0, 



which is the same as 



Wo 



-1+T 


\ 


/-I' 




0, 


0, 


0, 


1, 





1-2t 


V 


1, 




1, 


0, 


1, 


1, 


1 


1 


/[ 


1, 




0, 


1, 


0, 


0, 


1 




/ 


0, 




0, 


0, 


-1, 


-1, 


-1 




\ 


0, 




0, 


0, 


0, 


0, 


-1 






\ 0, 




0, 


0, 


0, 


-1, 





1, 0, 


0, 


T, 





J 











0, 1, 


0, 


0, 


2 


T, 











0, 0, 


1, 


0, 





y 


2t 









where, Ui, u^, u, being certain numerical multiples, previously specified, 
respectively of the integrals 

sdt f^ s^dt 



lot{l-t) 

iirih 

and /xa denoting 1 - e ' , we have 
iWi,W2,Ws)= /-I 
110 
1 1 



/, 



^ s^dt 



(1-0' Jotii-ty 




-l(Wl, Ms, «3). 



It is thus clear that each of the integrals Wi, w^, w, is reducible to an 
elliptic integral. The equation y'x + y + ae' = 0h3i.s been much discussed. In 
the homogeneous form xf + yz' + za^ = it is transformed into itself by a linear 
group of 1G8 transformations; see for instance Khm-Fricke, Modulfunctionen, 
I. (1890), p. 692 £f. ; Weber, Algebra, ii. (1896), pp. 282, 433 fif., and the 
references there given to original authorities ; also Burnside, Theory of Groups 
(1897), p. 302, and Poincare, Liouville, Series 5, IX. (1903), p. 167. The 
number 168 is the greatest number of (1, 1) correspondences possible for a 
Riemann surface of deficiency p = S (Hurwitz, Math. Annal. XLi. (1893), 
p. 424). A rational function t of x, y, z can be given which is unaltered by 
the 168 transformations, and only by these; if this be taken as independent 
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variable the functions du^ldt, du./dt, du-Jdt satisfy a linear differential equation 
of the third order with coefficients rational in t whose monodromy group is 
then that of the 168 transformations (Hurwitz, Math. Annal. XXVI. (1886), 
p. 120). The independent variable being chosen so that the critical points 
are at t = 0,t=l,t = aa , denoting the dependent variable of the differential 
equation by y, and putting 

^1 — y> ^2 — Ji ) lXs—t(t i.) J , 

the differential equation may be replaced by the three 




72.11 
where -^=^ + ^. M = N 1^^ — . It is at once seen that the matrices 

here multiplying - and ^ have both linear invariant factors, and that if 

di, 02, O3 and (^j, <f>,, ^3 be respectively their roots, we have 

(■gw;9,_ g2rie,^ g'in0,j ^ (^i^ (y_ ^2)^ 
where w^ = 1, and 

/g2irii|>, g2ir!V>2 g2T»*8") = Q 1 1 ). 

Cf the author's paper, Proc. Lond. Math. Soc, xxxv. (1902), p. 371, and 
p. 347. 

Note I. It may be enquired how far the preceding is capable of 
generalisation to the case of an equation 

sP = «« (1 - t)", 

where p is a prime number, and a, b are positive integers less than p. The 
integral 

s'^dt 



I 



t^ (1 - ty 

will be of the first kind if fx, be an integer just greater than Xa/p, -which, if 
X<p, is necessarily fractional, say if fi = E (Ka/p)+l, where E{x) denotes 
the greatest integer contained in x ; similarly v = E ()di/p) + 1 ; and also 

/j, + V (a + 6) - 1 > 0, or 

p \p/ p \f J 
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using Riemann's formula ^w — n + 1 for the deficiency, we have, for 
sP = «»(1 - tf, l + ^(Sp-S-2p) = ^(p-l), which then, for any positive 
prime p and a < p, b<p, is the nn mber of integers X less than p satisfying 
the last written inequality; in fact, if X' + \=p, since Xa/p is not an 
integer, we have 

and 

X(a+b) ^lXa\ ^(Xb\ X'(a+b) ^fX'a\ ^/V6n , 

P \p J \pJ p \ p / \p ) 

If we put Xa = \Xa] + Mp, Xb = [Xb] + Np, 

where [Xa], [X6] are the least positive residues, mod. p, the condition is the 
same as 

[Xa] + [X6]<p. 

Denoting by ^r a proper (primitive) root of p, and putting a = g''^, b = g''' 
(mod. p), if the inequality is to be satisfied by X = g'i^, whatever /u, may be, so 
that the ^(p — l) values of X are to be the quadratic residues of p as in the 
case s' = < (1 — ty, the condition will be 

and will be satisfied only by those primes p of which every two quadratic 
residues have a sum less than p. It can be shewn that if p is of the form 
4n + 3, the only possibility is p = 7. And no prime of the form 4n + 3 exists 
such that every two quadratic non-residues have a sum less than p. 

Note II. We may consider more generally the case 

y'^ = (x-C,f'...{x-Cmf'^, 

where n, h^,..., hm are positive integers, and each of hi, h^,..., hm and 
Ai + . . . + A,„ is prime to n. The deficiency is then given by 

{m + 1) (n - 1) - 2?i = 2p - 2, 

or p = \{m—\){n — \). 

A positive circuit r times round Ci and s times round Cj will lead back to the 
same value of y if Ajr + h^s = (mod. n) ; as As is prime to n, this gives a 
value for s corresponding to an arbitrary value of r ; we thus obtain, taking 
circuits round the (m — 1) pairs, (cj, Ca), (cj, Cg), ..., (cj, Cm), with, in each case, 
r equal in turn to 1, 2, ...,(« — 1), in all 

2p = (m-l){n-l) 
periods, of the form 

(Pi-P,)f^,...,(P,-P,)fjL„.i; (Pi-P,)iJ^ (P.-Ps) /.„_,;...; 

(P,-P,,)/^ (Pi-Pm)Mn-i, 

2ir?4 

where /^j = 1 — e " and Pk is the value of the integral taken from the initial 
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point to the point x = c^. There remain the problems of determining whether 
every period is an aggregate of these, and of determining 2p canonical loops 
on the corresponding Riemann surface; and of extending the results to 
the case where n, h^, ...,hm are any integers. The forms of the integrals 
of the first kind are determined by Weierstrass, Werke, iv. (1902), 
pp. 135—145. 

76. Another example of the occurrence of defective integrals of the first 
kind is furnished by the curve of order 8 given in Example 11, at the top of 
p. 155 of this volume. This curve has the properties : (i) it is of deficiency 9, 
the forms of the integrals of the first kind being given in that Example ; 
(ii) the coordinates of points of the curve are expressible as single valued 
quadruply-periodic functions of two variables, the variables being connected 
by a fixed relation (the equation of the plane determining the curve as a 
section of the hyperelliptic surface) ; (iii) there are two integrals of the first 
kind for the curve which reduce to hyperelliptic integrals of four columns of 
periods, these being the arguments of the quadruply-periodic functions. This 
case therefore furnishes a very exact example of the general theory considered 
in the previous chapter of this volume, in virtue of the property (ii). 

Note. It may be remarked that if the equation of § 72 be rendered 
homogeneous by writing « = 1 + | (ea; +/i/), it takes the form 

{z'' — (jt^y = 4:xy (ax + by) (ex + dy), 

where <^2 is homogeneous of the second degree in x, y, representing a quartic 
curve of which four bitangents are concurrent ; that this geometrical property 
is a necessary and sufficient condition, in the case of a plane quartic, for a 
defective elliptic integral of rank 2, is proved directly by Kowalevski from 
the transcendental result here obtained in § 71 ; the curve is a projection of 
the space curve intersection of the quadric surface 

z^ — <^„ = xt, 

and the cubic cone xf^ = ^y (ax + by) (ex + dy) ; 

the elliptic integral of a plane section of the latter is the defective integral of 
the text. The equation z* = iS^ + y* of § 74 is, geometrically, a particular case. 

See further. Appendix to Part II., Note IV. 



CHAPTEE IX. 

PROPOSITIONS FOR RATIONAL FUNCTIONS. 
EXPRESSIOX OF A GENERAL PERIODIC FUNCTION BY THETA FUNCTIONS. 

77. In what follows we have in mind the theorem, formulated by 
Kronecker (Werke, n. (1897), p. 275 ff.) that the points (^j, z., ...,^„) 
satisfying any set of polynomial relations 

Gi{Zi,---, Zh) = 0, ..., Gm(Zi,--.,Zn) = (), 

are those belonging to a certain number of irreducible algebraical constructs, 
each of these constructs being represented by a set of equations of the form 

J \y> -^ii • ■ • J ^n—k) — ") ^n—k+i = 7v i • • • > '"^ n = ^ j 

herein x^, x„, ..., «„ are independent general linear functions of z^, ..., z^, to 
be used to replace these in the original equations and so eliminate any 
accidental want of parity in the way in which z^, ..., Zn enter into the 
original equations, the function / is a rational polynomial in y with 
coefficients rational in «!,..., a;„_t which is irreducible in this form, and 
/' denotes df/dy, while </),j_j;+i, ..., <^„ are polynomials in y with coefficients 
rational in «!,..., a;„_i;. Points ( j:;; , . . . , a;„) for which simultaneously /=0 
and y' = do not arise for all values of a;i, ..., Xn-k, but only when these are 
connected by relations, and thus are given, in the arrangement here taken, by 
equations of the form above with k changed into A: + I ; in other words the 
algebraical construct above, until conventions as to its limiting points are 
introduced, is an open aggregate. To place the result in a clearer light we 
reproduce the proof in outline. 

Having introduced the variables x^, ..., Xnin place oi z^, ..., Zn, take 

y = UiXi+ ... + «„a-„, 
where «i, ..., w„ are constants, to be retained as explicit indeterminates* in 

* For Eronecker's insistence on the significance of Gauss's introduction of such quantities, 
see Werke, ii., p. 355. The discussion of the distinction to be made between them and numerical 
quantities is a matter of interest. One striking illustration of their use is in the problem of the 
theory of Groups, of finding a function unaltered by a specified sub-group but altered by any 
transformation of the fundamental group which does not belong to this sub-group ; it may some- 
times be easy to find such a function involving explicit indeterminates while difficult to specify 
precise numerical values which may replace these and leave the property of the function unim- 
paired. In the paper referred to, Kronecker gives other illustrations ; and in the theory of 
irreducibility a theorem of Hilbert's, Crelle, ex. (1892), p. 121, may be cited. 

B. 18 
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the succeeding work. Thereby, after multiplication by a proper power of Un, 
replace the original equations by polynomials in y, x^, ..., «„_i and itj, ..., it„; 
each of these may be supposed decomposed by rational processes into a 
product of irreducible polynomials in y, whose coefficients are rational in 
«!,..., Xn-i , «i ,...,«„; and, of any one of these irreducible factors, entering into 
any one of the polynomial equations, all powers higher than the first may be 
removed. The original equations are then replaced by a set of equations 

Hi{y, «!, ..., Xn-i) = 0, ..., Hmiy, osi, ..., a;„_i) = 0, 

in each of which the left side is a product of first powers of irreducible 

polynomials; all points {z^, ...,Zn) satisfying the original equations satisfy 

these, and conversely. 

If now these polynomials H^, ..., Hm have a common rational irreducible 

factor, let it be Fi(y, Xi, ..., a',i_]), and let Hr/F^ be K,.; the points satisfying 

the original equations thus satisfy, either, 

-f 1(2/, «!,•••. «>v-i) = 0, 
or, all the equations 

Ki(y,x,, ..., a-',i_i) = 0, ..., Km(y,x,, ..., Xn-i) = 0, 

and conversely. Consider now the latter equations; form from these 

the two 

Xjifi + ... + Xm^m = 0, /XiZi + ... + fMmKm = 0, 

wherein Xi, ...,\m, A'li ..., /timbre undetermined multipliers; from these two 
the variable a;,i_i can be rationally eliminated, and the result arranged as a 
polynomial in the 2m quantities Xj, ...,Xra, fii, ...,/Lt,„, whose coefficients, say 
Li, L2, ..., are rational integral polynomials in y, x^, ...,a;„_2. Any set of 
values of 1/, a'l , . . . , a;,i_i which satisfies all the equations Ki = 0, ...,Km = (^ 
gives then a set of values of y, x^, ...,»„_„ which makes every one of these 
coefficients L^,L.2,... vanish; conversely every solution of the system 

Li{y, a?!, ...,a;,i_2) = 0, £2(2/, x^, . . . , a;„_2) = 0, ..., 
taken with an appropriate value of Xn-i , independent of Xj , . . . , X,„, /Aj, . . . , /Lt,„, 
gives a set of solutions of the equations K^ = 0, ..., Km = 0. 

We can then proceed with the equations ii = 0, 1^2 = 0, ... precisely as we 
did with the equations Hi = 0, ..., H^ = ; obtaining first a single equation 

^ 2 v2/> ^1 > • • • 1 '^n—2) '^ ") 
and then a set of polynomial equations in y, x^, ..., Xn-3 ; and so on. 
Eventually the original system of equations is replaced by a set 

Fk{y,x„...,Xn-k) = 0, (k=l, 2, ...,«), 

wherein any one or more of the n equations i'j = may be absent ; any 
solution of the original equations gives rise to a solution of one of these 
equations, and conversely, any solution of the equation F]i=0, coupled with 
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appropriate values of the k variables a;„_j;+i, ...,^»i. gives a solution of the 
original equations. These appropriate values are determinable at once. For 
let f{y, a.'i, ...,Xn_k) be a factor of Fy^ which is rational in y, x^, ...,Xn-k and 
irreducible in this form ; the equation / = 0, wherein the indeterminates 
«i, ..., M,i enter, may be written more at length in the form 

we seek the solutions x^, ..., Xn independent of Mj, ..., Un; we may then 
differentiate in regard to Un-k+r, and so obtain 

or say x„_k+r = ^yP^ , (r = 1 , 2, . . . , /.■). 

The original set of ccjuations is thus replaced by a series of sets of equations 
each set of the form 

J (2/) '^i ) • • • ; ^n—k) ^^ "i ^ii—k+1 ^ 3v > • • • ) *n = "7v • 

If there are points, independent of the indeterminates Mj, ..., Un, satisfying 
the equations 

f{y, X^,..., Xn-k) = 0, J-{y,Xu..., Xn-k) = 0, 

these will also satisfy an equation, obtainable by elimination of Xn-k from 
these, of the form 

F(y,Xi, ...,Xn-k-i) =0, 

from which as before the appropriate associated values of Xn_k> ■■•.«« are 
deducible. 

By the foregoing any set of equations connecting x^, ...,«„ is replaceable 
by the single equation obtained by setting equal to zero the product of 
a set of factors of the form f{y,Xi,...,Xn-k)- For example the three 

equations 

y — z' = 0, yz — x = 0, xz — y^ = 0, 

which represent a cubic curve in the space {x, y, z), are replaceable by the 
single equation 

f{t, x) = {i — xuf — dviux {t — xu) - X {v^x + w') = 0, 
where t = ux + vy-{- wz, 

from which the appropriate values of y and z are obtainable. It is found 
here that the two equations 

f(t,x) = 0, %{t,^) = 
are only satisfied when 

18—2 
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which gives no point independent of m, v, w. Or again the two equations 

are replaceable by the single equation 

f{t, x) = [{t - ux) (b-b'- 2gb'x) + (ba - b'a) wx'f 

+ a?v' {b-b'- 2gb'x) {a - a' - 2ga'x) = 0, 
and here, by eliminating x between the equations 

f(t,x) = 0, |'(i,a;) = 0, 

we arrive at 

t [4!g^a't -2g(a-a')u + w{a- a')'] = 0> 

of which the former factor gives the double point x=0, y = 0, z = of the 
curve, and the latter factor the point 

a — a' . (a — a'Y 

2ga ^ 4/a 

But this replacement, of a set of equations connecting x^, . . . , «,i, by a single 
equation such as /(y, x^, ..., «■„_*) = 0, or Tlf(y, «i, . . . , ««_*) = 0, is dependent 
on the retention of the indeterminate quantities Ui, ... «„. A single irreducible 
algebraic construct of dimension n — k, in space of n dimensions x^, ...,Xn, is 
not necessarily representable by k equations connecting x^, ...,a;„, without 
indeterminates ; that is, any k such equations may be such that they neces- 
sarily represent other constructs beside that which they are constructed to 
define. For example*, consider in three dimensions a quintic curve having a 
chord which cuts it in four points. It is known that no quadric surface 
contains this curve ; if we seek to define it by the intersection of two surfaces 
these must at lowest be cubics, and will have a further intersection; if we seek 
to define it by three surfaces of orders fi + 3,v + 3, p + 3 passing through it, 
these will have other points common, in fact of number 

fj,vp + 3 (z/p + p/i + fiv) + 4< (/J, + V + p), 

which number vanishes only when all the surfaces are cubics ; but three 
cubics do not define the curve since, being met by the four-poiut-secant in 
four points, they all contain this secant. It is thus impossible to assign three 
surfaces containing the curve which have no other common point ; and four 
surfaces are necessary. And in general the theorem is stated by Kronecker 
that to define a construct, or system of constructs, of whatever dimension, in 
space of n dimensions, n+1 polynomial equations are suflScient, and may be 
necessary f. 

78. Let f{y, x) be an irreducible rational equation of order k in y. 

Consider the aggregate of all rational symmetric functions of n arbitrary 

unconnected pairs («i, y^), ..., («„, ?/„), each function being rational in the 

* Vahlen, Crelle, cviii. (1891), p. 346. 

+ For a proof, see Molk, Acta Math., vi. (1885), p. 159. 
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2n quantities x^, ...,«„, y^, ...,yn, and symmetric both in regard to x^, ...,«„ 
and in regard to yi, ...,yn- Particular cases of such functions are the 
coefficients of the powers of 6 in the product {6 + x^{6 + x^ ... {6 + Xn), 
namely 

f 1 := a?! + . . . + a;,i , ^,^ = x^x^-r . . . •\- x^—iXn , •••, f m ^ ^i^^a . . . x^. 

It is known, if x = c be an arbitrarily taken particular value of x, that 
rational functions gi(x, y), ..., gii_i(x, y) can be chosen, unconnected by any 
equation 

if„ + u^gi {x,y)+...+ uic-i gic-i («, 2/) = 

in which m„, Mj, ...,ui_^ are rational functions of x, becoming infinite for no 
(finite or infinite) value of x other than x = c, in terms of which all other 
rational functions of x and y, which become infinite only for the points at 
which x = c, can be expressed, in the standard form 

Po + Pigi {x,y) + ...+ Pk-igk-i («, y), 

where P„ denotes an integral polynomial in (x — c)~^; every function of 
the form 

[A + A,g, (x,y)+...+ Ai:_^gk-, (x, y)]j{x - x^, 

wherein A, A^, ..., J.i_i are constants and x-^ is not equal to c, must then 
become infinite for some one of the {h or less) places at which x = x^, since 
otherwise, being then only infinite for x — c, it would be capable of expression 
in the previous standard form (see the author's Abel's Theorem, Chapter iv.). 
Let Pi, ..., p!i_i be any such integers that 

(x - cy^g, (x, y),...,{x- c)Pi'-^gk-^ (x, y) 

all vanish for every place x = c. Take undetermined constants Xi, ...,\j;_i, 
and put 

H {x, y) = \(x- c)P'g, {x,y)+...+ Xjt_i (x - c)P>'-'gk-i {x, y) ; 

then r) = E{Xi,yi)+...-\-H{xn,yn) 

is also a rational symmetric function of the n places {x^, y^), ... , («„, y^). 

It is clear that any rational function of ^j, ..., ^„, t? is a rational symmetric 
function of (x^, y^), ■■■, (xn, yn)', we proceed to shew conversely that any 
rational symmetric function of («!, y^), ..., («„, y„) is rationally expressible 
by ^1, ■■■,^n,v- 

To any value of x belong k values of y, which, save for a finite number of 

values of x, are different; thus when fi, ..., |h are assigned, and thereby the 

set Xj, ..., Xn, there correspond A" values of r), say ?;'•*, ■»;'-', ... ; the product of 

the k^ factors 

(0_^(i))(5/_^(2))... 

is then rational in fi, ..., |„, and there exists an equation 
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of order /c" in 77, rational in ^1, ..., ^„, ?;. We proceed to shew that it is not 
the case that there exist equalities between the values of r; which are the 
roots of this equation for all values of ^j, ...,^n and Xj, ...,\k-i- 

For any two of the A;" values of t? are of the form 

H{x,, 2/,('))+ ... + ir(^„, 2/„'^-'); H{x,, 2/,'^')+ ... + if (^„, i/„'-^0, 
where, of the n couples, {i, I), ..., (j, J), not every one can consist of two 
equal integers ; suppose i =^ / ; the difference of these values of t] is 

+ Xi_, {x, - c)P'^' [gic-, («!, 2/1'^') - gk-^ {x„ 2/,'^')] 
+ 

+ X, {xn - c)*' [gr, {xn, 2/„'-^'') - 5-1 {xn, 2/n'-^')] + • • • 

if these were equal for all values of «!,...,«„ they would be so for 
X2 = c, X3 = c, ...,Xn= c, and therefore 

\ (*i - c)^- [gi (^1- 2/1'") -^1 (^1, 2/1'")] + ••• 

+ Xit_i (x, - c)»-i [srj_, («i, 2/i«) - S'i-i (a:a, 2/1 '-"')] 

would vanish for all values of a.'] and all values of Xj, ...,Xj;_i ; for all values of 
Xj we should then have 

giixu 2/i'*')=5'i(«i. Vi'")' ■■■,gk-i{xu 2/i''') = <7*-i(«i. yi'^'); 

suppose this were so, taking a value of x^ for which the corresponding values 
of 2/1 are all different; denote g,(xi, y/') by a,-; we can choose A^, ..., Ai_, 
so that the ^ - 2 expressions 

^1 [5^1 {xi, 2/1'") - Oj] + . . . + .4i_i [5rit_i («!, 2/1"") - ai_i], 
for s equal in turn to the values from 1,2, ...,k other than i and /, are all 
zero: then the 'function 

G = A-, {g^ (a;, 2/) - Oi] + . . . + A^_-, |>i_i («, 2/) - a*_a] 
would vanish for all the k places at which x = x-^, and the function (?/(« — a;,) 
would not be infinite for x = x^. We have seen that this is impossible. 

We can therefore give particular numerical values to \, ..., Xi_i such that 
the integral polynomial in ^i, ..., ^n obtained b}' elimination of ri between 
F=0 and dFldrj = is not identically zero. And if f be any rational 
symmetric function of the n places (xj, 2/1), •■•, (xn, yn), and fi be an 
undetermined constant, the function of r] + fi^ satisfies a rational equation 

for which -^i C??, ?i, • • . , ^n, 0) = F{r), |i, . . . , f„) ; 

thus we have 
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whereby ^ is expressible rationally in terms of fi, ..., f,i, ■»;, for all values of 
these other than those for which F=Q, dF/dr) = are both satisfied. It may 
be remarked also that the function F(r], fi, ..., f,i), regarded as an integral 
polynomial in rj with coefficients rational in ^i, ..., ^„, is irreducible; for y^ is 
known* to be a monogenic function of x^ ; thus 77 is a monogenic function of 
«] , and therefore also of «] , ...,««, and therefore also of ^1 , . . . , f„ ; thus if there 
be two or more rational factors of ^(7?, f,, ..., ^,1) they must be identical and 
F must be a perfect power ; we have however seen that the values of t) are in 
general different. 

Consider now the correspondence between the set of places {x^, y^), ..., (xn,yn) 
on the Riemann surface, and the place (^1, ■-., f«, 77) of 2^(77, ^1, ...,^„) = 0. 
When (,ri, y^), ..., («„, yn) are given, the place (^1, ..., f,,, 77) is determined 
without ambiguity by means of ^1 = x-^+ ...+Xn, ■■■, ^„ = a;i«2 • • • «« and 
V = H{a:i,yi)+ ... + H(x.n,yn)- When ^1, ..., |^„ are given, the set x„Xs,,...,Xn 
is determined ; and, if r be any positive integer, the function 

'^1 2/1 + • • • + *n yni 

which is rational and symmetrical in (x^, y^, ..., («„, yn), is, by what we have 
proved, rational in ^1, ..., ^„, 7?, so that we may write 

x/y,+ ... +Xn''yn = Priv, ?i > ■ ■ ■ , ^n) ] (r = 0, 1, ..., (ll - 1)); 

from these n equations y, is determined rationally in terms of ^i, ^i, ..., ^n, V- 
The place (^i, ..., ^„, 77) thus determines uniquely a set of places (x^, y^), ..., 

\^n> yn)' 

79. Let ^j, ..., f„ be independent variables, and 77 an algebraic function 
of these, determined by an irreducible polynomial equation 2^(77, ^1, . . . , ^„) = 0. 
Consider a certain infinite aggregate of rational functions of ^1, ..., ^,1,77, not 
including necessarily all rational functions, but such that any rational function 
of two or more of the elements of the aggregate, with constant coefficients 
(belonging to the assumed rationality-domain), also belongs to the aggregate. 

It is then evident that any n + 1 functions of the aggregate are connected 
by a rational relation, but it may be that a rational relation always connects 
a certain less number of the functions. Let /u, be the greatest integer 
such that there are fi of the functions unconnected by a rational relation 
(fi^n), and ^1, ...,<f>^ be fi functions of the aggregate not so connected; 
then every /j,+ l functions of the aggregate are connected by one or more 
rational relations ; thus if yfr be any function of the aggregate other than 
(^i, ...,^^ we have an equation (i/^, 0i , . . . , ^^) = 0, and, if, in this, for 
yjr, (f)i, ..., c})^ are substituted their rational values in terms of fi, ..., f„, 77, 
the equation is either satisfied identically for all values of ^1, ..., f,i, 77, or, if 
not, the result contains 77 and, when arranged as a polynomial in 77, divides 

♦ Cf. § 52 above, and Proc. Land. Math. Soc. iv. (1900), p. 116. 
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by i^ (77, ^1 , . . . , ^„). We can suppose the equation (i|r, (f>i, ..., <f>^) = arranged 
as a polynomial in -v/r ; if it be not irreducible let it be arranged as a product 
of irreducible polynomials in i//- with coefficients rational in ^1, ..., 0^; two 
such polynomials which are not identical cannot both vanish identically in 
virtue of F{7], ^1, ..., ^„) = 0, or there would exist a rational relation con- 
necting <^i, ..., (f>i^ only; contrary to hypothesis. Similarly there cannot be 
any other relation {ylr, <pi, ..., (f>^} = independent of (i/r, ^1, ..., (f>^) = 0. 
There is thus one irreducible relation [1/^,^1, ..., <^f.]=0, of which every 
other rational equation connecting yjr, cf)^, ..., cp^ is an identical rational 
consequence. 

Consider now the equations 

(f>i=ai, ..., (j)^ = a^, F{r), ^1, ..., f„) = 0, 

for independent undetermined values of a^, ..., a^. These equations may be 
satisfied by points or constructs which do not vary when a^, ..., a^ vary, or 
for which one or more of the functions ^1, ..., (^^, F is indeterminate; such 
solutions we do not consider : we desire to make it clear that the solutions of 
these equations, variable with Oj, ..., a^, and holding independently of any 
relation connecting the values of these, which give definite values to each 
of the functions 0i, ..., <^^, i^, consist of constructs of (n — fi) (complex) 
dimensions. The first equation (^, = ai, coupled with F = 0, has for solution, 
variable with iXi, one or more constructs of (n—1) complex dimensions; the 
points of such a construct which give to <p2 a determinate value will not, 
unless further conditioned, render cf)^ equal to a^ for any value of a^ ; thus the 
points to be considered which satisfy both ^i = ai, and <p.2 = ai, are upon one 
or more constructs of (?i — 2) complex dimensions. And so On*. Let then 
N be the number of irreducible algebraic constructs of (m — /x) dimensions 
satisfying the equations, variable with «!,..., a^. Any function i/r, rational 
in fi, ..., ^,1, ■j;, is capable of taking every complex value upon such a 
construct unless it is constant upon the construct : by hypothesis we are now 
only considering functions -^ such that there exists a unique irreducible 
rational equation [-v/r, ^^, . . . , i^J = ; the values of ->|r, for points (fi, . . . , ^„, r/) 
giving definite values aj, ..., a^ to ^j, ...,<f>^ and variable with these values, 
are therefore finite in number: we infer therefore that the function yfr is 
constant upon each of the N constructs given by (^i = aj, ...,^^=aj., i''=0. 
There is thus an upper limit iV", independent of -\{r, for the order in yjr of the 
equation [i/r, (|)i, ..., (/)^J =0, though this limit may not be reached. 

* Or thus : if F be of order k in -rj, and ip-^^i') denote (/ij (i?!''), ^j , . • . , |„) , the product {<t - <p^(^>) . . . 
(ff - 0i'*l) is manifestly rational in ^j , . . . , |„ , and thus 0, satisfies an equation / (0j , fi , . . . , |„) = 0. 
If not irreducible this is a power of an irreducible polynomial ; for an equation 

/l[*l('!,?l, ■■•,?„), ^l,...,ln]=0, 

satisfied by one root tj o{ F{ri, fj, ... , J„) = 0, is satisfied by all roots. Thus the equations above 
lead to irreducible equations ifj (flj, fj, ... , y = 0, ... , Hfi{a^, fj, ... , ^ = 0, which, excluding 
rational functional relations connecting Oj, ... , a^, are independent. 
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We may then take for •x/r a function, among the aggregate of rational 
functions of fi, ..., ^n, V under consideration, for which the order in yfr of the 
relation [yp-, <^i, ... , <^^] = reaches the highest value, say M, which is attained 
for any of these functions : the values of i/r upon the JSf constructs, if 
M <N, are then repetitions of iV^ different values, which we may denote by 
1)^,1)2, ...,hnj; we call a set of one or more of these constructs upon which ->/f 
has the same value a -v^-range. Now let 'x^ be any other rational function 
of the aggregate under consideration ; as before it is constant upon each of 
the N algebraic constructs ; we can prove that its value is the same upon all 
the constructs constituting any i/r-range. For let the different values which 
it takes upon the N constructs be denoted by Cj, Co, ..., and let X be a 
constant not equal to any one of the finite number of quantities (&,• — bj)/(cp — Cq); 
consider the function yjr — X'x^. In virtue of the restriction upon the value 
of X, this function, yjr — X%, cannot have the same value for two constructs 
not belonging to the same yjr-T&nge, for upon these constructs the values of 
•>|r are different ; it has then at least M different values upon the N funda- 
mental constructs, and it will have more than M values unless it have the 
same value for all the constructs of every i/r-range ; but, by hypothesis, there 
is no function of the aggregate considered with more than M different values 
upon the fundamental N constructs. The function tjr — X'y^, and therefore 
also x> h^s thus the same value over every i/r-range. If then g], e^, ..., e^j 
be the values of -v/r — X% for the various -v/r-ranges, there being, possibly, 
equalities among these values, the function i/r — X;^ satisfies an equation 

H-i=[-^ — XX> ^i>--->^M> '^l = 0> whose roots, when </)i = ai ^^ = a^, are 

e],...,ev, and we have 

{t/t, <^„ ..., cj)^, 0} = [f, (pi,---, 4>H-l =-9'. say. 
Hence we have 

Thus every rational function of ^i, ..., ^n, V, belonging to the aggregate 
considered, is rationally expressible by ^i, ..., (^^ and y^r. This is the result 
we desired to establish. 

80. We are now in a position to establish clearly the theorem, which was 
one of the main objects of the Second Part of this volume, that the most 
general single-valued multiply-periodic meromorphic function is expressible hy 
theta functions. 

Let 4>(Ui, ..., Un) be such a function, with period system cr. As shewn 
in Chapter Vll. (p. 199), we can obtain a Riemann surface, of deficiency j9, upon 
which there is a defective system of integrals of the first kind, of number 
n'z P> whose period system at the period loops, IT, is expressible in the form 
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n = zrh, where A is a matrix of integers of type {In, 2p) ; these integrals 
being denoted by t*!*-", ...,«/'", the congruences 

(Mod. n), 

wherein (aj), . . . , (a„) are arbitrary places upon the Riemann surface, are 
satisfied by a finite number of sets of places (xi), ..., (xn), whose number 
we have found (p. 250). The function ^{Ui,..., Un), considered under the 
form 

is a rational function of each of the places (Xj), . . . , («„), as we have already 
remarked, and is symmetrical in regard to these. It may then, as proved 
in this chapter (p. 279), be regarded as a rational function of n+1 variables 
?i. •••; ^ni Vi which are connected by a rational equation F(r], ^i, ..., ^n) = 0. 
Any single-valued meromorphic function of U^, ...,Un with the periods ot, 
is similarly rationally expressible by ^j, ■■■, ^n,V'i ^^^ any rational function 
of two such meromorphic functions with these periods is equally a single- 
valued meromorphic function with these periods. The aggregate of single- 
valued meromorphic functions of U^, ..., Un with the periods ^-is thus such a 
corpus of rational functions of fi, ...,^n,7j as that considered in § 79 (p. 280) ; 
and from among them a certain number, fi + l, of periodic functions, them- 
selves connected by an irreducible rational equation [yjr, ^i, ... , (pi^] = 0, can be 
selected, in terms of which all others are rationally expressible, the number 
/x being 5 n. And in particular, a single-valued meromorphic function of 
Ui, ..., Un which is periodic with a system ■s7„ in terms of which the system 
OT is expressible in the form ot = CT„if, where -H" is a matrix of integers, even 
though iD-„ may not be similarly expressible by ot, is expressible rationally by 
fi+l functions with period-system t^ ; for it too has ct as a period-system. 

This result is in itself of great interest. To apply it to the case in 
hand, it will be clearest to use the notations previously employed (p. 225) ; 
we had 

^ = ^'g, ^'c = «,0), < = ^(1, <r)/, /=('''^o; J)e, 

where 5^ is a unitary matrix of type (2?i, 2n), sr/ is a matrix of type (n, 2n) 
and (ot/, 0) of type (n, 2p) of which the last (2p — 2n) columns consist of 
zeros, / is a matrix of integers and G a unitary matrix of integers of type 
(2n, 2ri) ; we thus have 



/=i(i, .,("';«)«.(.-.,-;)«. 



Therefore a function (p{U, ct), of U,..., f/^, with periods 157, is a function 
with i^eriods ct' and conversely ; it therefore has periods -ar^', and, by what 
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has been proved above, is expressible rationally in terms of functions 
■>^{U, TO-/), with periods to-/, though the converse is probably not the case ; 
putting 

r 

a function ■^{U, w/) becomes a function of Fj , . . . , F„ with periods {d~^, a/r) G, 
and therefore with periods {d~\ a/r), since is unitary ; a function \lr{U, ot) 
is thus expressible rationally by functions of F], ..., F,i with periods 
(cZ~\ cTJr), and therefore by functions %(F; 1, air), with periods (1, a/r), 
though the converse does not hold. We have previously shewn (p. 227) 
that we can form theta functions @(F; a/r), with quasi-periods (1, cr/r), and 
from these we can form periodic functions with periods (1, a/i-). It appears 
thus that the functions (}){U, w) are expressible rationally in terms of 
functions 



which can be formed from theta functions 0| ; 1, -). And this is 

the result* 



r ' ' r 



81. The theorem established in this chapter that any single-valued 
meromorphic function of n variables with 2?i sets of periods (obeying the 
necessary relations, see p. 224), can be expressed by means of theta functions, 
may be obtained in other ways. We give some account of two. 

For the firstf it is necessary to prove the following theorems : 

(A) If ^1 , . . . , 0„ be n such functions, whose Jacobian 3 (^i , . . . , <p,^jd{ii^ ,...,Un) 
is not identically zero, there exist sets of n constants o-i, ...,a,j, such that the 
solutions of the equations (^j = a.;, ...,</>„ = «« which vary with «!,..., a„ and 
give definite values to all the functions 0i,..., 0„, consist only of isolated 
points, at each of which the Jacobian 3(<^i, ...,(pn)/d{ui, ..., w„) has a definite 
finite non-vanishing value. Let the number of these points in any period 
cell be N. 

(B) If then ^„+i be another such function, having the periods of the 
functions 0i, ...,<l>n as primitive periods, we can form from ^n+i a single-valued 
meromorphic function with these periods, whose values, at the N solutions 
of <f)i = Oi, ...,<pn = ct'n lying in any period cell, are all different. 

(C) The functions <f>i, ...,<f>n, ^m+i are connected by a rational relation; 
in terms of them any single-valued meromorphic function with the periods 
in question can be rationally expressed. 

* The steps indicated by Weierstrass {Werke, in. (1903), p. 113) are different from those 
used here. 

+ Wirtinger, Monatshefte fiir Math. u. Physik, 1895 (Jahrgang vi., p. C9). 
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(D) Such a set of (w + 1) functions is furnished by a function i/r, having 
the periods as primitive periods, and its first partial derivatives. 

(E) A linear aggregate with undetermined coefficients of the second 
partial logarithmic derivatives ^re(u) of a theta function ^(w, t), has the 
period (1, t) as primitive periods. 

(F) Such a linear aggregate is expressible rationally in terms of theta 
functions. 

The proof of (A) may be carried through on lines similar to those we 
have previously adopted for the equations/j = x, ¥^ = 0, ..., F^ = (pp. 199 ff.). 
Or may be made to depend on the fact that each of ^i, ..., <^,i and the 
Jacobian A may be regarded as a rational symmetric function of n places 
upon a Riemann surface ; there is thus a rational irreducible equation 
(A, ^1, ...,<^n) = giving the values of A when ^i = aj, ...,<^„ = a„. But the 
theorem would seem to be true of any single-valued meromorphic functions, 
whether periodic or not. For (B), if m™, ?('^' be two incongruent solutions 
of (^1 = tti, ..., (^„ = a„, while we may have ^„4.i(ii'^') = (^„+i(m'^'), not every 
differential coefficient of (^,i+] can have the same value at w'^' and m'^*, since 
the difference m™ — m'^* is not a period of the function 4'n+i- Let ^'„+i be a 
differential coefficient for which (^'„+](m"') is not equal to ^'„+i(m'-'). Taking 
another pair of points satisfying e^i = aj, ..., ^,j = a,i we can similarly find a 
differential coefficient <^",i+i not having the same value at these points ; and 
so on. A linear aggregate of such differential coefficients is such a function 
as is desired. Denoting it by 0, we have then an irreducible rational 
equation (^, ^i, . . ., (/>n) = of order N in </>, and if % be another function with 
the periods considered, we similarly have ((^ + /i^, (/>!, ...,(^,i, /i} = with 

{^, (^i,...,(^„, 0} =((j},4>i <J3n)- Differentiating {<p + fix>'f>u ■■■,4>n,H'] = 

in regard to fi we obtain the expression of x ^^ terms of (^, </)i, ..., (^„, 
postulated in (C). The theorem (D) depends on the facts that the Jacobian 
of the first n partial derivatives of yjr is not identically zero, while the values 
of -ijr for the solutions of dylr/dth = Oj, ..., 9->/r/3M,i = a„ are different, ii a^, ...,a„, 
be suitably taken. Theorem (E) is very easy to prove, and theorem (F) is 
obtained by taking second logarithmic derivatives of such a formula as 
expresses '^(u + v) ^(u — v) in terms of theta functions of u and v (for 
example, Abel's Theorem, pp. 457, 516). 

A second method of proof is of an entirely different character. It can be 
proved directly that a single-valued meromorphic function of n variables with 
2»i systems of periods is expressible as the quotient of two integral functions, 
having no common zeros save where the given function is indeterminate ; 
and that these integral functions have the property that their second 
logarithmic partial derivatives are periodic functions with the original 
2n sets of periods. An integral function with this property can be directly 
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proved (as in the next chapter) to be expressible by theta functions. The 
writer may be allowed, for the proof of the first of these statements, to refer 
to his own papers, Proceedings London Mathematical Society, Ser. 2, Vol. i. 
(1903), p. 14 and Cambridge Philosophical Transactions, Vol. xvin. (1S99), 
p. 431 ; these are based upon the papers of Poincare, Acta Math. Ii. (1883), 
Acta Math. xxil. (1898), Acta Math. xxvi. (1902), and of Kronecker, Werke, 
I., p. 198 (of date 1869) — Kronecker's paper deals with the problem of 
extending theorems of Cauchy to functions of more than one variable, with 
the use of integrals, and is in close connexion, not only with the theory of 
multiple potential but also with his theory of Characteristics for systems of 
rational equations, dimly foreshadowed by Sylvester* (Collected Paper s,Yo\. i., 
p. 528). 

" For the theorem that a meromorphic function is expressible as a quotient of two integral 
functions, the reader should also consult Appell, Liouville, ser. 4, vii. (1891), p. 157 ; and an 
important paper by Cousin, Acta Math. mx. (1895). In connexion with the closely connected 
theorem of the necessary relation among the periods of a single-valued meromorphic multiply 
periodic function see also Wirtinger, Acta Math. xxvi. (1902), p. 133, and Poincar^, ibid., p. 43. 



CHAPTER X. 

THE ZEROS OF JACOBIAN FUNCTIONS. 

82. Consider a single valued integral function f{u) of n variables 
«i, ..., Vn, such that its second partial logarithmic derivatives have 2n systems 
of primitive periods, of matrix ot ; no one of these derivatives being expressible 
by less than n linear functions of the variables, or having therefore (p. 203) 
any column of infinitesimal periods. The periods must, as follows from 
preceding investigations (p. 224), be subject to certain bilinear relations, with 
integi-al coefficients, and obey certain corresponding inequalities, say of the 
form 

laH^ = 0, — imHS^x^x > 0, 

where if is a skew symmetrical matrix of integers and x denotes a set of 
11 arbitrary quantities, the suffix zero denoting the conjugate complex 
quantity; it is of importance for what follows that we assume the periods 
to allow only one such bilinear relation and corresponding inequality. 

From the periodic derivatives we can as previously (Chap, vii.) deduce a 
Riemann surface, say of deficiency p, upon which u^, ...,Un maj' be regarded 
as integrals of the first kind, forming a defective system if n< p; we use the 
same notation as before, putting 

n = mh, ghii = c, ■57 = Tz'g, ■sj'c = (ra-/, 0) = Tim, 11 = ■^I'k, 

so that in k, which is of type (2w, 2p), the determinants of order 2,n are 
coprirae, and we denote the matrix ■btj' by a. Then from 

Ue-ipU = 0, — iHeipTlfiXoX > 0, 

we have ake^pka = 0, — iake^lm^x^x > 0, 

which are the bilinear relations and inequalities in question. 

The periods -ar-^, or a, are sums of integral multiples of the periods tn-, and 
the second partial logarithmic derivatives of the function /(«) have the 
quantities a a.s periods; if then a^^ denote one of the 2?i columns of the 
matrix a, we have equations of the form 

f{u + ai-*' )//(") = exp. l-rri [h'J^ (u + ^a'^'') + c'-*'], ( j = 1, . . ., (2vi)), 
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where W^ denotes a column of n constants, and c''" a definite constant ; from 
these equations we infer 

/ (w + a(» + af'^)lf{u) = exp. 27ri {[6a> + 6<2>] [u + ^a"' + ^a'^'] 

and therefore, since the right side must be unaltered by interchange of the 
exponents 1 and 2, the quantity 6'"(x<'^' - 6'-'a*'' must be an integer; thus 
if b denote the matrix of type (n, 2n) whose j-ih column is Z)'-?'', the skew 
symmetrical matrix ba — db, of type (2n, 2n), must consist of integers. We 
shall put 

A = fa\ , so that A = ba — ab = {b, — a) /a\ = {a, b) /O, — IN fa 

[bj [bj U, o)\b 

From the fact that ha — ah consists of integers it can be shewn at once * by 

induction that the separate formulae lead, if ni denote any row of 2n integers, 

to 

f(u + am) = e^"^f(u), 

where H = bm (u + |-am) + cm — ^ "^ Aj^jWijWij, (i, j = I, ..., {2n)). 

It can further be shewn, without recurring to the Riemanu surface, if z 

denote any 2« quantities not all zero, satisfying az = 0, and z„ their conjugate 

complexes, that 

— iAzZf, > ; 

ii z= ^+i^', since A is skew symmetrical and Af- = 0, this is the same as 

-iA[?(-ir')+ir?]=2ArT>o, 

or, as A = fca — dh, and az = 0, it is the same as 

— i (az . hzo — az^ . bz) = iaz„ .bz > 0, 

the quantity on the left being in each case real. 

As will be seen, if we assume the determinant of A, or ^, not to vanish, 
this inequality is deducible by use of the Riemann surface. But as, conversely, 
an independent proof enables us to infer | A 1 4= 0, a fact important to us, 
we reproduce the following remarkable proof due to Frobenius, Crelle, xcvii. 
(1884). We cannot simultaneously have az = 0, az^ = 0, since the latter is 

of type 

(2n, 2n), zero, contrary to the hypothesis of the non-existence of infinitesimal 
periods. If v be any set of n arguments, t a single complex quantity, w = c + bv, 
and ^ = tZo + toZ, we have at once, identically, in virtue of az = 0, 

^- iTt^aZg . hz^ - 2irit (w - Wj) z^ y / _^ ^^^j _ ^- iivU^^Azz^ ^iri {tw^^z^ + t„wz) _^ /■_^\ 
* For instance, Abel's Theorem, p. 582. 



the same as a^z = 0, and we should have the determinant j 
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where L = e-'^'^'^ + i^^'-'^VC^ + «?) ; 

consider now i as a function of the 2w real quantities f for variable values 
of these, denoting it bj' L (^) ; we find at once, in virtue of the property of 
/(m), if m denote any 2n integers, that 

where iZ" = - Trt ( Af m + S Aijiiiimj), 

so that L(^ + m)jL{^) is of modulus unity; when every element of ^ is 
positive (or zero) and less than unity, the function L (^) is, by its definition 
above, manifestly finite ; thus a real positive quantity Q is assignable such 
that, whatever finite values z and t may have, 

recurring to the equation (A) however, and regarding v and z as fixed, the 
function of t on the left side, 

is an integral function ; it must then be capable of becoming infinite when 
t is infinite, and so therefore, if p denote the real quantity' —i-rrAzZo, must 
the quantity e''**' ; but if p were zero or negative this would be impossible. 
Thus we have as desired 

- iAzZo > 0. 

This assumes that xi^) is not independent of t; we have, however, if 

%(0 = %(0), 

• f r. fiv + tazo) „ ... , 

.fiv) "' 

wherein, since az^ cannot be zero, the left side is a function of v, the quantities 

t and z being regarded as constant ; on the right however the quantity 

(w — w„) Z(,, which is equal to {bv — &„ii„) z,, or bz^.v — b„z^ . z),,, if a function of v, 

is a linear function — differentiation of this equation would then shew that 

taz„ is a system of periods for the second partial logarithmic derivatives of 

f{v), and as t can be taken arbitrarily small this is impossible, these functions 

having no column of infinitesimal periods. 

Having then — iAzz„ > or iaz^ .bz >0 when az = 0, it follows that we 
cannot simultaneously satisfy the 2n equations az = 0, bz = ; thus the 

determinant of yl or ( , J , and therefore also of A ovAe.i,iA, is other than zero. 

This being so we infer from A = Ae.y^A, first A~' = — A''^e^iA~'^, and then 

- 62,1 = AA-^A = fa\ A- 1 (a, 6) = /aA-'X (a, 6) = /aA-^a, aA-'^h , 
[bj Ua-V \bA-m, bA-H>) 

and therefore aA-'^d = 0, aA-^b = 1, bA-^l = 0, 

while, if X denote a set of 9i arbitrary quantities, and we take 2n quantities 
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z subject to 02: = 0, bz = x, or say z = A~^(0,x), and write e for e^n, we 
have, in virtue of _ _ 

A-' = A.-'A€, A-'A = eA„ 

- iAzz, = - il„-'Ail-' (0, x) (0, a;,,) = - ieA^A'^ (0, x) (0, «„) 

= - te^n A-Me (0, «) (0, x„) 

= iAoA-'A (- a;. 0) (- x„ 0) = - i^ A-M„ (- x„ 0) (- «, 0) 

= — i /a^~^a„, aA~'^o\ (— '^o. 0) (— ^, 0) = — iaA~'o„3'o«, 
UA-'ao, bA-%1 

and the condition — iAzz^ > is thus equivalent with 

— iaA~''^aoXoX > 0, 

where x denotes a set of n arbitrary quantities not all zero. 

Let R be the positive integer which is the first invariant factor of the 
matrix A, namely the determinant of A divided by the highest common 
factor of the first minors of A, so that i?A~' is a matrix of integers whose 
elements have no common factor other than unity; comparing then the 
equations 

ak€2pla =0, a-RA~'a = 0, 

and recalling that the periods are subject only to one set of bilinear relations 
with integral coefficients, we can infer that, if m be the highest common 
positive divisor of the elements of the matrix ke^pk, we have key)k = + mRA'~^ ; 
comparing further the inequalities 

— iakeyjkdoXoX > 0, — iaA~'^a„X(,x > 0, 
we can infer that the sign is positive, or 

while, by the way, we see that, save perhaps for a + sign, the relation 
— iA.zz„ > could in fact have been inferred from — iaAr'aoX^x > 0. 

83. In what has preceded we have regarded the Jacohian function as 
given, and the Riemann surface as derived by means of it. But we may take 
another point of view. Suppose we have any E-iemann surface of deficiency 
p upon which are n integi'als of the first kind forming a defective system, the 
period matrix 11 of these integrals being expressible by a matrix of 2» columns 
a, in the form 11 = ak, where, in k, which is of type (2w, 2p), the determinants 
of order 2/i are co-prime ; then we may consider integral functions of n 
variables whose second partial logarithmic derivatives have the periods a. 
That such functions always exist is clear from p. 227 ; they can be formed by 
the help of theta functions. The matrix ke^pTc, and the number m, which is 
the highest common factor of the elements of the matrix key,k, will then be 
determined by the Riemann surface; but the matrix A = ba — ab, though 
containing, in the case of all the functions considered, the same matrix a, may 

B, 19 
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vary from fmiction to function, and therewith also the number R, the first 
invariant factor of A, while i^A~^ = - he^Jt, will be the same for all. 

TO 

Taking this point of view, consider n Jacobian functions /i (m), . . . , /„ (w) ; 
we proceed to prove that the equations 

/,(«-e<") = 0,...,/«(M-e'»') = 

have a number of sets of simultaneous solutions given b}' 



N = R,R,...Rn (n !)/ Vi i?A-' j , 
and that, if (i/a'^', w,'^', ..., i<,i"'') be one of these sets, 

-tVA = l 1^ = 1 

where C„ is independent of e"', ..., e'"', and vanishes, save for i\'^th parts of 
periods, when each of the functions /i, ...,/„ is either even or odd. 

Consider, first, one of the Jacobian functions, which we shall denote bj^ 
/{u). If we put ^^{u) = d\ogf(v)/dUa, and regard m,,...,w,i as integrals of 
the first kind upon the Riemann surface, the number of zeros of f{u — e) upon 
the surface is the value of the integral 

2^- j^ log/(M - e), = 2^^. j[fi (u - e) du^ + . . . + ^„ (w - e) diin], 

taken round the edges of the period loops. When however the arguments ?( 
are respectively increased by the elements of one of the columns of the 

matrix 11, = ak, the functions ^^(u — e) f„ (u — e) are increased by the 

elements of the corresponding column of the matrix ^iribk ; thus, if we put 
U = hk, the value of the integral above is 
p 

or I,(UU-UU)jj^^, 

3 

that is ^\Ji(ba — ah)k^jj^p, 

i 

or 2(A;A%j-+p. 

j 

Now, if k be an)' matrix of type (2n, 2jt)), and A any skew symmetrical 

matrix of type (2w, 2m), we have 

2 (I:AA-)jj+j, = ^ t {Ak€y,k\_^; 

j=i <r=l 

_ p<ff 

for (/i,'Ai)^^^= 2 ATp,^Ap^„fc<,_„= S Ap,„^'^,^A;„,^= 2 ^p,o(kp,^k„^^ — k,^^kp^^), 

p,(T p, <r p, (T 
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P _ K" P 

SO that S {kAk)jj+p= 2 Ap,„ 2 {k^jKj+p- kcjkpj+p) 

j = l p.a j-1 

p<tT _ p<tr _ 

= -2 A^^^{ke^k\„= 2 ^c,p(key,kX^^ 
p><^ p» *'■ 

2n 

= 12 A,,p(^'e^)p,„=i 2 (Mek\^^, 

p, <T (T = l 

the identity, for p< a, 

p 

j = l 

being at once obvious (ef. Appendix to Part II, Note iii). 

In our case we have 

k€2pk = mRA"^, 
and the number of zeros is 

i 2 {^.mR^-%^=mRn. 

<r = l 

If these zeros be at («i), (x^), ... , the sum 

uJ^'-'^ + U^"-''" + ... 

is (cf p. 234) the value of 

taken round the period loops, save for a sum of integral multiples of the 
elements of the ath row of the matrix 11, that is, save for a sum of integral 
multiples of the ath row of the matrix a. When the arguments u are 
increased by the elements 11 '•''' of the jth column of 11, the function log/(M - e) 
is increased, save possibly for integers, by 

2Tri ?7<-'> (w - e + i n '■'' ) + 27ric^<-''' - mK <-''' , 
where K'J^ is a certain integer ; the portion of the integral under considera- 
tion which contains e,, ..., e^ is thus 

p n 

2 2 e^(U^jTia,j+p— Ufij^p'n.aj), 

n 

or* 2 eg(ne2p C/')^,^, 

n 

or 2 e^{ak€ipkb)a,$, 

/3 = 1 

= Rm 2 e^ (aA~'6)a,^, 
* For if 11 = (111, n„), !7=(?7i, U^, where IIi, etc. are of type (», p), we have 

(n„-n^)/o -i\ /I;,\ = (n2, -n,) fV_A^n^u^-i\^u„, 

and the (a, j3)th element of this is 

S[(n2)a,i (U^)fi,i-('il{)a,j(V^)^,j] = Xlo.^j+p UpJ-UcL,j Up,j+p. 

i 

19—2 
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and, as we have seen that aA"'6 = 1, this is 

Rmea- 

Thus if (a,), (a.2), ... be the zeros of f{u) and (x,), (x^), ... the zeros of 
/ (u — e) we have 

mRn 

It follow.^ in the same way that if/ be any function of position on the 
Riemann surface, which is capable of expression about every point of the 
surface by a converging series of positive and negative, but integral, powers 
of the parameter for the point of the surface ; but has only poles and no 
essential singularities, so that the number of negative powers of the 
parameter is finite in every such series; and the function be single valued 
on the dissected surface ; and its value /i-'' on the left side of the jth period 
]oop(j = 1, ...,(2p))be equal to /e^^'-f-f '■" , where /is its value on the right side 
and iif '■" is of the form 

where Q is a single number independent of j, q a set of n numbers inde- 
pendent of / R^i^ is a quantity independent of x and q, and 6A;'-" denotes the 
elements of the jth. column of the matrix hk, or U, previously occurring, 
then the difference between the number of zeros .■r,', a;,', ... and of poles 
*i", ^2", ••■ of the function is 

QmRn, 

and we have 2?/^''\ — Sw^'V = QmRq + A, 

where A is independent of q. We use this result in what follows. 

Considering s places {x-i), ..., (.'?',,_]), {x), we shall denote the value of 
the integral of the first kind at these places, with definite lower limits, by 
W], Mo, ... , Ms-i> u respectively. When we have a set of s equations 

/(-?(, 4 ... +Ms_l-e,)=0, ...,/(Wi+ ... + tis_i - fir) = 0, 
/r+l («l + . . . + ««-] + W - gr+i) = 0, . . . , / (l/, + . . . + Us-i + U - Bs) = 0, 

in the s variables (aji ),..., (a;s_j), (x), wherein /,...,/ are, as has been 
explained, Jacobian functions, with the same quasi-periods of matrix a, of 
which it will be noticed the first r equations do not contain {x), we shall say 
that we have the case {s, r). The case (s, 0) is then that in which the s 
variables enter into each of the ,9 functions ; the case (s, s) would be that in 
which the variable x does not enter at all, and does not arise ; thus we may 
have 7' = 0, 1, . . . , (s — 1). For simplicit}' we write ej, instead of e'*', to denote 
a row of V constants. 

This set of equations determines sets of solutions for (aij), . . . , (a's_i), {x), 
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and hence determines positions tor (sc). We proceed to shew that the total 
number of positions for (x) is 

.V,,, = m^R, ...R, '--—^ (s -r){n-s + r+ 1), 

{n — s + 1)1 

and that the sum of the values of the integral u at these positions is 

S,^r = m'<R,...B., . ^" ~~^r, {-{s-r){e,+...+er) + {n-s+r + l){e,+,+ ... + e,)}, 

save for periods and quantities independent of ei,...,^^, the last equation 
standing of course for n equations. 

In particular for the case {s, 0), where all the s variables enter into all 
the functions, and enter symmetrically, the number of positions for (x) will 
be s times the number of sets of positions of (x^), (x^), .-., (a-'s-i). (*) which 
satisfy the equations. The number of such sets will thus be 

771' R, ... R, 



{n-s)\' 
and, if (x/), ..., (a;'s_j), (x') denote such a set, 

2 (tt=^'' + . . . + ii^\-i + «*■) = rn'R, ...R, 5" ~ "^ J: (ei + 62 + . . . + e«), 

[n s). 

save for quantities independent of gj , . . . , ej. 

We prove these results by induction, shewing that the formulae for the 
case (s, r) are deducible from those for the cases (s, r+l) and (s — 1, 0), and 
in particular the formulae for the case (s, s — 1) are deducible from those for 
the case (s— 1, 0). As they have been proved for the case (1, 0), they there- 
fore hold in general. 

Consider the s — 1 equations 

/i(Mi+ ... + Zis_, -ei) = 0, ...,fr{Ui+ ... + Me_i - e,-) = 0, 
fr+1 iUj + ... + U,_i + U- er+i) = 0, . . . , /s_, (ttj + . . . + Ug-i + U- e^-i) = 0, 

obtained from the original equations by omitting the last of these ; regard 
them as equations for (a^i ),..., (a;s_]) only, in terms of (*■); this is then a 
case (s — 1, 0) ; there will be a number of sets of solutions given by 

' ' '(w-s+ 1)!' 

and, if such a set be denoted by ajj'^', ..., a;'*'g_i, we shall have 

t (w,<^' + . . . + ww,_0 = m»-> A . . . R,_, /^~^^| [te-is-r- 1) u] + A, 

where X has a number of values equal to the number of sets, Se denotes 
e, + ... + e„-i, and A is independent of («), and of 6], ..., eg_j, and of e^. 
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Consider now the function of (x) given by the product 

P = n/, [Ml w + . . . + M<^i,_i + M - es] : 

A 

in passing from a position of («) on the right of the period loop (a^), where 
j= \, ..., (2p), to the corresponding position on the left of this loop, the 
integrals v are increased by the elements of the jth column of 11, say, u is 
increased by II'-''', or aA;'-", where A;'-" denotes the ;th column of k, and the set 

«]'*',..., a; '■^'s_i is changed to another set of solutions, say ajj'''', ..., a;''''g_j, and 
at the same time the sum 

Mj"^' + ... +mW«_i, =FW, say, 

is changed to W^' + 11^^, where t^ denotes a set of integers, depending on j 
as well as X: from the equation above (p. 293) giving STF''^', wherein A does 

not depend upon (x), we then infer that 

2 n«^ = - vi^-^R, . . . R,_, /'''~P' , (s - r - 1) n 01 ; 

K (71-5+1)!^ 

this equation is of the form 

where i'-'' = 2i^, and H is real ; an equation af = 0, wherein f denotes a set 

A 

of (2w) real quantities, involves also a„^=0, where «„ is the matrix whose 
elements are the conjugate complexes of those of a, and hence ^ = 0, since 

the determinant does not vanish ; we therefore have here 

kt^j> + H¥i^ = 0, 

and hence ^b^kt^ = — m'~^Ri . . . Rg^i r-" ~ (s — r—1) bgk^J', 

wherein we shall, as previously, denote bs¥^^ by f/jO'. Now we have 

/, (M^f^i + . . . + «>',_, + M + n^^ + n W - e,)/fs (m, w + . . . + wW,_i + M - e,) 

equal to e^"-^»», where 

H^ = (bskt^ + bsk^>) (wi^ + . . . +u^\_, +u-es) + B^, 

and B^ is independent of (x) and ei,...,es, but may depend on j; thus 
the function of (x) denoted by F has at the period loop (a,) the factor 
gtwiH^:» where 

H'J^-Mskt^.W'^^-lB^ 

A A 

A A (,/i — s h i;; 

which, if we put 
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is the same as 

-N,U,^J\s-r-l)(,n-e,) + U,^i^[X,{le-{s-r-\)u] + A]+^\nl\^Hu-es). 
or N,U,'i^ [{n - 2(s-r- 1)] u + 1e-[n-{s-r-\)] e,] + f/,'-'' A. 

Consider next the function of {x) denoted by the product 

A 

by precisely the same reasoning its factor for the passage of the period loop 

Va,) is e^""-^"'-", where 

and G is independent of {x) and ej, ..., Cj- 

If then finally we consider the function of (*•) denoted by PjQ, its factor 
for the period loop (cij), save for a multiplier independent of {x) and e^, ... , Cs, 
will be 

exp. ItriN, [7,i^i [[n - 2 (s - r - 1)] m + Se - [u - (s - r - 1)] e^j ; 

and hence, i-ecalling the remark of p. 292, the diiference between the numbers 
of zeros of the functions of {x) denoted by P and Q will be 

N, [n - 2 (s - r - 1)] viR.n, 

and, if the zeros of P be 0/, z^, ..., and of Q be z^", z." , ... , we shall have 

S?/" - Iu^'r = Ng {[n - (s - r - 1)] e^ - 2e} niR^, 

<r P 

save for quantities independent of ei, ...,es. 
The product-function of (x) 

P = n/, (tt, w + . . . + mW,_i + u- e,) 

A 

has for zeros the places (x) which, with appropriate associated positions of 
Xi, ...,Xg_i, satisfy the equations 

/i(mi-|- ... +Mg_i-ei) = 0, ...,/r(ui + ... + Ms_i - e^) = 0, 

fr+i(ih + ■■■ + Ms-i + w - e,+i) = 0, ...,fs{u, + ... + u,_, + u-e,) = 0; 

consider the zeros of the product 

A 

these are manifestly the places (x) which, with appropriate positions for 
(a;,), . . . , (a.j_i), satisfy the equation /s (mj + ... + Us_i) = and the (s — l) 
equations which determined the sets a;i'^', ...,a;'^'s-i from (x); we are then 
to consider the s equations 

fi{ih + ...+«i,_i-ei) = 0, ...,/r(wi+ ... + w,._, - g;.) = 0, /; (zti + . . . + i(„_i) = 0, 

fr+i (Ui+ ...+ M«_i + M - er+i) = 0, . . . ,/;_i (U) + . . . + ((,_i + u- e,._i) = ; 
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these are a case (s, r + 1) ; the number of positions for («) is therefore 
wi» R,...R, ■ -/ (s - r - 1 ) (n - * + r + 2), 

or NsmRgii (s -7- -l)(n -s + r + 2), 

while, if ^i", 2.2', ... denote these positions, the sum 1i/'p is given by 

p 

l,u'"p = N,mRs{- (s-r-l){e, + ... + e,-) + (n-s + r + 2)(e,.+i + ... + es-i)! + J^, 
p 

where £■ is independent of gj, ...,es. 

And it is important for the induction to notice, and easier to notice at 
this stage, that this argument in regard to Q holds equally when r is s — 1 ; 
the equations from which we start out are then 

/i(?t, + ... + Ms-i - eO = 0, ...,/s_i (t(, + ... + Us-i - es_,) = 0, 

/s (mi + . . . + Us_i + u — es) = ; 

the sets «i''^', ...,a;'^'4_i are determined in terms of (x) fi'om the first s—1 
of these equations, that is they are all independent of (x), and the function 
Q does not depend upon («) ; and the formulae for Q both become evanescent. 

Adding now the number of zeros for Q to the number obtained for the 
difference of the numbers of zeros of P and Q, we have, for the number of 
zeros of P, 

N,mR,n {n - 2 (s - r - 1) + (s - r - 1) (71 - s + ?• + 2)} 
= NgmRgn{s — r) {n — * + ?- + 1 ) 

= m'R, ...R, ^^^ _^"^ !)!(«- '') {n-s + r-\- 1), 

as originally stated ; and, adding the value just found for the sum Sit^ p to 

p 
the value previously found for the sum "%%''" — Su^'p, we have 

<r p 

1i/cr = N^mRs [{n - s + r + 1) e,. - Se - (s - r - 1 ) (Ci + . . . + e^) 

+ (« - s + r + 2) (e,+i + . . . + es_,)j 
= N^mR, {- (s - r)(ei + ... + e,.) 4 (« - s + r + l)(e,+i + ... + e,)] 

= rn^ii, . . . i?, ^ J;^ ^|-^-^ , {- (s - r) (e, + . . . + e,) 

+ (?i - s + r + 1) (e,+, + . .. + e,)}, 
also as originally stated. 

The result is then established, and therewith the formulae for a case 
(s, 0), as originally remarked — and therefore finally, for a case {n, 0), the 
n equations 

/l (m, + . . . 4- Un-l + W,i - 61) = 0, . . ., fn («!+... + M„_i + Un - e„) = 
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are proved to have a number of sets of solutions given by 

m«jR, ...ii„(n!), 
and, if (a;/^', ...,a-„*'^>) denote one of these sets, we have 

Sm-^/"' + . . . + M^»<^' = m"-R, ...Rn [(n - 1) !] (e^ + . . . + e„), 

A 

save for quantities independent of e^, ...,e,i. 

We have however previously shewn that (p. 250) if U={Ui, ..., Un) be n 
arbitrary variables, the ?i equations represented by 

Ui+...+Un=U (mod. II) 

are satisfied by H = {\ke2pTc\)- sets of positions of (*■]),...,(«„) upon the 
Riemann surface. Consider then the n equations 

f,{U-e,) = 0,...fn{U-en) = 0; 

to any set of values for U satisfying these, correspond H sets of positions for 
(xj),..., (a„) ; the number of sets of values for U is thus 

•^??i»ii, ...i?„(n!); 

but we have ke^pk = Hii?A~\ and | ke.2pl- \ = in"^ ; iiA~' | ; this number can 
therefore also be written 

where RiA~^ = R^A,,"^ = And, if C/^'") denote one of the sets of positions, 

XUW = {.RA-^ \)-i R^ ... R,^[(u-iy:]{e,+ ... + eu), 

or vuw = ^(e^ + ... + en) + A, 

A M 

where A is independent of gj, ..., en- 

In the case where every one of the functions /i, ...,/« is even or odd, we 
have .4 = 0. For considering then the case where ei = 0, ...,e„ = 0, we have 
if /„ ( [7) = also fa(—U) = 0; thus the sets of solutions are in pairs of 
opposite sign, and the sum is zero, and therefore also A. It is therefore zero 
for all values of ei,...,e„, save of course for a sum of integral multiples of 
the periods IT, or a — these forms of the statement being identical in virtue 
of the equations 11 = ak, (a, 0) = Qm of pp. 226, 230. 

The foregoing investigation is, in its essential idea, derived from a paper by 
W. Wirtinger, Monatsh. f. Mathematik u. Physik, vii. Jahrg. (1896), pp. 1 — 25. 
The present writer cannot sufficiently express his admiration for it. The 
idea of obtaining the number of simultaneous solutions of a set of theta 
functions of arbitrary orders, and of expressing the sum of the values of the 
solutions, was however first entertained by Poincare ; his method of investiga- 
tion is essentially dififerent from the above : see Poincare, Bull. d. Sc. Math. 
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d. France, xi. (1883), p. 132 ; American Journal, viii. (1886), p. 334 ; Compt. 
Rend. 4 Fev. 1895 ; Liouville, 5'°^ S^r. t. i. (1895), p. 222; Acta Math. xxvi. 
(1902), p. 95 : see also Krouecker, Werke, I. (1895), p. 200 {Berlin. Monats. 
1869). 

84. The function fiu) is easily reduced to the theta functions belonging 
to the Riemann surface. We can in fact find a unitary matrix of integers of 
type (2/(, 2n) such that 

7-KA-'7 = /O - e\ , so that 7-1A7-' ^ -^ ( ^ ^"^ ^ -^ ®^^' or A = ^K-^, 
\e 0/ V-e-' I 

where e denotes a diagonal matrix whose diagonal consists of positive integers 
e, ,e.,,..., e,i such that ea+i/^a is an integer ; as then every element of the matrix 
iJA~' is a linear function, with integral coefficients, of the integers e^, ..., Cn, 
and the elements of iiA~^ are co-prime, it follows that e^ = 1. Further each 
of Rje^ is an integer. Putting then (cf. p. 286) 

« = (&), ft)') 7, h = {^, ^'}y, 

(co,w')=n, W,/3') = H, 

if m denote any row of 2ii integers, and yu, = ym, we have 

bm (a + ^am) = Hf^ (u + -^fi/i), 

while A,;,- = 1 Kk,i yk,i yij, 

!f,l 

Aijmimj= 1, Ki:^iyiijyij7nimj = % Kicj{yk,iytj- yi,iyk,j)mimj 

k,l k<l 

= 2 Kk,i{yk,iyi,j + yi,i'yk,j)miVij, (mod. 2) 

k<l 

and 

S Aijmimj= S Kk,i( S yk,iyijmimj+ 1 yi^iykjininij) 

i<j k<l i<j i<j 

= S Ki,j{ 1 yk,iyij'mimj+ 2 7i,j7i-,<»'i™j). (mod. 2) 

k<! i<j i>i 

so that 

2 Aijmimj+ 2 Kk,i'S, yk,iyi,im{'= 2 K^^nxkfn, 

i<j k<l i k<l 

or, as nic = mi (mod. 2), if we put 

2 yk,iyi.iKk,i = Fi, 

k<l 

we have S A,-^jmim,= S Kk^ifikfii — Frn. (mod. 2) 

i<j k<l 



Th 



us 



hin,{u-\-^am)-\-cni — l 2 Aijniimj = Hfi{u + ^nfx,) + C/x,- ^ 2 Kk^ifJ-kh-i, 

i<j k<! 

(mod. 1) 
where C/u, = cm + \Fm, 

namely C = y-^{c + ^F). 
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Now we have 
R / e->\ = 7-1 {ba - ab)y-' = HD, - LlH = /^\ («, w') - (w\ (/3, /3') 
V-e-' J V/37 UV 

V/8'a) - S'/S /9'a)' - (o'0') 
so that ygo) = w/9, /8'aj' = dj'/S', /Sw' - u>l3' = Ke'^ ; 

also 

< — iaRA~^aoX„x = - inyR£:^-^yn(,XoX = — i (to, w') /O - e\ / Wo \ a-oa; 

= — i{a>'e, — we) /a)o\ XgX = — i{co'ewo — (t)ew^)x„x = - i(a>'e^„a: — Woe^Xf), 






where ^ = cox; thus a> is of non-vanishing determinant, ov we could choose 
X so that ^=0; if then p = R{(oe)~^(o', e^ = t = emx, we have 

< — i {wepl„x — cjQepotx,,) = — i {ptt„ — p^Ut) = — i{p — p„) Uq, 

and = aRA.~^a = co'eto — coem = ^^ we (p — p) ew ; 

thus p is a symmetrical matrix, and for arbitrary t, ii p=p + iq, t= u + iv, 

0<-i(p — Pa) tt„ <—i (2m/) (w- + V-) < 2q {vP- + v'), 
so that for real %,...,«„, the form ipii^ has its real part negative*, while 



* If we put, K and X being any constants, 

VO ij V ij 
where Je-^J=iin^ so that J is a matrix of integers belonging to a linear transformation, we find 

\e 0) 

Thence, taking (u, w') = (D| v') Sy~''-, a = {v, v') 5, we find as before that the determinant formed by 
the first n columns of (u, u') 75"^, namely, if J= fa ^ \-^, of 

'"'"'(■::)(::)£"■:)• 

is not zero ; that is the determinant of wea + Kui'a', and therefore of 

o + cpa', 

is not zero, c, replacing -= , being any constant ; in particular | w' , =)= 0. The preceding work is 
si 

identical in form with that given p. 227. We have in fact 

/i?e-i 0\7iiA-'7/iJe-' 0\=iJ/0 - 1\ , 
I lyl V ij 1,1 Oj 

and a = (a,u')y = (v, v') /Be-' 0\ 7, if k = = wc, c' = w', so that p = i/-' v'. 
I ij 
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Take now P = — ^/3&)~', which by the above is a symmetrical matrix, 
of type (n, n), and multiply /((j) by e^^'J""' ; then 

p [(« + amy - ?t=] = p [(« + D.fif - II?] = 2Pn/u, . u + ^pxl/i^ 

and, if /,(») = e'''"'^"V(«). "^^e have /(k + a??i)//i(M) = e^"'^ where 

r = 2Pfiya . u + npn/jL' +Hf^(u+^nfi)-\-Cfi-^ s ir*. ,/Lt;t/x, . 

Herein, since 

2P = - /Sa)-i = - '^^, w (/3' - ^^w') = - Re-S 
we have, if /i = (Jf, if'), 
2Pfi/x .u + Hix. V. 

= [(- /8, -^,5&)') /i + O, /S') At] « = (0, /8' - ^/Sft)') /A . M = - P^e-W . M 
= - Re-'w-hi .M' = - RvM', 
it' V = (a)e)^'w ; 
while hPCl/x-' + ^H/j,.niJ. 

= - \Rm=^e-^M' . {a,M + m'M') = - \Re-'<c-^ {a>M + a,'if ) M' 
= - IRe-'MM' - ^pM'\ 
since p = R (a)e)~'(o' = Re~'Q)~^(o' ; 

also, since K = Rf e"~'\ , 

V-e-^ j 
we have - i S K^jfikf^i = - iiie-^ili' ; 

thus on the whole 

T = - RM' (i' + I J M-\ - Re-' MM' + C/i ; 

now let C = {q, q), and take Q = — ai~'q, so that 

Q (m + am) - Qu = - 1^'q .D,/j, = - co'' {loM + w'M') q=-(M + w-WM') q ; 
then, as Gfi = {qM + q'M'), we have 

Q (m + am) -Qu, + Cix = q'M' - ^ epM'q = q'M' - -^ peqM' ; 



and thus, if /, («) = e2"'-P"' + 2.'<?"/(M), 

we have, since e =1, 

/, (M + a7n) = e-2"-R'i^' ('• + J I ^^') + '" (»' " S ''^» ) ^^' /. {u) ; 



which, if 

w = 

is the same as 

/, (« + am) = e-2Ti.KJ'^' (» + J 1 3/') y^ ^^^^ 
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we have 




(&)e)-i {u + am) = v-\- [e-\ -^ j {M, M') = v + e'^M + ^M' \ 
putting then f^{u) = F{'w), -we have 

f(w + e-HI + ^M'\ = e-^^'-f^^^' ('" + 1 1 ^^') F{w) ; 

we have however previously shewn (Part I. p. 21) that an integral function 
satisf3'ing this equation is expressible in the form 

25^0 1 Rw, p 

" \ / 

where It. denotes the n integers h-^, ...,/;„ in which ^ /*»<—, so that this is a 

sum ofii"/eie2...e„ functions, namely,as A=iJ'y/ e^'W.ofVjAI functions. 

V-e-' ) 

And we notice, if i' = -„ ae, that 

Compare this work with that given on p. 227. We have denoted by 
R the first invariant factor of the matrix A, namely the determinant of A 
divided by the highest common factor of the iirst minors of A ; denote 
similarly by r the first invariant factor of the matrix ke^k ; we have denoted 
by m the last invariant factor of ke^k, namely the highest common factor 
of the elements of ke^k, taken positive ; denote similarly by M the highest 
common factor of the elements of A. The equation 

ryRA-'y = /O - e 
Ve 

gives 

and therefore, as 7 is unitary, 



but from 
we have 



and hence 
thus 



A = 


'i 


Re- 


"\7 




Re-' 


M = 


R 

'en' 


R^^ 

ei 


= R 




v€^fC 


= mRA-' 




jk 


e^ky 


-'C - 


«)• 




r 


= men; 






Mr 


= mR. 
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If then we put, as on p. 227 (cf. Appendix to Part II, Note ll) 
Gkey,kO=/0 -d 



\d Oj 
where G is unitary, we may take ry=G,d = me, and 

a = (ft), o)') 7 = (fi, fx) frd~^ 0\ G 
\ I) 
gives to = /jLrd~^, m' = /jf, 

R ^ ' r r 

while e~' = md''^ 

and i(oe)~^ u = m . 

A Jacobian function in arguments {(oe)~^ti with quasi-periods (e""V — 

thus a Jacobian function in arguments m . — — with quasi-periods m I d~\ ~ 
The function upon which the expression of the periodic functions was shewn to 
depend was (p. 283) a function in arguments with quasi-periods ld~^, - 1. 

85. Remark. Considering as before a Jacobian function f{u) on the Rie- 
mann surface, let f„(M) denote 3 log /(M)/9it„ ; if u be regarded as an integral 
of the first kind on the Riemann surface, depending on the place {x), the func- 
tion ^a.{u) is an integral of the second kind with poles at the mRn zeros of 
f{u), having for the passage of the period loop (a,) the increment liriUa^j. 
We may consider such a function as 



R}'' 



a = l 



ZTTt 



{j=h.../2p); 



at the_^'th period loop this function has the increment 

a = l 

which is (Un-nU)ij, or {kAk)ij; 

assuming provisionally that the matrix kAk is not of vanishing determinant, 

the 2p functions 

7=(kM)-'Z 

are such that all the 2p periods of Yj are zero except that at the loop (aj), 
which is unity. If then Vi,...,Vp be the normal integrals of the first kind, 
the function 

Rk = -Vk + Ft -f- Ti,iFj,+i + ... + n^pYy,, (k=l,..., p), 

has all its periods zero, namely is a rational function on the Riemann surface. 



APPENDIX TO PAET 11. 
NOTE I. 

THE REDUCTION OF A MATRIX TO ONE HAVING ONLY 
PRINCIPAL DIAGONAL ELEMENTS. 

Let a be a matrix of integers of m rows and n columns ; consider the 
bilinear form 

m n 

ayx = 'Z Xaa,pa)ay^; 

a=l /3 = 1 

if we put X = gx', y = hy', where g is & matrix of integers, of type (m, m), 
whose determinant is positive or negative unity, and h a matrix of integers, 
of type {n, n), whose determinant is positive or negative unity, we obtain 

ally' . gx' = gahy'x, = a'y'x', say, 

where a' = gah ; it is to be shewn that the matrices g, h can be chosen so that 

a'y'x' = Ci^i'y/ + CoX^'y.' + . . . + C;*/;// , 

where Ci, ... , Ci are positive integers, and each of c^+i/Cy is an integer. 

If in ayx we put x„, = x^>, x^' = x'a, for a particular pair of suffixes a, a!, 
every other x being equal to the corresponding x', the form a'y'x' obtained 
will have a'„_p = a<.'^^, a''„',/3 = ao,p, namely we shall interchange the rows a 
and a! of the matrix. Similarly we can interchange any two columns by a 
similarly simple unitary substitution upon the variables y^,...,yn. If we 
put Xa= — x'a., for a particular value of a, we shall change the sign of one 
row, and we can equally change the sign of any one column by a transforma- 
tion for t/i, ... , yn- If we put for a particular pair a, a! 

' _l_ ' > ' 

Xg^ — OC a "T" IfYtSC a' , iVa' — •^ a' ? 

all other x's being unaltered, we shall have 

namely a a,^ = (ia,?, ct'a',^ = aa',p + witta,?, 

so that we thereby add to the row a', the row a, multiplied by m. Similarly, 
by a unitary substitution, we can add any multiple of any column to any 
other column. 
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Taking now the matrix a, first divide all its elements a„,p by their 
greatest common (positive) divisor; then, by interchange of rows and 
columns, put the (absolutely) smallest element which is not zero, or one of 
these, in the first place of the first row, and by change in the sign of the first 
row, if necessary, take this smallest element positive ; then, by adding suit- 
able multiples of the first row to all other rows, and suitable multiples of the 
first column to all other columns, make all elements of the first row and 
column less in absolute value than the first element. By repeating these 
steps we shall be able to arrive at a matrix in which the first element of the 
first row is positive unity and all other elements in the first row and column 
are zeros. 

After this, deal with the matrix obtained by ignoring the first row and 
column in a similar way, making substitutions only for the variables other 
than the first x and the first y ; and so on. The bilinear form will thus take 
a shape 

Ci [x^ y,' + h\:r.:y-2 +h{x^y.:; + ... )]j, 



or say 








CiOChy, + ... + cixiyi, 


where k^ 


= c^lc,. 


"'3 — C-jI C2 , 


. . . are positive integers, and the matrix has a form 






1 c„ 


, , , 0, 0, . \ , 








i 0, 


C, 0, 0, 0, 0, \ 








0, 


0, c,, 0, 0, 0, . 








0, 


, , C4 , 0, 0, / 



there being n — I columns of zeros on the right, and m — I rows of zeros below. 
Here the greatest common divisor of determinants of order r is CiC„ ... Cr, and 
the invariant factors, or elementary divisors, are ... , C3, C2, Cj ; the form is 
thus unique. The number I, characterised by the fact that all minors of the 
matrix a of more than I rows and columns have a vanishing determinant, is 
the rank of the matrix. Denoting the inverses of the square unitary matrices 
g, hhy G, H we may write the result 



a 



( c \ iT = G^cH, ., 




where G^, of type (m, I), is constituted by the first I columns of G, and is 
unitary in the sense that the determinants of it of I rows and columns have 
unity as their greatest common divisor, and H^, of type {I, n), is constituted 
by the first I rows of H, and is similarly unitary. 

For a simple instance take the matrix 

= / 1, 2, 3, 4 

•5, 6, 7, 8 
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which can be changed in turn into the following forms : 

/I, 0, 0, \, / 1, 0, 0, \, /I, 0, 0, 

\ b, -4, -8, -12 y \0, -4, -8, -U ) VO, -4, 0, 

the bilinear form 

ayx = a;j7/i + 2x^y^ + \^x-^y^ + ^x^y^ + ox^y^ + Qx^y^ + Ix^^y^ + 8*22/4 
being .Tj {y, + 22/„ + Sy, + 43/,) + a;^ (o^/i + Qy, + 7^, + 81/4), 

or «i 2/1' + «2(- 4^/2' + 02/1'), 

or («, + 5«2)2/,'-4«22/2', 

that is a;/?/,' + ix^y^, 

where (a;/, a;2')= / 1. 5 \ (a-,, a;^) 

I 0, -1 
and 

(?/.', 2//, 2//, 2/4') = 



giving 



(ya', 2/./) = 



/ 


1, 


2, 


3, 


'\ 


iyu 


. y^ 


.2/3. 


2/4), 


f 


0, 


1, 


2, 


3 










I 


0, 


0, 


1, 













\ 


0, 


0, 


0, 


1 / 










1, 

0, 


2, 
1, 


3, 

2, 


4 
3 


\(2/i. 


>2/2- 


2/3, 


2/4). 





We give three applications of the result. 

(a) If a be a matrix of integers of m rows and ?! columns, with m < n, 
the determinants of oider m from this not being all zero, we can determine 
n — m other rows of integers which, put with a, give <a matrix of n rows 
and columns, with determinant equal to the greatest common divisor of 
the determinants of order m in a : in particular if a be unitary the additional 
n — m rows can be found so that the resulting determinant is unitary. 

For taking the notation as before, we have I -m, and 
where G is of type (wi, vi) ; consider the matrix product 

(?:n(o:?r 

where each factor is of type (n, n), the unity denoting in each case a diagonal 
matrix whose n-m elements in the diagonal are all unities and other 
elements zero, the zero denoting a matrix whose elements are zero, of type 
{vi, n — m), or {n — m, m), according to its position. This is the same as 

Oc, 0\H, =/ GcH, V = , 



f Gc, 0\H, =( GcH,\, =/ a \, 



20 
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where H^, as before, is constituted by the first m rows of H, and H.^ by the 
remaininsr n — m rows. The determinant of this matrix is 

\Gc\ IH\, =CiC2...c,„, 
and this matrix is therefore such a matrix as desired. 

(iS) In the same case, m < n, the rank of the matrix a being m, we 

have as before 

a= GcHj, =fk, say, 

where/, = Gc, is of type {m, m), and k, =H^,is of type (m, n) mid is unitary, 
in the sense that its determinants of order m have unity for highest common 
factor. The question arises whether the matrix a is capable of the form 

in which /i is of type (?n, m), and Ic^ is of type {m, n) and is unitary, in other 
ways. We prove that this is only possible by the obvious change 

/=/i7. k = y-'k,, 

wherein 7, of type (m, vi), is unitary. 

For, form the matrix of type (n, n), of determinant unity, whose first 
m rows are constituted by the matrix k, as we have just shewn possible 
(under (a)); let m denote the inverse of this matrix, so tiiat 

km = (l, 0), 

where 1 denotes a diagonal matrix of type (m, m), having unities in the 
diagonal but its other elements zero, and denotes a zero matrix of type 
(m, n — m); the equation 

fk=^fh 
then gives /(I, 0)=fikim, 

and if we put k-^m = (7, \), 

where 7 is of type (7?;, ni) and X of type (nx, n — m), this is the same as 

/=/i7. with 0=/i\; 
the former gives fiyk=fiki, 

which, since by hypothesis the determinant of /] is not zero, leads to 

k = 7~'fci, 
as stated above. 

If instead of the numbers m, n we have respectively the even numbers 
2??, 2p, as is the case in the applications made in the text of this volume, and 
if, as there, e^p denote a matrix of type (2p, 2p) whose elements are zero save 
the elements (r, p + r), each of which is — 1, and the elements (p + r, r), 
each of which is 1, we have the result that a matrix of integers a, of type 
(2n, 2p), and rank 2n, can be written in the form 

a=fk, 
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wherein /is of type (2tt, 2n), and k is of type {In, 2p), and is unitary, and in 
whatever way this be done, the matrix, of type (2m, 2?i), 

has the same determinant. The number expressed by this determinant, which 
was called the multiplicity in the text, is thus uniquely determined by the 
matrix a. 

(7) A third simple application is to determine the number of integers 
representable in the form ax, where a is a square matrix type (?i, n), of non- 
vanishing determinant, {m = n=l), and x is a row of rational fractious, two 
rows whose difference consists of n integers being counted equivalent. Take, 
as before, 

a = GcH ; 

then ax = z, 

where ^ is a row of n integers, is the same as 

where Hx = ^, G~^z — f, 

so that when z consists of integers, so does f, and conversely, and when x —x 
consists of integers, so does ^' — ^= H{x' — x), and conversely. The problem 
is then of the number of integers representable by c^, that is by 

and of these the suitable solutions are manifestly 

Ci|i = 0, 1, ... , Ci-1 ; 0.2^2 = 0, 1, ... , C2- 1 ; ... , 
of which the number is c^Cq,... c„, equal to the determinant of the matrix a. 



NOTE II. 

THE COGREDIENT REDUCTION OF A SKEW-SYMMETRIC 
MATRIX OF INTEGERS. 

Consider a bilinear form in the m variables x^, ... , Xm and the m variables 
2/1. ••• . Vm, having the shape 

ayx = %aij {xtyj - x^y^), 

where the coefficients aij are integers ; we proceed to shew how, by co- 
gredient unitary substitutions 

^ = 9^' y = 9n, 
where ^r is a matrix of integers of type (m, m) of determinant unity, the form 
can be reduced to the shape 

20—2 
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in which the couplets of variables occurring are of the forms 

or say (1, n + 1), (2, w + 2), . .. , (n, 2n), 

in which no two couplets involve the same suffix, and the total number 
of variables f is even, = 2?!, as of variables ?/, while di, d2, ■■■ , dn are positive 
integers. 

(a) In the first place, we can, by unitary substitutions, change the 
original form to one in which the only couplets such as {i, j) = xiyj — Xjiji 
which occur are 

(1,2), (2,3), (3,4), (4,5), ... , (m-l,m), 

in which any two consecutive couplets have a common .suffix ; we may 
describe such a form as a linked form. 

For consider any two couplets 

a {xiyj - Xjyi) + h {xiyk - xj^yi) ; 

let m be the greatest common divisor of a and b, and p, a, without common 
factor, be integers chosen so that 

aa — hp = in; 
putting ^^. + _^,.= ^,', £2,. + _y, = ^.', 

pXj + aXjc = Xj,', pi/j + ay^ = yil , 

the other variables (than Xj, x^) being unchanged, this being a unitary sub- 
stitution, the two couplets become 

m {Xiyl - xj'yi), 

and instead of two couplets {i,j), {i, k) we have now only one couplet (i, j). 
Thus, considering the aggregate of the couplets involving x^ and y^ in the 
original form, namely 

ai,2 («i2/2 - «22/i) + ai,3 (*)j/3 - x^y,) + ...+ ai^m{x,ym - x^y^, 
we can first replace the two first couplets by a single couplet 

this requiring a substitution, of x.l and x^ in place of x.^ and x^ (and of y^ and 
2/3' in place of 3/2 and y^ which does not affect any other of the couplets 
involving x-^ and 3/1; the number Ci_2 is a divisor of «, 2, being the greatest 
common divisor of a^^ ^ and a,, 3 ; taking next the couplets 

Ci,e {x^yi - Xiy-d + tti, i {xiyi - x,y,), 

we can by a substitution replacing .r,', x^ by x^", x^' (and similarly y„', y^ by 
i/„", 1/4'), replace these couplets by a single couplet Cj^a(x,y/' — x^'y^), where 
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Ci, 3 is a divisor of C],2 and therefore a divisor of aj, 2. Proceeding thus the 
form is reduced to 

a {x^T)^ - ^23/1) + H, 

where if is a skew-symmetric form in m— 1 pairs of variables ^2, 772. ^siVa--- > 
not involving a',, y^, and a is a divisor of (Z,,2- By applying a similar process 
to H, we can, by a unitary substitution which does not affect x-^, y, or ^„, t/j, 
reduce this to a form 

where K is a, form not involving the variables x^, y^, or f,, tj.^. And so on. 
The original form is thus reduced, say, to 

''], 2 (-ii 1 i J - A 211) + 0.,^ 3 (-^2 is — -A3 Fj) + . . . + Om-l, m i^m-l i»« — -y?;! Jjii-l)- 

(/3) From this it appears at once that integer values of «i, y^, ... , .r,„, y,n, 
can be chosen which will make the original form equal to the greatest 
common divisor of all the coefficients aj^o. f'l.s. •■• > f*2,3> ■•• . ctm-i.m- 

For, the linked form just written, with coefficients 6; j, being obtained 
from the original by unitary substitutions, the greatest common divisor of its 
coefficients bij is necessarily the same as for the original form. Suppose, for 
a time, this factor divided out, so that we may regard 61,2, ^2,31 •••> ^m-i,m 
as having only unity as common divisor. We can then obtain integers 
Pi, Ps, ...tPm, without common factor, to make 

bi,2Pi + br,,3p3 + ... + 6,„_i,™,^,„ = 1 ; 
take then Xj = X2 = . . . = Xm = 1, 

and Ti = qi, Y2 = qo, ... , Ym^qm, 

so that F2 - Fi = JP2, F3 - F2 = ^3. . • ■ . Ym - Fn-i = pm, 

which is satisfied, for instance, by 

7i = 0, 72=^2, Ys=p,_+p3 Yj,i = p2+Pi+ ...+pm; 

then, for these values, the linked form has the value unity. Let the corre- 
sponding values of «], ..., Xm and y^, ... , y,n, obtained from these by the 
unitary substitutions, be denoted respectively by a^, ... , a^ and 61, ... , 6^; 
for these the original form has also the value unity ; and as the two matrices 

/ Oi, a„, ... , a„ \, /1,1,..., 1 \ 
V bj, b.i, ... , b,n 1 \ qi, ?2, ... , qm / 

are obtained from one another by unitary substitutions, and the binary 
determinants from the latter (which are, in part, the numbers jjj, p.j, ... , p„i) 
have unity as common factor, the same is true of the former matrix. 

The statement is therefore proved in the case when the coefficients of the 
form have unity for common factor. It then follows at once in the case when 
they have a common factor greater than unity. 
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(7) Hence, the original form can be changed to one in which the 
coefiEicient of the first couplet, (1, 2), is equal to the highest common factor of 
all the coefficients. 

Suppose this highest common factor to be unity, and, as in (/3), let 

fl!^i = tt] , ... J iZ^m = dm ) 2^1 ~ ^1 ) • • • ) yrn ^^ ^m 

be values of the variables reducing the original form to unity. We can then, 
as proved in Note I (p. 30.5), since the binary determinants aibj — ajhi have 
unity for highest common factor, determine a matrix of integers of 
detei'minant unity vs'hose first two rows are respectively a,, ... , a^ and 
61, ..., 6,„, say 

"" ■ fl] , a., , ..., am 

&i , 62 , ..., 6,„ 

Cj,l > ^3,'^ ) ...» ^'Z,m 



^in,lt ^m , 2 J • • • 3 ^n 



putting then 

{X,, ...,X,n) = Pi^„ ..., |^,„), (2/1, ...,y,„) = P(r]„ ..., rjm), 

we obtain ayx = PaPr)^, 

wherein the coefficient of the couplet ^jT/j — ^^7)^ is 

_ m ._ l...)K 

{PaP\,= 2 P,,,. {aP\ , = 2 a,,, (P,,,. P,,, - P,,, P.,,,) 
= 2ar,s(a,'&s-as6r) = 1, 

r,s 

as was desired. When the coefficients of the original form have a common 
factor greater than unity, the corresponding transformed form is one in 
which the coefficient of the couplet fi^ — ^2771 is this factor. 

(8) Still supposing the coefficients in the form to have unity as common 
factor, and the form to- have been reduced, as in (7), to a form 

in which the first couplet has unity as coefficient, let this form be transformed, 
as in (a), to a linked form, 

Xi Fo — X2 Fi + /Sa, 3 (X2 Fj — X3 F2) + . . . + /9m-i, m i^m-i F^ — Xm F„i_]), 

in which Xj = f ] , Fj = t/j , and the first coefficient, being the common divisor 
of all the coefficients, is unity. Herein put 

X, - A, 3 Z3 = X/, F - &.. 3 F3 = F/, 

as a transformation for X,, Fj, the other variables being unaltered ; thereby 

we get 

X,'Y,-X,Y,' + M, 
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where 

involves only m — 2 variables X3, ..., X^ and jji — 2 variables F3, ..., F,„. 
Let similar reasoning be applied to the form M, after division of all its 
coefficients by their highest common factor, and so on. If di denote the 
highest common factor of the coefficients of the form as originally given, 
we thus see that this form can be changed to the shape 

d, [(1,2) + d,[(S,i) + d,({5,6) + . ..)]}, 
or 

di (rfi'y/- ^2' 2/1') + did, (a;/ 2//- Xt'y.,') + ...+ d^d., ...d,, (a;',.,i_i y'-M - a^'-m y'-m-i), 

wherein d,, d.,, ■■■, dn are positive integers, and 2n, an even integer, is 
not greater than m, putting now 

*''at-i =-^k, x'.^ = f ,1+j; , 2/'2A:-i = -Vk, y'jc=Vn+k, (k=l,2, ..., n), 

this is the same as 

di i^n+iVi - ^iVn+i) + didi itn+iVi " ^2nn+2) + • • ■ + dido ...dn {^.niVn - ^nVm)- 

In other words there exist unitary transformations from the original form, say 
such that ayx = gagrj^ ~ / ^ ~d 

r 

or gag= / 

r 

where denotes a matrix of n rows and columns of which every element 
is zero, d denotes a matrix of n rows and columns having every element 
zero except those in the diagonal which are in turn di, d^d^, ...^did^ ...dn, 
while \, fi, V, X, /i' are matrices consisting wholly of zeros, of respective types 
(n, m — 2n), («, m — 2n), (m - 2?!, «i — 2n), (m - 2n, n), (m—2n, n). Of the 
whole matrix, the minors of 1, 2, 3, 4, ..., 2n, rows and columns have, for 
the greatest common divisor, respectively, 

ttj, Uq , Ui (*2j Ui 0^2 , . . • , ttl di ... dnt di di^ ',..., dn , 

so that the corresponding invariant factors are 

di, di, didi, did^, ..., did^ ... dn, did^ ... dn, 
while all determinants of more than 2n rows and columns are zero. In 
particular if the original matrix a is of non-vanishing determinant we 
must have m = 2n, and there is a transformation such that 

gag = fO - d\ . 
U 
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(e) 111 the preceding reduction every step can be at once carried out 
for any given form. But the number of steps can be reduced, and the 
use of the so-called linked form avoided, if we establish in some other 
way that values of the variables can be found to render the original form 
equal to the gi-eatest common divisor of its coeflBcients, which we have proved 
by the use of the linked form. This result being assumed, the form can be 
reduced, as in (7), to the shape 

d-,F = d, [^1% - f ,9;i + a,,3 {^,7)3 - ^iVi) +■■■]; 
and then, instead of (S), we may put 

dF ^ ^ , dF 

•'»l = g- =?l-='2,3?3----, yj =-^ = Vl-a2,3V-i----, 

dF ^ ^ , dF 

«^2 =-g- = ?2+«l,3?3+---, ^2 = ^ ='72+a,,377, + ..., 

whereby the form reduces to 

where iV is a form not containing the four variables «/, x^, y(, y,', for which 
then similar reduction is possible (Frobenius, Crelle, LXXXVI. and Lxxxviii.). 

(f) Any form 

a (x^y, - x^y,) + h (x,y, - x,y,) + c {x,y, - x,y,) + ..., 

in which no two couplets have a common variable, can be at once reduced to 

di {^iV2 - ^iVi) + d^d^ (^,7]^ - I^T^j) + d,d.,ds {^r,r), - ^.y,) + ..., 

as follows. Take the pair of couplets 

A {x,y., - x„y,) + B (x^y^ - x^y^) 

in which A, B have no common factor ; find /j., v so that Afi + Bv = 1 ; put 

a;, = /w;i' - Bx, , yi = fiy^ -By^ 

«2= «/ -BvXi, 2/2= y/ -Bvyi, 

X3 = vXi + Ax,' , 2/3 = vy-; + Ay-l , 

«4= < +AfiXi, 2/4= 2/2' +^M2//, 

which is a unitary substitution, giving, as we at once find, 

A («! y, - x^y,) + B {x^y^ - x,y^) = x^yi - x^yl + AB {x,'y,' - x,'y,'). 

A repetition of this process suffices for the purpose. 

(t) Suppose the skew-symmetric matrix of integers, a, to be of type 
(2n, 2n), and of non-vanishing determinant. Then as has been shewn, 
we can find a unitary matrix g, of integers, such that 

gag = /O - d\ , 



(0 -dy 
\d Oj 
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where d is a diagonal matrix of positive integer elements d^, d.^, ..., d^ 
for which each of d.Jd^, d^jd^, ■■■, dnjdn-i is integral. Let d~^ be the inverse 
matrix of d, a diagonal matrix of elements d^^, d^'^, ..., d„~" ; we have, 
if 1 denote the unit matrix of type {n, n), 

/rd-' 0\ /O - d\ frd-' 0\ = fO - r\ frd-' 0\ = /O -r\=r /O - 1\ ; 

V i; U o)\ l) [d oj I l) [r o) [i o) 

if we take r = dn, the first invariant factor of a, being the quotient of 
the determinant (did., . . . dn)'\ of a, by the highest common factor 

of its minors of order 2n — 1, then 

/rd-' U\ 
\ ij 

is a matrix of integers. Conversely, if y be atiy matrix of integers sucli tliat 
7/0 -d\y = s/0 -1\, 

\d o) [l o) 

where s is an integer, and ,/, of type (2n, 2m), given by 

U' /87 
be the most general matrix such that 

J/0 -l\/=/0 -1\, 

u o) [l o) 

we have, from fsd-' 0\ /O - d\ (sd'' 0\ = s /O - 1\ , 

\ iJU o/Vo \) u 0/ 

the equation /O - d\= s /s-^d ON /O - 1\ (s-'d 

U O; I \) U oA 1 

and hence 7 (s'^d 0\ /O - 1\ fs'^d 0\ 7 = /O - 1 

i, ij VI oj V ij U 

so that (s~^d 0\<y = J, 



or 



fs-'d 
\ ] 

y^/sd-^ 0\ /a /3 \ = /s(i-'a sd-'/3 

I ly U 



ySV V a' /8' 



now d~'a differs from a in that its first row is divided by di, its second 
row by ^2, and so on ; in order then that all the elements of sd'''^a and 
sd~^^ should be integers each of the quantities sdr^, sd,~^, ..., sd„~' must be 
integral, or, if these be fractions with denominators ei, e^, ■■■, e,j, the last 
row of a must, after division by e„, consist of integers, as must also the last 
row of /3; we have however from the definition of J (cf. p. 314) 
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thus e,i= 1 and s divides by dn- In other words the most general matrix of 

integers, 7, for which 

7/0 -d\y = s/0 -1\, 
[d 0) [1 0) 

■wherein s is an integer, is of the form 

J = /sd-' 0\ J, 
[ 1/ 
where iT is a matrix for which 

.7/0 -l\/=/0 -IN, 

U 0) [i 0) 

and s necessarily divides by d,i, the first invariant factor of the matrix 

/o -dy 

\d 0) 
The matrix /=5'7 

is then such that faf=s /O — 1\ , 

U 0) 

and is the most general matrix of integers effecting this transformation, 
while s is necessarily equal to, or a multiple of, the first invariant factor 
of the matrix a. 

NOTE III. 

ON TWO FORMS OF EXPANSION OF A DETERMINANT. 

II di, Ct.2, • • • , Clnt ^1)^2) • • • ) 0,,i 

61, bn, ..., bn, K, 6/, ..., bn 

be two rows, each of 2/i quantities, the quantity 

(«; b) = a^bi - a^'bi + a^b^' - a/ 65 + ... + a„&,/ - a„'6„ 
may be called the combinant, or the splice of the two rows. For instance 
if we have a matrix of 2n rows and columns such that 



■a /3W0 -iWfi «'\ = /0 -1\, 

.«' /SVU oJU 0') VI 0) 

where 1 denotes the matrix unity of type (n, n), and each of a, /9, a', ^' is also 
of type {n, n), namely such that 

//So-a^ ^a'-a^'\ = fO -IN, 
\0'a-a'0 ^'a'-a'l3') [l o) 
then «,,^,, - a, ,/3,,, + ... +a,,„/3«,„ - «,,„/8,,„ = 0, 

ar,i/8'r,,-aV,,jS^,i+ ... + a^,„/3V,«-a'r,n/3r,«= 1, 
and so on, namely the splice of any two rows of the matrix 

is zero, except of rows of places r and r + n, when the splice is unity. 
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of a determinant. 
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(a) If ^ =(«,«') 

be a matrix of type (2/(, 2p), with n 5 p, so that each of a, a! is of type 
(2»i, p), we have, with 

wherein 1 denotes the unit matrix of type (p, p), 

Ae.ipA = {a, a) /O - 1\ /fi \ = (a, - a) /a \ = aa - aa', 

a matrix of type (2n, 2n), wherein the (r, s)th element is 
which is the negative of the splice of the two rows 

^r, 1 ) • • • ) *r,p ) Ot ,. 1 , . . . , a ,._ p 
^6, 1 I • • • ; ^s,p I <" s, 1 ) • • • I f" s,p 

of the matrix (a, a') ; denoting this by (r, s) we thus have 
Ae,pl=/ , -(1,2), -(1,3), . 
(1,2), , -(2,3), . 

(1,3), (2,3), , . . 



Thus in particular, when n=p, and ^ is a square matrix of type (2n, 2n), 
by taking the square root of the determinant of both sides, we have 

I ^ ] = the Pfaffian 2 ± (1, 2) (3, 4) ... (2n - 1, 2m), 
whereby any determinant of even order 2n is expressed as a Pfaffian in- 
volving 1 . 3 . 5 . . . (2?i — 1) terms, each of which is a product of n splices from 
two rows of the determinant. For example, the determinant 

A= tti, 61, Oi', 

di, i>i, al, hi 

if (r, s) = a^Us — ttgUr + Khg — bgbr', 

has the form A = (1, 2) (3, 4) - (1, 3) (2, 4) + (1, 4) (2, 3). 

(/9) The same determinant of order 2m can be expanded as a sum of 
products of binary determinants. Divide the determinant mentally into 
pairs of columns, say the first and second, the third and fourth, in general the 
(2h — l)th and 2/ith. From the first pair of columns take the k^th and 
Ajjth rows, and let [^'i, /caji denote the binary determinant so obtained; 
from the second pair of columns take similarly the determinant [k^, ki]^ 
involving elements from the kaih and k^th rows, and so on ; we suppose 
ki< ki, ks<ki, and so on. Then the determinant can be written 
^ i \_ki, n^aj 1 ikg ,kij.2 ... [ A'2J!— 1 , k,„i\ „ , 
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where the number of terms is 

/2n\ f2n - 2\ /4 



V 2 y-V2;' = ("'>l-^-^---(2''-l)' 

and the sign is + according as k\, k^, k^, k^, ... is an order formed from 
the normal order 1, 2, o, 4, ... by an even or odd number of inversions. For 
instance, for the determinant A we have the ordinary expansion of six terms 

A = {aib.,- a„bi) {aj W - a* W) + ••• +{(13^4- a^h) (aj'b.2 - a^'W). 

(7) We can easily coimect these two methods of expansion. Take 
the second method of expansion to be based upon a subdivision of the 
determinant into pairs of columns of which the first pair is constituted 
by the first and (w + l)th columns, the second pair by the second and 
()i + 2)th columns, ..., the 7ith pair by the nth and 2?ith columns. Then 
the splice of the rth and sth rows of the determinant is, ia the notation 
employed in (a) and (/3), 

(r, s)=[r, s]i + [r, s]^ + ... + [r, s]„, 

where [r, s]h denotes a binary determinant formed from the hth pair of 

columns. Hence the Pfaffian expansion of the determinant, formed as 

in (a), is 

2 + {[1, 2], + [1, 2],+ ... + [1, 2]4 p, 4], + ... + [3,4]„} { } 

or 2±[1,2],[3,4], [5,6]3... 

+S±[3,4], [l,2],[5,6]3... 
+ ... 
+ S±[1,2]J3,4]J5,6]3... 

+ , 

wherein, in each of the first {n !) rows, which are formed from one another 
merely by permutation of the suffixes 1, 2, ..., n, there are no two suffixes 
equal, while in each of the remaining rows two suffixes (at least) are equal. 
Such a row, for example, as 

2 ±[1,2], [3, 4], [5,6],-..., 
arises, however, associated with others which, together with it, make the 
expansion, in binary determinants, of a determinant in which the second pair 
of columns is the same as the first pair, that is of a vanishing determinant. 
The Pfaffian expansion thus gives the expansion 'in binary determinants; 
and the form of the latter is at once deducible from the form of the former by 
permutation of the factors of the terms. For instance, for «. = 2, the Pfaffian 
expansion is 

(1,2), (3, 4) -(1,3) (2, 4) + (1,4) (2, 3), 

and the expansion in binary determinants is 

[1,2], [3, 4], -[1,3], [2, 4], + [1, 4], [2, 3], 
+ [3, 4], [1, 2], - [2, 4], [1, 3], + [2, 3], [1, 4],. 
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NOTE IV. 

SOME CURVES LYING UPON THE KUMMER SURFACE, IN CONNEXION 
WITH THE THEORY OF DEFECTIVE INTEGRALS. 

1. Upon the hyperelliptic surface ^ (x, y, f ) = 0, expressing the relation 
connecting the functions x = ^^ (u), y = Pa, {u), ^ = ^^ (m), the two integrals 
(p. 44) 

_ . f Aiaia; - Aiarfy _ f - A.^Ag + And y 

beside being everywhere finite, are single valued save for their additive 
periods, and are thus among the everywhere finite integrals belonging to 
any algebraic curve upon ''I'' = ; every such curve of deficiency greater than 
2 thus possesses defective integrals. 

But upon the Kummer surface, these integrals, of which the integrand 
involves rational functions of x, y, z multiplied by the ambiguous quantity f, 
though still everywhere finite, are capable of change of sign, and are therefore 
not in general among the ordinary everywhere finite integrals of a curve upon 
this surface. 

Any plane (algebraic) curve possesses, in addition to its ordinary single 
valued integrals of the first kind, everywhere finite integrals similarly capable 
of change of sign. For example, on the curve 
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3/== n {x- 

i=l 


- «!■). 


the 


integral 








/(^ - aO* 


dx 


is everywhere 


finite ; 


and, 


on 


the curve 














a^ + 2/^ = 


1, 


the 


integral 








\{\-u?f 


dx 
f 



is everywhere finite ; in general if, upon any plane curve of deficiency p, the 
adjoint polynomial of 2p — 2 zeros associated with an ordinary integral of the 
first kind, v, be denoted by <f}, and <t>, '^ denote such adjoint jjolynomials each 
with the peculiarity of having p—1 repeated zeros, the integral 



/ 



9 



is everywhere finite. These integrals are single valued upon the associated 
Riemann surface dissected by the period loops which render the ordinarj^ 
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integrals single valued, but the relation connecting the values of an integral 
at the two sides of any such loop is of the form 

where fl is a constant for that loop, and g, also constant for that loop, is 
or 1 ; with each such integral there is thus a set of 2p numbers g, and it can 
be proved that, for each of the 2^—1 possible sets of such 2p numbers, the 
number of linearly independent integrals is ^ — 1 * 

For the case of a plane quaitic curve, f= 0, with |) = 3, there are, 
associated with any set of 6 numbers g, twelve f bitangents, forming a so- 
called Steiner system, breaking into couples x^, ^i, «„, ^2, ■••; *6, ^e. such that, 
for i = 3, . . . , 6, we have 

V«,:fi = A,- VflJifi + Bi \/a;2^2, 

where A;, Bi are constants ; and the corresponding integrals J are 

dx f , dx 



[ I dx f d 



On the Kummer surface, the factor under the integral sign, in the 
integrals u^, ii^, which is not rational in x, y, z, is ^; or, since the ratios 
^'■V'-K'-''' ^i"6 rational in x, y, z, it may be taken to be any linear form 
h^ + hv^ UK + h^ ', we have (Ex. 7, p. 152) the identities 



wherein 6, <p, ^ are roots of the fundamental quintic ; the sign of the square 
root under the integral sign may thus be expressed in terms of any one of 
the 20 radicals of these forms, of which any two have a rational ratio ; these 
20 radicals are all expressible linearly in terms of four of them, for example 
in terms of 

vp;;p,7p7^, -jpj^i^, Vivvv, vp^tvp*^- 

This suggests at once the relations among the square roots of the products 
of two bitangents of a plane qiiartic curve. To see how, in the case of a 
plane section of a Kummer surface, these radicals reduce to square roots of 
products of two bitangents, consider any plane passing through the two 
points at infinity 

X _ y z X y z 

* A proof is given in the author's Abel's Theorem, Chap. xiv. See p. 420. 
t loc. cit., p. 381. 

X A very general case of such factorial integrals, and theta functions formed with them, is 
considered by Wirtinger, Untersuchungen iiher Thetafunctionen (Leipzig, 1895), pp. 73 — 125. 
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where 6, <f> are 7iot necessarily roots of the fundamental quintic ; the equation 
of the plane may therefore be taken to be 

or say Pg^ = m ; if we put 

^^ («/>- t)Q /, = _(±jii)*_ __{e-^y^_ 

where ■«/>■, like and <f>, is any quantity, and 

@'=f(d), a>==/(,^), ^^=/(^), 

and put also X = P^j„ Y=P^s, Z =^ Ps^, 

we have* the identit}^ 

[6'^'f I + (6"^ + (9i|r + ,|>>/r)^ + ((9 + (/) + ■>!.) f + t]= 

= 4Z FZ + a^'Z^ + Jf Y"- + c''2'= - IhcYZ - 2caZX - 2abXY ; 
from this identitj', taking i/r = oo , we have 

where Pe = y + dx — 6^, and 6, </> are arbitrary ; while, taking i^ to be any 
root of the fundamental quintic, so that c = 0, we have, still with 6 and (p 
arbitrary, 

[e<l>^^+{0<l> + 0ylr + <f>f)r, + {e + ^ + f)^+Tf = iPs^P^^Pe4, + {aPu-bPe^y; 
thus when Pg^ = m we have 

e4>y}r^ + (0cf> + e^fr + <f>y}r)7J + (0 + <f> + yJr)^+T= [imPe^P^^ + (aP^^ - bPe^y}^ ; 

now we know that the cubic function in x, y, z, obtained by squaring the left 
side, gives, when equated to zero, a surface touching the Kummer surface 
wherever it meets it ; the right side therefore represents the square root of 
the product of two double tangents of the plane quartic obtained by the 
section of the Kummer surface with the plane Pe^ — ni. For this plane 
quartic the square root under the integral sign, in the two surface integrals 
Mj, Vi, is thus reduced, as regards its sign, to any one of the six radicals 
obtained by taking yp- equal in turn to all the roots of the fundamental 
sexticf ; and of these radicals all are expressible linearly by any two of 
them, since we have 

2 (^/ri - yjrj) [4mPe^,P^^, + {CiP^^, - 6iP«^,y)4 = 0. 

* We know (p. 152) that the terms of the third order in x, y, z, on the two sides, agree ; and 
it is easily found that the cubic surface obtained by equating the right side to zero has nodes at 
(X, r, Z) = {0, 0, 0), (0, ca, ab), {be, 0, al), (be, ea, 0), as on p. 143; for P^^ = bc is the same as 
P^,j, = ^-i<l(4>-'Pf,=E'^^-E^,^; putting X^=-aX+bY + cZ,Y, = aX-bY+cZ,Z, = aX + bY-cZ, 
Ti= 2abc-aX-bY- cZ, the surface reduces to X^-^ + Fj-' + Z,-i + T^-^ = 0. 

t Thus the 28 double tangents of the plane section Pgj, = m are determined, consisting of the 
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Wheu the plane Pe^ = ni becomes a tangent plane of the Kummer 
surface we have m = 0, or m = ab, corresponding to the two tangent planes 
through the chord (6, 0) at infinity ; in either case the radical 

{4mP,^P^^ + (aP^^ - bPe^y}i 

becomes rational in w, y, z, and the integrals «2, «i become ordinary integrals 
of the first kind upon the section, which is now a hyperelliptic quartic curve 
of deficiency 2. 

In general, upon any algebraic curve on the Kummer surface, in order 
that the integi-als w,, Mj of the surface should be integrals of the first kind 
for this curve, it is clearly necessary and suflScient that, upon this curve, 
?. = ^■m{u), should be expressible rationally by the coordinates x, y, z of the 
point of this curve. Consider, with the Kummer surface, the surface 
■^ {ao, y,^) = 0; we have f = Vii {x, y, z), where i? is a rational function, and, 
to any point {x, y, z) of a curve upon the Kummer surface, correspond two 

16 intersections of the plane with the singular tangent planes, and the 12 determined in the text, 
which form a Steiner system. The pairs of this system intersect in the six points such as 
■^ei// = *''-^diii = '''-^«c4 = '"S *^^ pliiiePjj, = is the polar plane of x/l= -yje=zj8'^ = xi in the linear 
complex associated with the root \j/ (whose form is given p. 74 ; see p. 105), and the six points 
^«^ = 0> -PAii = 0, Pgj, = ^ are tlie poles of the plane Fg± = m in the six linear complexes; they lie 
on a, conic, as follows from the identity Z(V-^xx'f = (p. 174) ; cf. Klein, Math. Annal. ii. (1870), 
p. 216. 

Conversely, given any plane quartic curve, there can be drawn through it *■* Kummer 
surfaces. We have in various ways, in this volume, reduced the equation of a Kummer surface to 
a form containing three explicit constants (e.g. p. 153) ; adding the 15 constants of a general 
projective transformation we have 18 constants ; making the surface pass then through 14 
( = 4.4-3 + 1) points of an arbitrary quartic curve, there remain 4 constants. The theorem is 
proved by Kummer {Berlin. Monatsber. 1864, p. 256), by identifying the irrational form of the 
quartic curve with the section, by its plane, of the Kummer surface taken in irrational form. The 
quartic curve being regarded as the envelope of the conic \p-U + \//V+ W=0 (Salmon, Higher Plane 
Curves (1879), p. 226), there are six values of f for which this conic represents two straight lines; 
the six points of intersection of these pairs are easily shewn to lie upon a conic, S; dividing these 
six points into two triangles in one of the ten possible ways, there exists a unique conic, 2, of 
which these are self-polar triangles ; taking two arbitrary non-intersecting straight lines through 
the two points in which this unique conic, 2, cuts one side of one of the two triangles, these lines 
and the conic 2 determine a ruled quadric ; it is then easy to determine six linear complexes, 
every two in involution, in which the poles of the given plane, of the quartic curve, are the 
angular points of the two inscribed triangles of the conic S. Hence the Kummer surface can be 
found as desired (Ciani, Ann. <K Mat. 3rd Series, t. ii. (1899), p. 93). The six complexes being 
r,, ..., Tg (cf. p. 168), the two arbitrarily assumed lines are the directrices TjiiTj, and the quadric 
is T] r,"' Tj (x)- = (cf. p. 81) ; the involutory transformation {x') = V^'' Tj (x) may be defined by 
drawing from (x) the secant of TjiiTj, and taking the fourth harmonic point (x'); the six linear 
complexes are obtained by the sequence of such a transformation and reciprocation in regard to 
the quadric surface (cf. Hudson, Kummer's Quartic Surface, p. 41). Finally, the construction in 
the text enables us to obtain the Kummer surface, as the locus of nodes of a certain cubic surface 
with four nodes, which touches its tritangent plane at the points of contact, with the given plane 
quartic curve, of one of the bitangents of this curve. The conic \j/^U + \I/V+W=Q lies on this 
cubic surface. 
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points {x, y, f ), {x, y, — ^) of the associated curve upon ^ {x, y,^) = 0; if, 
however, upon this curve, R(x,y,z) = [U{x,y,z)]', where U is a. rational 
function, the associated curve upon ^ {x, y,^) = breaks up into two curves, 
one satisfying ^= U{x,y,z), the other satisfying ^=- U{x,y,z), where, on 
the right, z is to be replaced by its rational expression in x, y and ^. Of this 
the tangent plane section of the Kummer surface forms the handiest example ; 
if in the identity 

we put (p. 38) 

e + ^ = x', 6(j} = - y', Ee^ = z', 

we have 

(- ?2/' + v^' + ^y -{-^y+ v'^ + r)= 

= 4 [(« - x) {xy' - x'y) -(y- y'f] \xy - xy + z' - z\ 

and thus, upon the tangent plane of the Kummer surface, which, with fixed 
{x , y\ z'), is expressed by 

xy' — x'y + z' — z = 0, 

we have* —^y' + rjx'+^= + (— ^'y + rj'x + f '), 

or -^y' + v^' + ?=-{- ^'y + v'^ + 0> 

of which the former is the same as 

l -y'A,, + x'A,, + A,, 

where A,i, etc., are the minors in the determinant A (p. 41). 

Besides the tangent planes there is an infinite number of curves upon the 
Kummer surface upon which the integrals of the surface are integrals of the 
first kind ; if (7 be the cubic polynomial in x, y, z obtained by squaring any 
function of the form l„^ + IiT] + 1^^ + I^t (cf pp. 139 — 150), and P, Q be 
any two integral polynomials in x, y, z, any surface CQ^ = P^ cuts the 
Kummer surface in such a curve ; the surface GQ^ = P^ is one which touches 
the cubic surface = at all their common points. 

If we consider any birational transformation of the Kummer surface 
whereby to a point P corresponds a point P, we may associate with P the 
integrals of the surface belonging to P' ; these will be single valued, as well 
as finite, on an algebraic curve of the surface containing P, if the integrals 
of the surface are single valued on the corresponding curve containing P'- 

* This may be easily obtained also by applying the converse of Abel's Theorem to the equation 
u=v + ut'''{ef.p. 121). 

B. 21 
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In particular, the transformation from a point to its satellite point enables 
us to associate with the points of any curve on the surface the integrals (p. 78) 

which are single valued on a curve upon which crQ^ is expressible as the 

square of a homogeneous rational function of ^, rj, f, t of effective dimension 

3. For instance the curve of intersection of the Weddle surface with the 

quadric cone 

^o<3i + 2/0Q2 + ^oQs + P4 = 0, 

where {x^, 3/,. ^0) are the coordinates of any point of the Kiimmer surface, or 

of the Kummer surface A = with the cubic surface 

8A dA dA 3A ^ 
"« 3^ + 2/09^ + ^0 9^+5^ = 0, 

this beiug the locus of the points satellite to those of a tangent section of 
the Kummer surface (p. 76), is a curve upon which the above integrals are 
integrals of the first kind. We have considered in this volume a group of 
32 birational transformations ; these are made up however by combining the 
process of passing to the satellite point, just considered, with the process of 
adding a half period to the integrals of the surface. 

2. We proceed now to consider a particular curve upon the Weddle 
surface, of which the corresponding curve upon the Kummer surface is one 
of the principal asymptotic curves (cf. Exx. 18 — 20, p. 162) ; it will be seen 
to be of deficiency 5 and to have five integrals of the first kind reducible to 
elliptic integrals ; it is the curve of contact of a tangent cone from a node, of 
which the points are expressible by single valued periodic functions ; it thus 
furnishes a good example of Chapter VII. ; and, like the plane quartic curves 
of four concurrent bitangents, it lies upon cubic cones, whose elliptic integrals 
give the defective integrals of the curve. 

Let X, y, z be homogeneous coordinates in a plane, and 

C = yza {yc' — zh') + zxh {za' — xc') + xyc (xb' — ya), 
Q = hex {y — z)+ cay (z — x) + abz {x — y), 
P = x(b — c) + y(c — a) + z{a — b), 

where a' = I - a, b' = l-b, c' = 1 - c ; 

the sextic curve F = C — '^xyzPQ = 

has cusps at the angular points of the triangle of reference and at the points 

(1> 1, 1)) («, b, c), and is of deficiency 5 ; it touches the join of every two 

cusps. The five cuspidal tangents, of which two are 

a' (b — c)x + b' {c — a)y + c' (a — b) z = 0, 

a'{h-c)- + b'(c-a)l + c'(a-b)- = 0, 

a ^ b 
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meet in one point, 

xa! _ yh' _ zc' 
a ~ b c ' 

which lies on the curve, and on the conic 

bcx (y — z) + cay {z — x) + ahz (x — y) = 0, 

which is the conic containing the five cusps, the conic and sextic having the 
same tangent at this point, namely 

a"(b- c)- + b''ic - a)^ + c''(a-b)- = 0. 
a b c 

We have xF^ + yF^ + zFg = 0, 

dxF, + dyF^ + dzF^ = 0, 

where F^ = dFjdx, etc. ; and hence 

ydz — zdy _ _ _x' (ydz — zdy) + y' {zdx-xdz)-\- z' (xdy — ydx) 
j^ _...-...= ZF, + y'F, + zT, ' 

where x, y , z are arbitrary, and if this be denoted by dm, the integrals of 
the first kind are of the form 



/• 



OdeB, 



where fl = is a cubic curve through the five cusps. In particular a cubic 
curve can be drawn through one cusp to touch, at the remaining four cusps, 
the joining lines of these to the first cusp ; and these 5 cubic curves are 
linearly independent ; for instance the curve 

n„ = cxyP -zQ = 0, 

or {c-a)x (bz' + cy') + (b-c)y (ex' + az") + 2 (a - 6) cxyz = 0, 

can easily be seen to be such a cubic for the cusp a; = 0, y = 0, touching the 
lines a; = 0, y = 0, x — y = 0, xb — ya = at the remaining cusps. Taking 
correspondingly x' = 0, y' = 0, there is an integral of the first kind 

[■flo i^dy — ydx) 

WJdz ' 

we find however on calculation that there is for points on the sextic the 
identity 

(7iF ^ 
gj =\Q{l-a)0.-b)xy{x-y)Q>x-ay)il,-- 

the above integral is thus a constant multiple of the elliptic integral 

dt 



/' 



k 



Wt(l-t){b-at)' 

and there are four other linearly independent integrals of the first kind also 
similarly each reducing to an elliptic integral. 

21—2 
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Take DOW the equation to a Weddle surface referred to four of its nodes 
as corners of tetrahedron of reference, the other two nodes being (a,b,c, 1) 
and (1,1,1,1), and regard ^=0 as the plane at infinity; this equation is 
(cf Proc. Lond. Math. Soc. Ser. 2, Vol. i. 1903—4, p. 250) 

xyzP + C+Q = 0, 
and the tangent cone from the origin (0, 0, 0) is 

C - ixyzPQ = 0, 

containing the plane curve considered above. Any point {x, y, z) of the 
surface projects, from the origin, to a point of the surface of coordinates 

(-=, -^, -=yj {loc. cit. p. 257), where If is a function capable, in virtue of the 

equation of the Weddle surface, of the forms 

j^ _ 2ra; (z'a' — os'c') _ osy (x'b' — y'a') _ xyzP 
ca'z'x — c'azx' ah'x'y — a'bxy' Q ' 

where *•' = 1 — «, a' = 1 — a, etc. ; thus the curve of contact of the Weddle 
surface with the sextic tangent cone from the node (0, 0, 0) is characterised 
hy H =1, and lies on the cubic cones 

ab'x'y — a'bxy' = xy {x'b' — y'a'), (i) 

ca'z'w — c'azx' = zx {/a' — x'c'), (ii) 

as well as on the surfaces 

xyzP=Q, C+2Q = 0; 
supplying a fourth coordinate ^ (= 1) the two cones (i), (ii) are 

t" {xa'b — yaV) + 2t{a — b) xy + xy {ay — b'x) = 0, (i') 

f^ {xa'c — zac') + 2t{a — c) xz + xz {a'z — c'x) = 0, (ii') 

A 



D C 

of which the former, with vertex at C, has DOB and DC A for tangent planes, 
and the latter, with vertex at B, has DBC and DBA for tangent planes. 
The two cubic cones, with a common generator along which they touch, have 
therefore, as residual intersection, a space curve of order 7, of which DA is 
the tangent at A. As we see from its projection upon the plane ABC, 
previously considered, its deficiency is 5. In accordance with general con- 
siderations, this may also be seen by drawing a quadric surface (2 = 3 + 3 — 4) 
to touch the plane DBG along BG ; such a quadric is of the form 
X {Ax +By + Cz + Dt) + f = 0, 
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containing p = b terms; as the space curve touches DA at A, and the nodes 
are symmetrical, the space curve touches DB at B and DC at G, and hence 
touches the quadric at B and G; the Weddle surface contains the line of 
intersection of DBG with the plane yc — zh' = (b — c) t, which joins A to the 
nodes (a, b,c, 1), (1, 1, 1, 1), and contains the line BG ; thus DBG is a tangent 
plane of the Weddle surface, at the point t=0, a; = 0, yc' = zb', and the space 
curve passes through this point, and has its tangent line in the plane DBG, 
and therefore also touches the quadric at this point ; there are thus 
2.7 — 6 = 8=2 (p — 1) further intersections of the quadric and the space 
curve, as should be the case. Further it may be remarked that not only are 
the tangent lines of the space curve at the five nodes, other than D, con- 
current in D, but the osculating planes at these meet in one line, namely 

xa' yb' zc' , . . . , . , ^ 

— = -r- = — , which is the tangent of the curve at D. 

The integral of the first kind associated with the cubic curve in the plane 
z = which is given by the cone (i') is 

Hscdy — ydx)l[t {xa'b — yab') + (a — b) xy], 

the denominator being obtained by differentiation in regard to t, and being 
in fact, when equated to zero, the quadric cone containing the lines which 
join the node G to the other five nodes ; in virtue of (i') this denominator is 
capable of the form 

[(a - by x'y" - xy (xa'b - yab') (a'y - b'x)]^, 

or [a'b'xy (x — y) (bx — ay)^, 

so that we come back to the defective integral previously considered for the 
plane sextic in t = 0; the space curve has thus five integrals of the first kind 
each of which reduces to an elliptic integral ; to find any one it is only necessary 
to draw the cubic cone joining one of the five nodes, other than D; to the curve, 
and to put down the elliptic integral associated with a plane section of this ; 
our previous discussion of the plane sextic, in the plane < = 0, shews that the 
integrals so obtained are linearly independent, each being associated with a 
cubic cone whose vertex is D having a particular geometrical description. 

In the notation used in this volume the space septic is given by 

a (2m) = 0, 
or 2m = u*' "", 

this being the consequence of supposing two satellite points, for which 
2v = u*" " + u*" ", 2w = M*" " — u*^' °, 

to coincide ; the homogeneous coordinates of the points of the curve may 
thus be taken to be 
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which are single valued periodic functions of variables whose number is less 
than the deficiency. The reduction of the integrals arises from the fact that 
the curve is on cones whose plane sections are of lower deficiency than the 
curve, each generator of any one of these cones being a multiple secant of 
the curve. The 32 birational transformations of the Weddle surface, 
arising by projections from the nodes, reduce in the case of a point on the 
space-septic to 16, obtained by adding half-periods to the arguments of the 
functions J.>222(i "'""), etc. In fact, if (1) denote the node (1,1,1,1) and 
(a) denote the node {a,b,c, 1), any point {x,y,z, 1) of the curve gives rise 
to the eight points {Proc. Lond. Math. Soc. 1903, p. 2-57), also on the curve, 

{x,y,z)^{x,y,2), (Ala) = iBC) =(^,-,-f 
(^) = g,2/,.), (Bla) = {CA) =g,y,|' 
(i?) = (.,^,.), iGla) = (AB) =(|.^,. 

and also to the eight points obtained by writing here throughout, («i,yi, Zi) 
respectively for (x,y,z), where 

ax' by' cz' 

a-x ^^ b-y' '■ c-z 
the point {x^,yi,ZT) being that obtained by projection from the node (1). 
The integral of the first kind we have written at length, 

xdy — ydx 



(C)=(.,,,£), (,.) = (.li,Q.g.^, 



/. 



' xa'b — yob' + (a -b) xy' 
has thus the same value at the four points 

(.,,,.), UyA, (l,lz), p,.^, ^ 
V z/ \x y I \x y zl 

In the notation used in this volume, the two planes joining the node 
(1, - b, b\ - b') respectively to (0, 0, 0, 1), (1, - 0, e\ - 6') and to (0, 0, 0, 1), 
(1, — j), cf)^, — (j)^) are 

xsbe^ + (b + e)7j + ^=0, y = b(p^ + (b + (f>)'r,+ ^=0, 
and the quadric cone whose vertex is {l,-b,b\-b^) containing the other five 
nodes is 

Q,-bQ, + b''Q, = 0; 

thus the general form of the defective integrals is 

[nd^- ^dr, - b i^d^-^dO + b' i^dn - vd^) 
Qi - bQ, + ¥Q, ' 

where b is in turn the five roots of the fundamental quintic. 

It does not appear that the integrals of the surface are single valued upon 
the curve. 



I' 
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ADDITIONAL BIBLIOGRAPHICAL NOTES. 

P. 10. The integral R^'^ and the polynomial F{x, z) are given in Weierstrass's lectures, 
Werke, Bd. IV. (1902), pp. 273, 274. They may be obtained directly from a formula given 
by Abel, (Euvres ComplHes (1881), vol. i. p. 49 ; as in the author's AheVs Theorem (1897), 
p. 195. 

P. 20. The conception of a theta function of order r goes back at least to Hermite ; 
cf. Compt. Rend. t. XL. (1855), and a letter from Brioschi to Hermite, ibid. t. xlvii. (1858), 
and Schottky, Abriss einer Theorie der Abel'sahen Functionen von drei Variabeln (Leipzig, 
1880). 

P. 36. This particular deduction of the algebraic form of the zeta functions was given 
in the author's Abel's Theorem, p. 320. See also Bolza, Oott. Nachr. 1894, p. 268, Amer. 
Jowrn. XVII. (1895). 

P. 38. The equations P22=^i+'3^2) ^21= -■2''i^2) Pii=etc., are given by Brioschi, 
Ann. di Math. Ser. 2, t. xiv. (1887), p. 298. 

P. 39. For the forms for the squares of the functions ^2221 etc., see Proc. Camb. Phil. 
Soc. vol. IX. part ix, 1898, p. 517 ; also ibid. vol. xii. part in. 1903, p. 219, and Acta 
Math. t. xxvii. (1903), p. 135. That .such expressions should exist follows from the 
general theorem of p. 21. 

Pp. 41-54. See the references of the preceding Note. The algebraic deduction of the 
diflFerential equations here given is probably the most elementary that can be given ; but 
it would appear that a development is required on the lines that are possible for the 
differential equation of the elliptic function JJ (m) ; the functions ip^t («), etc. are single 
valued meromorphic quadruply periodic functions whose infinity construct is the repetition 
of that expressed by u = u'-'^ (pp. 34, 96). And there is, besides, an algebraic problem : 
putting down the five equations P2222-6g'22^ = -4iJ'^22 + -Si^2i + C'i^ii + Aj to determine 
directly the possible forms for the 20 coefficients Ai, ..., D^ in order that these five 
equations should be consistent, under the hypothesis that ^221 ^21 > &n are the second 
partial derivatives of a single function (cf. § 12, p. 49). 

P. 50. As remarked in Ex. 16, p. 162, the linear transformation for the functions 
^22> ^21; Pu is the most general linear homogeneous transformation leaving unaltered the 
form g)22&'ii-g'2i'. 

P. 77. The formulae 

I -V . C _ -r 



S1-S2' s{t{-S-it{ s{tP - sit-l''' Sxt^^ — Siti^' 

are cited by Hudson, Kummer's Quartie Surface, p. 172, as having been given by Mr 
H. W. Richmond. See also H. Bateman, Proc. Lond. Math. Soc. vol. in. (1906), p. 229. 

P. 82. For the 32 birational transformations of the Kummer surface and the six 
linear complexes a paper of Klein, Math. Annal. 11. (1870), p. 213 is fundamental. 
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Pp. 83-97. The results of this chapter were obtaiDed in 1898 ; see the references in the 
Note to p. 39. Linear partial differential equations for the theta functions of two variables, 
involving differentiations in regard to the roots of the fundamental quintic, are given by 
Briosohi, Ann. di Mat. Ser. 2, t. xiv. (1887), p. 300, and applied by him to the expansions 
of the functions. For the case of the even functions he returns to the matter in Gott. 
iVachr. 1890, p. 236, and his results are developed by Bolza, Amer. Joum. of Math. vol. xxi. 
(1898), where many references will be found. "Writing, for an even function, 

Bolza obtains, after Brioschi, the equation 

/S'„ = i)(<S'„_i) + (4M-3j5A-i-12(»-l)(2n-3)(a^)«a„W.<S'„_2, 

where i) is a complicated operator in regard to the roots of the two cubic factors of a/ 
with which the particular function considered is associated. The result obtained is that 
all the coefficients are integral polynomials in 9 covariants of these two cubics. The 
reader may also consult, besides the papers of Klein and Burkhardt on the theory of the 
hyperelliptio sigma functions {Math. Annal. xxvii. xxxil. xxxv.), Wiltheiss, Grelle, XCIX. ; 
Math. Annal. xxix. xxxi. xxxiii. xxxvi. ; Pascal, Ann. di Mat. Ser. 2, t. xvii. xviii. xix. 

The procedure of the text is less simple in theory than that considered by these 
authors, in that it expresses any term in the expansion in terms of all preceding terms, 
and is applicable, in the form given, only to functions of two variables. For these, 
however, it would seem to be in practice much simpler, as not involving differentiations 
in regard to the coefficients of the fundamental sextic. It is much to be desired that the 
differential equations for the hyperelliptio functions of three variables, and the associated 
algebraic constructs, should be studied on the hues here followed for the case of two 
variables ; a beginning is made in the papers given in the note to p. 39. 

P. 100. The formula for tr {u + v) (t {u- v)Jct'^ {u) cr^ {v) was obtained in the author's 
Abel's Theorem, p. 333 ; and a method for obtaining the corresponding formula for any 
hyperelliptio case is worked out in detail Amer. Joum. of Math. vol. xx. (1898), p. 384. 
But materials for the formula were already at hand ; it is easy to shew, and it is shewn by 
Humbert, Liouville, Ser. 4, t. ix. (1893), p. 112, that a- {u + v)(t {u — v) = (} represents a 
tangent section of the Kummer surface, and it was known (Klein, J/a^A. Annal. ii. (1870)), 
that the tangent section is associated with a linear complex (cf p. 76 of this volume). 

P. 107. For orthogonal matrices of theta functions cf Brioschi, Ann. di Mat. xiv. 
(1887), p. 343; Caspary, Crelle, xcvi. (1884), pp. 182, 324; Frobenius, ihid. p. 100; 
Weierstrass, Berlin Sitzungsber. 1882, i-xxvi. p. 506. 

P. 108. The identity of Ex. 7, p. 152, gives also, if 6, (p, ■\/^i, -^2, ^i be the roots of 
the fundamental quintic, 

(f 2 - ^/'3) ■^Pe^Pn, + (i's - fi) 'JPe^,,Pu, + (f 1 - •>^2) ■JPh^P^, = 0. 

P. 113. For the geometrical behaviour of the asymptotic lines, see a drawing given by 
Rohn, Math. Annal. xv. (1879), p. 340. 

P. 147. For a similar identity see Humbert, Liouville, IX. (1893), p. 98. 

P. 173. The simplified forms of the linear complexes are those used by Klein Math. 

Annal. II, (1870). 
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p. 181. This proof of the converse of Abel's Theorem utilises Eiemann's normal 
elementary integral of the third kind. The proof given in Weierstrass's Lectures ( Werke, 
IV. (1902), pp. 417-419) is different in form ; but, I think, not essentially different in 
substance. 

P. 185. Another proof of the inequality is obtainable from the complex integral 
of p. 17. 

P. 187. A proof of Weierstrass's implicit function theorem derived from Cauchy's 
complex integral is given in Pioard, Traite d' Analyse, t. ii. (1893), p. 245, after Simart. 

P. 193. The theorem here proved is quoted by Weierstrass, Werke, in. (1903), p. 79, as 
belonging "to the elements of the Theory of Functions"; the proof given in the text is 
modified from that which applies to the case of rational functions, given later p. 273 ; 
see also Blumenthal, Math. Annal. lvii. (1903), p. 356. 

Pp. 199-204. The reader will naturally consult Weierstrass's papers on functions of 
several variables {Oesamm. Werke). See also the references given p. 285 of this volume. 

Pp. 205-215. This account is given in Weierstrass's posthumous paper, Werke, in. 
(1903), pp. 71-104. The reader should compare Wirtinger's paper, Monatsh. fur Math. u. 
Physik, Jahrgang vi. (1895), p. 69, which proceeds on similar lines. The references given 
in this last pai)er seem worth repeating here : (1) Hermite, in the Appendix to Edition 6 
of Laoroix, TraiU des calcul differ, et integ. Paris, 1861 ; Deutsch von Natani, 1863 ; 
(2) Weierstrass, Berlin Monatsber. 1869, 1876, Grelle, lxxxix. (1880) ; (3) Hurwitz, Grelle, 
xciv. (1883) ; (4) Poincar^ et Picard, Com.pt. Rend. (1883), t. xcvii. p. 1284 ; (5) Laurent, 
Traited' Analyse; (6) Appell, Liouville, Ser. 4, t. vii. (1891) ; to these may be added also 
the references given p. 285 of this volume. 

P. 217. The argument of § 60 is not given by Weierstrass, and is possibly in need of 
further examination. The conclusion of Weierstrass's posthumous paper referred to is 
brief, and relies on Hurwitz's paper quoted on p. 202 of this volume. The argument 
constructed in Chap. ix. of this volume has seemed clearer. 

P. 229 ff. This chapter, as stated in the text, is capable of much further development, 
both on the transcendental side and the geometrical side. As to the former we may 
instance the points referred to in the footnotes of pp. 241, 255 and 267 ; cf. Wirtinger, 
Uniermjbchungen iiber Thetafunctionen, ii. Teil ; as to the latter, the geometrical properties 
of curves in a plane, and in space, possessing defective integrals, seem worthy of further 
study. Cf. the case considered Appendix to Part li. Note iv. 

P. 245. References as to complex multiplication are given in the author's AheVs 
Theorem, chap. xxi. 

P. 267. The letter of Gauss to Olbers quoted at the beginning of this volume (p. iv.) 
is said to refer to the general theorem of which a particular case is here used. 

P. 280. The theorem of § 79 suggests the corresponding question for a corpus of 
rational functions of n independent variables ; if an aggregate of rational functions of n 
independent variables be taken, not necessarily all rational functions, but such that any 
rational function of functions of the aggregate also belongs to the aggregate, can a set of n 
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(or less) functions of the aggregate be found in terms of which all other functions of the 
aggregate are rationally expressible? The theorem has been proved for n = \ and m = 2 ; 
forTO=l see Liiroth, Math. Annal. ix. (1876), p. 163 ; for ra = 2 see Castelnuovo et Enriques, 
Math. Annal. xlviii. (1897), p. 313. I have here to make an acknowledgment ; I had 
constructed, as part of this chapter, a proof that the theorem is true for any value of n ; 
Prof W. Burnside, F.R.S., who was kind enough to read it, pointed out to me that this 
was not in general valid. 

P. 285. See also Hartogs, Uber neuere Untersuehungen auf dem Oebiete der 
analytischen Funhtionen mekrerer Variablen, Jahresber. d. Deut. Math. Ver. xvi. (1907), 
p. 223, and the references there given. 

P. 303 flf. For the subject matter of Notes i. and ii see Frobenius's papers, Crelle 
Lxxxvi. Lxxxvm. (1879, 1880). 
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Abel's Theorem, 176 ; its converse, 181 

Addition of argunaents for the p functions, 132 — 138 

Algebraic equations, Kronecker's analysis of, 273 

Algebraic functions, behaviour about any point, 190 

Analytical continuation, account of, 214 

Asymptotic directions of Kummer surface correspond to conjugate directions of Weddle 

surface, and conversely, 127 
Asymptotic lines of Kummer surface, 113, 151, 162 ; of Weddle surface, 125 ; of Steiner's 

quartic surface, and of its reciprocal cubic surface, 151 

Birational transformation of Kummer surface, 79, 15^ ; of Weddle surface, 131 

Canonical and normal sj'stems of periods, 2, 263 

Collinear points of a Kummer surface, 118 

Complementary system of defective integrals, 240 

Complexes, linear, six in involution, 168 ; linear, associated with the Kummer 

surface, 74 
Complex linear, a particular, 67 

Complex multiplication, or principal transformation, 245 
Complex surface, Pliicker's, 158 
Conjugate points on a Kummer surface, 114 
Construct, monogenic, meaning of, 215 
Continuation, analytical, account of, 214 
Corpus of algebraic functions, 281 
Correspondence, of points of Kummer and Weddle surface, 39, 65, 76 ; between a set of 

M points of a Riemann surface and a point of a surface in n dimensions, 279 
Cross-ratio identity between theta functions and integrals of the third kind, 35 
Cubic surface with four nodes, 139 — 150, 152, 153 

Curves of Kummer surface for which the surface integrals are single valued, 320 
Curve upon the Weddle surface with defective integrals, 322 
Cycles of roots of an algebraic equation, 177, 190 

Defective integrals, in general, 228 ; the case of one integral reducing to an elliptic 

integral, 250 
Defining equation for general theta function, 19 
Determinant, the expansion of a, 314 ; invariant factors of, 165 
Differential equations satisfied by sigma functions, 48 ; the general covariantive form 

of these equations, 49 — 54 
Dissection of a Riemann surface, 2, 263 
Double argument, ^ functions of, 120 — 124, 129 

Elementary factors of a determinant, 165 

Elementary integral of the third kind, 5, 9 

Expansion of the sigma functions, 83 

Expression of multiply-periodic functions by theta functions, 283 
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Factorial integrals, 318 



Gopel tetrad of nodes, 153 

Group of birational transformations of a Kummer surface, 79 — 82 ; of a Weddle surface, 
131 ; of a septic curve in space, 326 ; of a Riemann surface^ 255 

Hyperelliptio surface, 155, 321 

Identical vanishing of theta function, 33, 96 

Implicit-function theorem, Weierstrass's, 187 

Indeterminate parameters, 198, 273 

Indetermination, points of, 200 

Index, the, in case of defective integrals, 232 

Infinitesimal periods, 203 

Infinity-construct, of a meromorphio function, 201 

Inflexional lines of Kummer surface, 113; of Weddle surface, 125, 127; of Steiner's 

quartic surface and its reciprocal, 151 ; principal asymptotic curves of Kummer 

surface, 162, 322 
Integrals of the first, second or third kind, 2 ; elementary integral of second kind deduced 

by differentiation from elementary integral of third kind, 9 
Integrals of Kummer surface which are integrals of the first kind, 320 
Integral functions of two variables, fundamental properties, 17 
Interchange of argument and parameter for integral of third kind, 8, 11 
Invariant factors of a determinant, 165 
Inversion problem for integrals of the first kind, 29, 246, 250 

Jacobian functions, zeros of a simultaneous system, 293 
Jacobi's inversion problem, 29 ; generalised, 246, 250 

Kronecker's method for algebraic equations, 273 
Kummer matrix, 56 
Kummer surface : 

parametric expression of, 38, 40 

its equation by a symmetrical determinant, 41, 59 

finite (ambiguously signed) integrals upon, 43 

other finite integrals upon, 115 

finite integrals for the satellite of a point, 78 

its singular points and planes deduced, 60 — 65 

its equation at length, 41 

correspondence with Weddle surface, 39, 65, 76 

satellite point upon, 75 

birational transformation of, 79 — 82 

the fundamental linear complexes and quadrics, 79 — 82, 320 

irrational equation of, 108, 110, 328 

tangent section of, 78, 110, 321, 328 

asymptotic or inflexional curves, 113, 162, 322 

whose singular planes are tangent planes of original, having a singular conic common 
with this, 136 

referred to a Rosenhain tetrahedron, 153 

referred to a Gopel tetrahedron of nodes, 153 

degenerating into a Pliioker complex surface, 158 

becoming a tetrahedroid, 156 

determined to pass through an arbitrary plane quartic curve, 320 

integrals of first kind of curves of, 320 
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Limiting points of an aggregate, 212 

Linear complexes, 74, 79, 163 

Linear transformation of periods, 252 ; of ^ functions, 103 ; of Kummer surface, 79 

Logarithmic coefficients of an algebraic integral, 4 

Matrix notation, explanation of^ 12 

Matrix, elementary factors and reduction of, 165 

the six fundamental for a Kummer surface, 73, 74, 79 

six in in solution, 168, 320 

orthogonal, of bilinear forms, 176 

orthogonal, of sigma functions, 106 

reduction to diagonal form, 303 

skew-symmetric, of integers, 307 
Meromorphic functions, 202 
Monogenic construct, 215 
Multiplication, complex, 245, 263, 329 
Multiplicity, the, in case of defective integrals, 232, 250 

Normal and canonical systems of periods, 2, 263 

Orthogonal matrix of bilinear forms, 175 ; of sigma functions, 106 

Parameter of a place on a Riemann surface, 2, 177 
Parametric expression of Kummer and Weddle surface, 39, 77 

Periods of elementary normal integrals, 7 ; relations between periods of integrals of 
first and second kind, 14 ; relations necessary for a general multiply-periodic function, 
224 ; rule for half-periods obtained by integration between branch places on a 
Riemann surface, 32 
Periodic function in general, 203 ; values assumed by upon a monogenic construct, 219 
Plane section of Kummer surface, 320 ; of a certain hyperelliptic surface, 155 
Pliicker's complex surface, 158 

Power series in two variables, 183 ; a set of simultaneously vanishing, 192 
P function, expressed algebraically, 38 

expression of squares of its differential coefficients, 39 

differential equations satisfied by, 48, 49, 59 

the fundamental, 97 

formulae for addition of half periods, 102 — 104 

of double arguments, 120—124, 129 

of arguments u-\-v, 132 — 138 

Quadrics, the ten fundamental for a Kummer surface, 81, 320 

Quartic cirrve of 168 collineations, 265 ; of four concurrent bitangents, 265 ; Kummer 

surface passing through an arbitrary, 320 
Quartic surface, Cay ley's paper referred to, 68 ; Steiner's, 139 — 150 

Reduction of theory of general multiply-periodic function to theory of algebraic func- 
tions, 199 

Relations connecting periods of integrals of first and second kind, 14 ; connecting 
periods of general multiply-periodic function, 224 

Riemann surface, with defective integrals, 231 ; with defective elliptic integral is capable 
of birational self-transformation, 255 ; a set of n arbitrary places of birationally 
related to one place of a surface in n dimensions, 279 

Rosenhain tetrahedron, 153 



General Index. 335 

Satellite point upon a Kummer, or Weddle surface, 75, 114 
Series for the sigma functions, 83 
Sigma function, the fundamental, 97 

expansion of, 83 

expression oi <T{u + v)<T{u-v)l(r'^{v,)a^{v\ 100; o{ ^^{u, q)/<T^{u), 101 

See also Theta function 

Tangent section of Kummer surface, 76, 110, 321, 328 

Transformation, birational, of Kummer surface, 79, 154 ; of Weddle surface, 131 ; of 
Riemann surface, 255, 279 ; of Weddle and Kummer surface, 65, 76 

Transformation, of periods, 237, 252 ; principal, or complex multiplication, 245, 263, 329 

Triply-periodic functions, 161 

Tetrahedroid, 157 

Twin points upon a Kummer surface, 114, 117 

Theta function, general, defining equation for, 19 ; of first order, fundamental identities, 
23 ; upon a Riemann surface, number and position of zeros, 27 ; identical vanishing 
of, 33, 96 ; of the second order, 98, 108 ; arising in connexion with multiply-periodic 
function, 228 ; a general, number and sum of zeros, 234, 235. See also Sigma function 

Variability of an analytic function, 218 

Weddle matrix, 65 

Weddle surface, parametric expression of, 38, 40, 77 

elementary properties of, 66, 67 

construction for tangent plane of, 68 

its equation at length, 71, 78 

fundamental equation for projection from a node, 72 

asymptotic lines of, 125 

birational transformation of, 131, 326 

correspondence with Kummer surface, 39, 65, 76 

curve of contact of tangent cone from node upon, 322 

Zero construct of meromorphic function, 201 

Zeros of theta function upon a Riemann surface, 27 

Zeros of simultaneous system of vanishing Jacobian functions, 293 

Zeta function expressed by integrals of the second kind, 37 



cambbidqe: printed by John clay, m.a. at the university press. 
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